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The structure of normal subsets of polyhedral cone

The structure of normal convex subsets of polyhedral cone K in normalized space is in investig
normality of the subset @ C K (in the sense of the cone K) is determined by the condition Q —
(a line over a set means taking a topological closure). The conical shell of finite number
the polyhedrons of the cone, which are extreme rays. The structure of normal sets were studi om the
geometric point of view. It is shown that every normal subset ) of a polyhedral cone can b i

sum of two subsets, one of which is a bounded normal subset (in the sense of some subc the
second — the subcone K contained in the set © (it is unbounded, if 2 is unbounded).
Keywords: cone, ray, normal, conical shell, polyhedral cone, forming rays, clo S t of cone,
null cone.

Let (X,] ) is the real normalized space.

For the subset of G C X intoduce the notation: G° — interior’f G, G — clesure of G, frG — frontier of G.

Everywhere @ - empty set.
All the operation will be entered in the space X:

Gl-i-Gg:{.’L‘:.’L‘l-i-.’L‘z,.iL‘lGG,x 9 G1,Gy C X;
« — real.

aG ={zx=azx,x €

The subset G C X is called convex, if x = axy + Q 2 € G for any 1,22 € G u 0 < a < 1. The subset
K C X is called cone (convex), if the task is d

eK, az=0;

rihae € K Vo, zs € K.

It is obvious, that any cone 0 hasgew t = and outgoing ray L = {ax,a > 0} from 0. The cone K is called
bodily, if K° # &; salient, if = {0}. The conical shell coG of set G C X is called set of elements

i, nmo—anynatural; z;, € G uw oo; =0 Vi=1,...,n}.

1o} shell is cone. We say it will pull on the set G.
we eonsider that K = coG = {0}.

is called polyhedral, if it is cone shell of finite number of outgoing rays from 0. According
see, that every polyhedral cone is closure and bodily in its linear shell. The ray L of cone K
ay of cone, if from equality x = x1 + x2, where x € L, x1,z5 € K, follows, that x1,29 € L.

K:{x:Zaiei, a; 20 Viel}
il

Let K is polyhedral cone, {L;};cs is forming rays of cone K. A sub subcone K; of cone K, we will be
understand that any polyhedral cone, which is formed by rays {L;}ier, cr- If I} = @, then the subcone, which
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determined by set of indices I, suppose equal to {0}. If we speak about o cone in this work we will view a
polyhedral cones. Let K is cone, {L;};ecs is its forming rays. For set 2 C K we think that

Bi=sup{f >20:pe; €0}, i€l

If QN L; = @, then we think that 5, = 0. We say that the set Q& C K has a (0)- property with respect to
subcone spreat on rays {L;}ier,cr, if 0 < 8; < 0c0. The set Q@ C K, € is called normal (that means cone K)

set, if € is convex and rightly the equal Q@ — KNK = Q.
Note 1. Directly from the definition following, that any normal subset be closure.
Note 2. If Q is normal subset of cone, z € 0, the segment will

0,2] ={az:0<a<1} CO.

Its objectively that z € Q C K, wherefrom axz € K. In other case, ax = = — (1 — «) here z € Q,
(1-a)re K,ie ar € Q— K, according this

ar€e(Q-K)NKCQ-KnK=Q.

Consider the question about structure of normal subsets of polyhedral ¢

Rightly Proposition. Let € is normal (not be cone) subset of cone K =
by inclusion contained in Q noakonyc K; G = QN Ky (where Ko is subsetii
it has a (0)-property with respect to cone K.

Proof of proposition. Let K is polyhedral cone, {L;};cs is set its forming

1. We will consider the case of finite set 2, i.e. 3C' > 0: ||xg x € Q.

If Q = {0}, then © is null cone, this case in proposition excluded

Let Q # {0}, then Vz € Q (z # 0) we have

where K is greatest

d s finite normal set and

:czg aze; end oy, > erwise x =
el

Rightly the note a;,e;, = — > a;e;, where fro
ii0

a0 € (z — - K)NKCQ-KNK=Q

by the normality €2 with respect to
As ajpe0 € 2, a B, = sup{f =0 € O}, To B, > a;, > 0 and that’s the

IL={iel: B3 >0}+#wa.

Let K5 is cone with ing rays { L; }icr,. Following from definition, that  has a (0)-property with respect
to cone K. We will sh K. If suppose, that Q ¢ Ky, To 3z € Q : x € K. From inclusion x € Q C K
we have

T = Z o;e; + Z ;e;.
i€l ieINIs
Since x & en'Fp € I~ Ir: oy >0, tnen
aloem—x—Zalel KNKCQ-KnNK=Q,
140

becauise §;, > a;, > 0, where from iy € I5, that this is contrary to inclusion iy € I \ Ig, according this 2 C K,
and G=QN Ky =Q.
Since €2 is finite set, we get that

Bi =sup{f =20:fe; € N} <c<oo.

According this 0 < ; < oo for Vi € I, where from following, that G = 2 has a (0)-property, with respect to
cone Ks.
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‘We have the inclusion G C G — KoN K5 from ratio G = 2 C K5. Check the inverse inclusion. From condition
of normality 2 with respect to cone K, i.e. the equal 2 — K N K = Q and the inclusion Ky C K, we have:

G-—KiNKy=Q-K,NKyCOQ-KNK=Q=@G.

As contained in § the cone we take K; = {0}.
2. Now let the set Q2 is undefinite. We show, that {2 contains a subcone.
By definition 8; = sup{8 > 0:08e; € Q}, Viel,soJiel:f =o.
Really, if it is not, i.e. §8; < oo, Vi € I, then

r=Y oe; and [z <3 <8, maed =B <o,

iel iel i€l i€l

ie. ||z|| < B8 Vzx €, where we get a contradiction of undefinite of set €.

Let I = {i € I : 8; = oo}, we showed, that I; # @ and let K; is subcone with formi SQL; bier, - We
wii show, that K C Q.

This follows from the fact, that 8; = sup{ > 0: Be; € Q} = oo for Vi € I, i.e.d
that 38 > a : fe; € €2, we have a ratio from note 2: [0, Se;] C .

By condition 0 < a < 3, so ax € [0,8e;] C  Va > 0, where from t
{Li}icr, € Q u Q is convex, that it has cone K7, which is formed by th

Let hb={iel,:0<B; <oo}, [3={i €1:p; =0}, then Vo € Q we

r = Zaiei + Zaiei +2

i€l i€1ls i€l3

= ae; € Ly,

iy ZO}CQAS

where a; >0 Viel.

i€l i€l

besides oy e;, € K, ie. ;e €QQ—KNK
By definition 8;, = sup{8 > 0 : Be;, €N}
We shown, that for any = € Q2 we h e equa

0, this contradicts the inclusion ig € I3.

= > «a;e; € Ky, i.e. Q C K. We have previously shown,
i€l

ditioms of the proéosition Q can not be cone, thereby I # &.

I and G = QN Ks.

f finite set Q.

tion for set G (0)-property with respect to subcone K. Check the

that Ky C Q, i.e. Q = Ky, but on th
Now let K5 is cone with for
The set G is finite, how the
Following from definitio
normality (with respect
The inclusion G
By definition G,C

KQQKQCQ—KQDKQC(Q—KQK)OKQZQOK2:G.

Of equali K5 N K5 and convexity G (as the intersection of convex sets Q u K3) we have normality
I t KQ.
k t uality Q = G + K. As noted, Vz € € really the note

iE:E ai6i+E aie; = T + T2,

il i€ls

where 21 = > aje;; 23 = Y aze;. Its true for x5 = 2 — 21 inclusion
i€l icly

2 €N-—KCOQ-K)NKsC(Q-K)NKCQ-KnNnK =Q;

ie. xo € QN Ky = G, where from x = x1 + 22 € K1 + G, we proved the inclusion Q C G + K;.
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On the contrary, let it z € G+ Ky, ie. x = x2 + x1, where 290 € G, 1 € K. If 1y = 0, then
r=1x9 € G=0QNKo, ie. x €.

Now let 1 # 0 and L = {azy,a > 0} is ray, which passes through the point z;. As K is cone, then
A1 € K1 VA>20, 1 € KCQ VA>0and 20 € G = QN Ky C Q, by virtue of the convexity of the
set Q contains the points azs + (1 — a)Ax; 0 < a < 1 u A > 0. We suppose that A = ﬁ and will get, that
arg+x1 € NQfor0< a< 1.

We consider the sequence

1 1
2" =01--)za+xz, z,€Q, 1 0<1——<1 Vn,
n n

then lim,, ™ = x2 + 1 € Q by virtue of the convexity of the set 2.
The proved inclusions 2 C G+ K u G+ K C Q gave the equality Q2 = G+ K.
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T.X. Makaxkanosa, A.C. Basbumkanosay Q1. Yabopuxr

Kenobyitipsi KOHYCTbIH HOPMAJI JKUBIHAAPBIHBIH,

MakaJsragia HOpMaJsianran KenicTikreri K kerOyh
KYPBLIBIMBI 3epTTesmdi. {2 C K imKi »KUBIHBI

teirbl ( K KoHyc MarbiHachiHAa) Q — K NK = Q
IIAPTHIMEH AHBIKTAJIbI (ZKUBIH YCTIHJIEr] CBIBBIK TQHOJIOBKAIBIK TYHBIKTALY Jgeren i 6inaipesni). Konycroin
KenoOy#ipJiiiri jgen merki coysesnepi 6 TaOBLIATHIH 'COyJIeJIeD aKbIPJIbl CAHBIHBIH, KAHOHJIHIK, KAOBIK-
maceH aiitambr3. Hopmase >Kubrag BIMBI T€OMETPUAIBIK TYpFrbIIaH 3eprrenni. Kenbyitipsi
KOHYCTBIH, K€3 KeJIreH () HopMaJib | HBIH €Ki 1K KUBIHIAP/IBIH KOCBIHIBICHIHA 60TyTe OOTATHIHIbI-
FbI KOPCETLJIIi: OHBIH 6ipi — 11IeK aJib 2KubIH (Keitbip K imKi KOHyC MaFblHACBIHAA), &/l eKiHIic
— Q xublablHA THicTI K iImKd rep ) mekTesMereH 6oJca, OHAA OJ1 Jia IIEKTEJIMEreH ).

Kiam ceadep: KoHyc, HO
TBIFbI, KOHYC KAJIBIITHI IMIKi HBL.

TBHIH KaOBIFbI, KONOYHipIi KOHYyC, Coyesep KYPbLIbIMBI, 2Ka0bIK KUbIH-

akazkanosa, A.C. Basbunkanosa, O.1. Yibopuxr

O N HOPpMaJIBHbIX IIOJMHO2KECTB MHOI'OI'DaHHOI'O KOHYCa

¢ € HOCIIeIOBAHO CTPOEHUE HOPMAJIBHBIX BBIMYKJIBIX ITOJIMHOYKECTB MHOTOTPAHHOTO KOHyca K B HOp-
posatiom npocrpancrse. Hopmanbnocrs nogmuoxkectsa 2 C K (B cMbicie xkonyca K) onpenensiercs
cnoueM Q — K N K = Q) (uepra Haj MHOXKECTBOM O3HAYAET B3sITHE TOHOJIOIMYECKOIO 3aMblKaHust ). MHo-
TFOrpaHHOCTh KOHYCa O3HAYAET, UYTO OH SIBJISIETCS KOHMYECKONH OBOJOYKOM KOHEYHOTO YHuCHa JIydel, sBIs-
muxcsa Kpafinumu Jydamu. VceeoBajioch CTpoeHre HOPMaJsIbHBIX MHOMKECTB C T€OMETPUYECKON TOUKH
spenus. [lokazaHo, YTO BCAKOE HOPMaJIbHOE MOJAMHOXKECTBO {2 MHOTOTPAHHOTO KOHYCA MOYKHO pa3bUTh Ha
CYyMMY JIBYX TIOIMHO?KECTB, OJTHO U3 KOTOPBIX SIBJISETCS OTPAHUIEHHBIM HOPMAJIBHBIM (B CMBICJIE HEKOTOPOTO
noznkonyca B K) MOJAMHOXKECTBOM, a BTOPOE — COJIepPXKAIUMCsT BO MHOXKecTBe () nonkonycom K (Heorpanu-
YEeHHBIM, ecJi §) HEOrPAHUYEHO).

Karoueswie cro6a: KOHyC, HOPMaJIb, KOHIYECKasi 00OJIOUKa, MHOIOIDAHHBII KOHYC, 00pa3ylonue JIy4an, 3a-
MKHYTO€ MHO>KE€CTBO, HOPMAaJIbHOE ITOJMHOXKECTBO KOHYCA.
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