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Generalization of the Hardy-Littlewood theorem on Fourier series

In the theory of one-dimensional trigonometric series, the Hardy-Littlewood theorem on Fourier series
with monotone Fourier coefficients is of great importance. Multidimensional versions of this.theorem
have been extensively studied for the Lebesgue space. Significant differences of the multidimensional
variants in comparison with the one-dimensional case are revealed and the strengthening of this theorem is
obtained. The Hardy-Littlewood theorem is also generalized for various function spaces and various types
of monotonicity of the series coefficients. Some of these generalizations can be seen in works of M.F. Timan,
M.I. Dyachenko, E.D. Nursultanov, S. Tikhonov. In this paper, a generalization of the Hardy-Littlewood
theorem for double Fourier series of a function in the space Lqyp(Lg)(0,27)? is obtained.
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Let L,(0,27]%, 1 < q < 400 be the space of all 27- periodic for each variable, measurable by Lebesgue

functions f(z,y), for which
1
2 27 q
= ([ [ 1l dady ) <+
o Jo

In this article, we study the condition of belonging to the space Lqp(Lgy)(0,27]? for a function of two
variables. Let us recall the definition of the space L,p(Ly)(0,2x]%. Let the function ¢(t) satisfy the following
conditions [1]:

a) ¢(t) is even, non-negative, non-decreasing on [0, +00);

b) ¢(t?) < C- (1), t € [0,+00), O > 1;

c) @t(:) 1 on (0, +00) with some & > 0.

Measurable 27- periodic function for.each variable f(z,y) € Lyo(L,)(0,27)? if

27 21

St o (s dody < +oc.

0 0

In particular, when ¢(t) =1 the space L,p(L,)(0,27]? coincides with the Lebesgue space L, (0, 27]%.
We give the following well-known theorem of Hardy-Littlewood.
Theorem (Hardy-Littlewood). Let a,, | 0, n — +o0o. For the trigonometric series

+oo
E ap COSNT
n=1

to be the Fourier series of some functions f(z) € Ly, 1 < ¢ < 400, it is necessary and sufficient that

+oo
Z ni2.a < +o0.

n=1

The Hardy-Littlewood theorem is generalized for various function spaces and various types of monotonicity
of the series coefficients. Some of these generalizations can be seen, for example, in works [1-9]. Our main goal
is to prove the Hardy-Littlewood theorem for the double Fourier series of a function f(z,y) € Lyp(Ly)(0, 272
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To obtain the main result, we need the following Lemma.

Lemma A. Let the function ®(u) be even, non-negative, non-decreasing on [0, +00). If ®(u?) < C - ®(u)
at some constant C' > 1 and u € [0, 4+00), then for any nonnegative function v (x, %) measurable on [0,1)? and
satisfying the condition

1 1
B= / / (e, y) - (. y))dedy < +oo, (1)

/1 e ( 1y> dady < +oo. (2)
0

>0 and 8 > 0, then

a®(B) < C-a-d(a)+/B-2(B) (3)
Let >0, y>0.Letin (3) a =¢(z,y) and g = ?11, By integrating we get

A= | 1w(x,y)-fb <C- | lw (@, y))drdy+
[[ree(G)unse [ [

/1 ! ( >dxdy (4)
0

However, a non-decreasing function ®(u) > 0 satisfies the condition ®(u?) < C - ®(u) and therefore
®(uv) < D(4) - [(logy(2 +u))'%2 4 (logy(2 + v))"*#2 ] | ()

at 0 <u< 400, 0<0v<+o00.
In fact, at 0 < wv < 4 inequality (5) is obvious. If uv >4, then put k = [log, log, (uv)], where [a] means the
integer part of a, and then

the following inequality holds

S\H

+

o _

B(uv) < C - ((uw)?) SEC2: O((uv) ) < .. < C* - 0 ((u)7F) <
< Closalo ) . @ ()7 ) = k(logy(uv))'*%2 € - B(4) <

< ®(4) 2 { (logy (u +2))'52 ¢ + (log, (v + 2))'82 O},

that is, inequality (5) is true whenfuv > 4. From condition (1), inequalities (4) and (5) follows, that (2). The
Lemma A is proved:
Theorem. Let the function o(t) satisfies conditions a) - ¢) and f(z,y) € L1(0,27]2, is an even function with

Fourier series
400 +4o0

E E (ny ny * COSTIT + COS NaY, (6)

ni=1ngs=1
where
apg >0, ak; — k41,0 — Ak 41 + Cht1,0+1 > 0, Qg > Ay, Gkt > Gkit1, k0 €N

Then in order for some g € (1,+00) function f € Lyp(L,)(0,27]2, it is necessary and sufficient that

400 400

Z Z (n1n2) 7 2p(n1ns) ap, o, < too. (7)

ni =2 na =2
Proof. Sufficiency. Since with every e € (0, 1) the inequality is fulfilled

+oo oo

2 _
E E (nin2)? “p(ning) - al, ., =

ni=1ngs=1
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+oo ) +oo e . q o)
I = S (AR BT (R
n1:1 n2:1
then using the inequality (see. [11; 308]):
+o0 n
anc <Zay> < M(c,l) Zn n-ap)t, (¢>1, 1>1, a,>0)
n=1 v=1

and using properties of the function () we get:

+oo +oo

Z Z (n1n2)? 2p(ning) - afny =

n1:1 ’I’L2:1

+oo ¢
ZCZ”({Q‘Z 2 8){211”17”2' v (n1v2) 2"} -

ni=1 np=1 va=1
154
_C. Z ni=2+e Z ng 29 { Z S < muz)) q} >
ni=1 na=1 vo=1 nivs
+00 +00 g
ni=1 no=1 ni n2 vo=1
+00 a
=C- an an o(ninsg {Zanhuz} =
na=1 ni=1 va=1
+o0 +o0 na ¢
BTN
no=1 ni=1 vo=1

+o0 +o0 ni . q
> Zn222n1(26)~{z Zamug- (v1ng) - _q} >

no=1 ni=1 v1=1vs=1

+oo +oo ny na 4
>C- Z Z(n1n2) p(ning {Z Z Qyy VQ} = S5(q, ).

ni=1ng=1 vi=1v9=1

Since o
o) = [ [ 1) ol o)1 dody =
0 0
oo 400 "2
- [ [ e else ) dedy,
ni=1lns=1 ‘r T
n1t1 ngt1l
and for m’iH <z < nll, n;s-l <y< n%

|(;vy|<ZZal,hu2

V1= lug 1

+

ni
E E Ay, ,py - COSVIT - COS VoY

v1=1vo=no+1

—+oo —+oo
E E Ay vy * COSVLT - COS VY| <

vi=ni+1lve=na+1

ny  n2
S 9 Z Z aul,ug,

v1=1vs=1

“+o0 no

+ E E Qyy vy * COSVLT - COS Y| +

vi=ni+1rvs=1
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then

+oo +oo

ny  na q ni N2 q
J( < 9q7T Z Z n1n2 { Z Z al,h,jz} (0] <{9 . Z Z a/uhl/g} ) <
ni=1ns=1 vi=1vy=1

IJ1:1 llg:l
+oo +oo

q
a2 . Z Z (nlng)—2 . { Z Z aul,uz} 9q al ) <n1n2)) .
n1=1ns=1 vi=1lvy=1

From the condition (7) it follows the finiteness of value S(p, ¢), and by virtue of the properties of the function
©(t) it follows the finiteness of value J(p, ¢), that is (6)

Now, let us prove the necessity. First, we prove that if condition (6) is satisfied, then there exists a number
o such that 1 < g < g and f(z,y) € Lg, [0, 7r]
Indeed, applying Holder’s inequality at 8 = -L, we obtain:

Z]Ifxyq°dmdy]/fxqu°' 5()-%7_20 (;y)dxdyﬁ
([ oo (o {] ]+ (g™

where 5 + 57 = 1. Hence, by virtue of Lemma A and the monotony of the function ¢ (t) we obtain f(x,y) € Ly,.
Now, we show that the following series converges
400 +oo
> e
ny= 1 no= 1 n1n2

Indeed, applying the Hausdorfl-Young’s theorem, we-get

+oo 4o
2 : 2 : Anyng <
ning

ny= 1’!7,2 1

1
+oo max(pg,2) +oo
a ,2
< § (anl’n2)mmx(po ) : §
ni ,n2:1

where + + L =1.
q0

nl,’I'LQ:l

1
min(qq,2)
— mi 2
(n1n2) min(qo,2) < +o0,

0
Then by Lemma 1 of work [2]

g < / / (6,7 dbdr.
0 0

Now, let us estimate the sum:

O(fa@vQ) = Z Z (n1n2)q72<,0(n1n2) Oy opy S
ni1=2n,=2
S q
+oo +oo nyp ng
< Z Z(n1n2)q_2§0(nln2)' //|f(t,7')|dtd7- <
n1:2 n2:2

0 0

g
gC-mz_:M;/ / [p(n1na)]® - nyns - //|f(t,7')|dtd7- dady <
52
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o S5 T T ][ b@) } e

T T T Y 1 q

:c-// xly.o/o/|f(t,7)|-[¢<;>rdtd7 dzdy.

Hence, by virtue of Lemma 2 of [2] and Lemma A we obtain:

Cfr o q) < C- / FE - (;) dtdr < +o0.
0

O~y

The theorem is proved.
Remark. This theorem for a function of one variable is proved by M. F. Timan [1].
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Axademur E.A. Boxemos amuvindazv. Kapazandv ynusepcumemi, Kapazandwo, Kasaxcman

Dypbe KaTapbl TypaJbl Xapau-JInTTaBy ] TeopeMacChbIHBIH
2KaJIIbLJIaMAaChI

Bip eamemai Tpuronomerpusiibik, Karapiaap TeopuschiHga Pypbe Koddpdurmenti 6ipcapbiHABI OOIATHIH
®ypbe KaTapbl Typassl Xapau-JIuTTaBys TeopemMachl MaHbBI3/IbI OPBIH HejeHe i. Bys TeopeMaHbIH KO OJI-
meMIi Hyckasapsl Jleber keHicTiri yiniH KeHiHeH 3epTTesireH. Kem esmeM 1l HYCKAJIAPBIHBIH Oip eJrmmem/Ii
Karmaii1al afTap/IbIKTall aifbIPMAIBLIBIKTaAPBI 0ap €KeHI AHBIKTAJIFAH YKoHE OYJT TEOPEMAaHbIH KYIIeHTiTy-
Jiepi ajblHFaH 6osiaThbiH. Xapau-J[MTTABY/ TeopeMachl COHbIMEH KaTap dpTYpJii (PYHKIUSAILIK, KEHICTIKTED
yIIiH »xoHe KaTtap Ko3dduimenTiniy 6ipkeskiiri Typsepi yirin kannbiianral 6osaTeH. OChL 2KaMIbLIAY-
smapasr, ketibipin M.@. Tuman, M.U. Hpsuenko, E.J1. Hypcynranos, C. TuxoHOB KyMBICTapBIHAH KOPYTE
6osapl. Ocel xKymbicTa Xapau-JIuttiasy reopemacsiably, Lqw(Lq) (0, 271']2 KEHICTiriHeH aJIbIHFaH MyHKIH-
SHBIH €Ki ecesi Pypbe KaTapbl YIIIH >KaJIIIbIJIAMAChl aJbIHFaH.

Kiam ce3dep: TpuroHoMmerpusiiibik, kKarap, @ypbe Karapsl, Jleber kenicriri, Xapau=/Ilurmisyn reopeMacst,
Dypbe KodDDuImeHTTepI.

C. Butumxan

Kapazandunckutl ynusepcumem umeny axademura E.A. Byxemosa, Kapazanda, Kasaxcman

O6o6mienune Teopembl Xapan-Jlurtasyna o psaagax Pypbe

B Teopun ojHOMEpHBIX TPUIOHOMETPUYECKUX PsIIOB BasKHOE 3HAYEHUE MMeeT TeopeMa Xapau-JIurmiByna
o psanax @ypbe ¢ MoHOTOHHBIME KO3(h unmentamu Pypoe. MHOroMepHbIe BAPUAHTEL 3TOH TEOPEMBI IITHPO-
KO MCCJIeJIOBAHBI JJIs IPOCTPAHCTBa Jlebera. BrisBiieHbI cyllleCTBEeHHBIE OTIMYNS MHOTOMEPHBIX BAPHAHTOB
10 CPABHEHMIO C OJHOMEPHBIM CJIy9YaeM ¥ IIQJIy9eHO yCHJieHue 310l Teopembl. Teopema Xapau-JIurtiByna
Tak2Ke 0000IIeHa IS PA3IMIHBIX (DYHKIIMOHAJIBLHBIX IIPOCTPAHCTB U BUIOB MOHOTOHHOCTH KO3 MUIIEHTOB
psima. Hekoropsie 3 stux 06o0ienuit serpedaercss B paborax M.D. Tumana, M.U. dssauenxo, E.JI. Hyp-
cynranoBa u C. Tuxonosa. B nacrosineii pabore mosiydeHo 06061menne TeopemMbl Xapau-J[uTTiaByaa st
nsoitnbix psaaos Oypue dymxiuu #3 npocrpanctsa Lqw(Lg)(0, 2],

Karouesvie crosa: Tpuronomerpuydeckuii psiz, psaa Pypoe, npocrpamctso Jlebera, reopema Xapau-JIlurtasyna,
ko3 durmenter Pypoe.
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