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Controllability and optimal speed-in-action of linear systems with
boundary conditions

The paper proposes a method for solving the problem of optimal performance for linear systems of ordinary
differential equations in the presence of phase and integral restrictions, when the initial. and final states
of the system are elements of given convex closed sets, taking into account the control value restriction.
The presented work refers to the mathematical theory of optimal processes from L.S. Pontryagin and his
students and the theory of controllability of dynamic systems from R.E. Kalman. We study the problem of
optimal speed for linear systems with boundary conditions from given sets close to_the presence of phase
and integral constraints, as well as constraints on the control value. A theory of the.boundary value problem
has been created and a method for solving it based on the study of solvability and the construction of a
general solution to the Fredholm integral equation of the first kind has been developed. The main results
are the distribution of all controls' sets, each subject of which transfers the trajectory of the system from
any initial state to any final state; reducing the initial boundary point to a special initial optimal control
problem; constructing a system of algorithms for the gamma-algorithm study on the derivation of problems
and rational execution with restrictions on the solution of the optimal speed' problem with restrictions.
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Introduction

Methods are proposed for constructing program and positional controls for processes described
by linear ordinary differential equations in the presence of boundary conditions, as well as phase
and integral constraints, taking into account constraints on controls. Two problems were solved: the
problem of a control existence and the problem of constructing a set of all controls that transfers the
trajectory of the system from any/initial state to a given final state [1-2]. The proposed methods for
constructing programs and positional controls are based on the Fredholm integral equation of the first
kind. A necessary and sufficient condition for the existence of a solution to a linear integral equation is
obtained. A general solution is found for a class of Fredholm integral equations of the first kind [3-5].
It is shown that the boundary value problems of linear ordinary differential equations are reduced
to the original optimal control problems with a quadratic functional. Algorithms for constructing
minimizing sequences and estimating their convergence are given [6]. Algorithms for solving the optimal
performance problem based on solving the controllability problem are presented [7-8]. One of the
complex-and unsolved problems of control theory is the existence of a solution to the boundary value
problem of optimal control in the presence of phase and integral constraints. To solve the problem of
the existence of a solution, it is necessary to create a general theory of controllability of dynamical
systems. This work is devoted to solving problems of controllability of complex dynamic systems with
boundary conditions and constraints [9]. It should be noted that in these works special cases of the
general problem of controllability and speed of dynamic systems without phase and integral constraints
were studied [10-12]. Actual and unsolved problems of controllability and optimal performance are:
obtaining necessary and sufficient conditions for the solvability of general problems of controllability
and performance; development of constructive methods for constructing solutions to general problems
of controllability and optimality of ordinary differential equations.
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1 Statement of the problem

Consider a controlled process described by a linear ordinary differential equation with an integral
and a control of the following form:

x = A(t)x + B(t)u(t) + C(t) / K (t,r)v(r)dr + ~(t), t€ 1 = [to,11], 1)
a

r €l2= [ah
with boundary conditions
(x(to) = xo0) € So, (x(ti) = xi) € Si, So C Rn, Si C Rn (2)
as well as restrictions on control values

u(t) € U@) = {«(=) € L2(1i, Rm) Ju(t) € Ui(t) C L2(li, Rm), ae., t € Ii}, 3)

v(r) € V(r) {v(-) € L2(12,Rni) Jv(r) € Vi(r) C L22,Rni), a.e., r € I12}. 4)

Here A(t), B(t), C(t), t € li are matrices of orders nxn; nxm, nxm i respectively, with piecewise
continuous elements; K (t,r) is a known matrix of order mi x ni with elements from L2, u.(t) €
L2(12,Rn) of a given function So C Rn, Si C Rn of given'convex closed sets, which defines restrictions
on the initial and final state of the phase variables Ui(t) C L2(li,Rm), Vi(r) C L2(12,Rni) of given
convex closed sets. In particular, the sets

50= {x0 € Rn |0 —xI] < r}, So= {x0€ Rn |G < xo0i <di, i= 1n}
51 = {xi € Rn ||xi —XT] < R}, Si = {xi € Rn Jci < xii < di,i= 1,n},
where xo € Rn, xi € Rn are fixed vectors, r, R are given numbers, xo = (xoi, ...xon) € Rn, xt =
(xT, ...xin) € Rn, ci, d,, Ci, d,, i = 1,n are fixed numbers.
There are sets
Ut= {u(-) € L2(1i,Rm) [ Ju—u\<r, ae, t € It}
Ui = {u(-) € L2(li, Rm) Jai(t) < ui(t) < fii(t), a.e., i = 1,n,t € li},
VT(t) = {v(-) € L2(It,Rni) [IM— < R, ae., r € It},
Vi(r) = {v(-). € L2(li,Rni) Jai(r) < vi(r) < fii(r), ae. i = 1,n, r € 12},
wherer > 0, R > 0.aregiven numbers, u(t) = (ui(t), ..., um(t)), v(r) = (vt(t), ..., vni(r)), aj,(t), (1),
t € i, ai(r), fii,(r), r € 12 are given continuous functions.

There are the possible cases: 1) when the moments are fixed; 2) to is fixed, to find the smallest
value tisti > 0 when boundary value problem (1)-(4) has a solution. Boundary value problem (1)-(4)
in the second case is called the optimal performance problem.

Definition 1. Let the moments be fixed. The solution of the differential equation with subintegral
control (1) is called controllable at the time of control u*(t) € U(t), v*(r) = V(r) which transfers the
trajectory of the equation (1) from point xot (t) = x*(to) € So at time to points to xit(t) = x*(ti) € St
time ti.

Definition 2. A quadruple (u*(t), v*(r), xot, xit) € U(t) x V(r) x So x Stis called correct if the
function x*(t) = x*(t; to, xot,u*, v*), t € h that is a solution of differential equation (1) satisfies
condition (2). The set of all admissible quadruples is denoted by S.
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2 Necessary and sufficient conditions for controllability

To solve problems (1)-(4), we consider the controllability problem of a linear system

Y= A(t)y + B(t)wi(t) + C(t)wa(t) + ~(t), te i, (5)
y(to) = xo = x(to) e So, y(ti) = xi = x(ti) e Si, (6)
wi(-) e L2(12,Rm), W2(-) e L2(I2,Rmi). (7)

Theorem 1. The integral equation
ti
Kw = JK (t0,t)w(t)dt = B, te |l = [to,ti], (8)
to
have a solution for any fixed B e Rni if and only if the matrix
ti
C(to,ti) = j K(to,t)K*(to, t)dt 9)

to

of order ni x ni is positive definite, where (*) is the transposition sign.

Proof. Sufficiency. Let the matrix C(to,ti) > 0. Let us show that integral equation (8) have a
solution for any B e Rn. Let’s choose

w(t) = K*(to, t)C-i (to,ti)e;, te | = [to, ti].
Then
ti
Kw = J K(to,t)K*(to, t)dt C I(to,ti)e = B.
to

Thus, for C(to,ti) > 0, integral equation (8) have at least one solution
w(t) = K*(to, t)C-1(~~1B, te I, B e Rn.

The sufficiency is proved.

Necessity. Let integral equation (8) have a solution for any fixed B e Rn. Let's prove that the
matrix C(to,ti).> 0. Since C(to,ti) > O, then to prove C(to,ti) > O it is necessary to show that the
matrix C(to,ti) is nonsingular.

Suppose, by contradiction, that the matrix C(to,ti) is singular. Then there is a vector ¢ e Rn,
¢ =<0 such that c*C(to,ti)c = 0. Let’s define the function v(t) = K*(to,t)c, t e I, v(-) e L2(I, Rm).
Note that . .

ti ti

J v*(t)v(t)dt = ¢*J K*(to, t)K(to, t)dt mc = c¢* C(to,ti)c = 0.

to to
Therefore, the function v(t) = 0, t e |. Since integral equation (8) have a solution for any B ¢ Rn,
then, in particular, there exists function (7) such that w(”) e L2(lI, Rm) and (B = ¢)

ti
J K(to,t)w(t)dt = c.

to
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Thus the identity
ti ti

0=J v*(t)w(t)dt = c*J K(to, t)w(t)dt = c*c
to to

is true. This contradicts the condition that ¢ = 0. The necessity is proved. The theorem is proved.

Theorem 2. The existence of acontrol w*(m® = wi*(m), w2*() e L2(12,Rm)xL 2(12, Rmi) transferring
the trajectory of equation (5) from the starting point y(to) = xo e So to the point y(ti) = xi e Si it
is necessary and sufficient condition for the matrix

Wtot) = ' ®(RA)BIA)B* (P * (b AN (10)
to

the order n x n be positive defined, where Bi(t) = (B(t),C(t)). Linear control'system (5)-(7) differs
from (1)-(3) in that the point, xo e So, x1 e Si1. Let the matrix W(to, t1) determined by formula (8)
be positive defined. Then a control w*(® = (wi*(m), w2*(m) e L2(12, Rm+mi) transfers the trajectory
of equation (5) from point y*(to) = xo0* e So to point y*(ti) = xi* e Si;ifand only if

w*(t) e Wi = Jw*(0 e L2(l2, Rm+mi)lw*(t) = p*(t) + Xi(t, xo*, xi*) + Ni(t)z(ti,p*),

X0* e So, xi* e Si, Vp*mw) = (pi*(m), P2*t)) e L2(12, Rm+mi)}, (11)

where
Xi(t, xo*, xi*) = B*({)®* (™, t)W - i (to,ti)a, (12)

a= ®(to,thxl* - xo* - fu O (", A (D), Ni(t) = -B*(tA*(to,t)W - i (to,ti”(to,ti),
to

p*t) e L2(12,R m+mi) (13)
and the function z(t) = z(t,p*), t e liis a solution of the differential equation
Z(t) = A(t)z + Bi(t)p*(t), z(to) = 0, te Ii.
The solution of differential equation (5) corresponding to the controller, is determined by the formula
y*(t) = z(t, p*) + X2(t, xo*, xi*) + N2(t)z(ti, p*),t e Ii,
where
X2(t, x0*, Xi*) = & N p N (t,ti)W -1 (to,ti)xo* + & ™ b, )W (t,ti) W -i(to,tiN(t,to)xi* +
ti

+ ( P(to, T)N(r)dr - P(t,to)W(to,t) Wr_i(to,ti) ( P(to,t)u,(t)dt, te Ii,
to to

X0* e So,xi* e SiN2(t) = - ®(t,to)W (to,t)W-1(N,b)d (~,b), te li.

Proof. Indeed, from (8) for K(to,t) o (t0,t)B I(t) we have (10). Then
ti ti
C(to, ti) = j K(to,t)K*(to,t)dt = J & (to,t)BI(t)BI(t)P*(to,t)dt = W (to,ti)

to to
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for the existence of a solution to integral equation (10) it is necessary and sufficient that the matrix

W (to,ti) > 0, the control w\ (t), t e | isdetermined by the formula w(t) = v(t)+K*(to, t)C-1(t0,tl)B -
ti

K*(t0,t)C-i (t0,ti) f K(tO,t)v(t)dt, te I.Then (see (9))
to

ti
W\ () = v(t) + K*(t0,t) W -i (t0,ti)a - K*(t0,t) W -i (t0,ti)j K(tO,t)v(t)dt =
to
ti
= v(t) + B*(t)®*(to,t)W-i (to,ti)~(to,ti)ei - eo - J PD(to,t)jl(t)dt]-
to
ti
-B*(t)®d *(to, t)W - i (to,ti) I P (to,t)BI(t)v(t)dt =
to
= v(t) + Ti(t)eo + T2(t)ei + j(t) + Mi(t)z(ti,v), te I, Vv, V(™ e L2(I,Rm),
where matrices TI(t), T2(t), MI(t), t e I, are defined by relations (10),
ti
J o, t)Bi(t)v(t)dt = O (N, ti)z(tiyv),v(m e L2(l, Rm),
to

z(t,v), te I, isasolution of differential equations (11)-(13). The set Ul is generated when an arbitrary
function v() e L2(I, Rm) runs through all elements of the space L2(I, Rm). The theorem is proved.

3 Creating and solving controllability problems

Consider optimization problem (5)-(7), in the form of

J(ff) = .f FO(q(t),t)dt ~ inf,0e X C H,
to

where q(t) = (ff(t), z(ti,p)), pi(t) e LA(h,Rmi) = [pi(") e L2(li,Rm)\\o\ < p},

P2(t) e Lp(li,Rmi) = {&(m) e L2(li,Rmi)lLl \ < p},

Fo(q(t),t) = IFi(q(t),t)I2+ IF2(q(t),t)2,Fi(q(t),t) = wi - u,

F2(q(t),t)= wi - ( K(t,r)v(r)dr.
Ja

Note that:

1) U(t), V(t), So, SI are bounded convex closed sets, then X is a bounded convex closed set in
a reflexive Banach space H, where L2(1I,Rm), Lp(ll,Rmi) are bounded convex closed sets in the
Hilbert space L2.

2) the functional J(ff), ff e X is bounded from below J(ff) > 0, Vff e X . It is easy to see that the
guadratic functional J(9), ffe X is convex since z(t,ap + (1 - a)p) = az(t,p) + (1 - a)z(t,p), Vp, p e
L@(li,Rm+mi), a e [0,1].

3) It is known that a bounded convex closed set X in the reflexive Banach space H is weakly
bicompact, and a continuous convex functional J (ff), ffe X is weakly semicontinuous from below.
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4) A weakly lower semicontinuous functional J(ff), ff e X on a weekly bicompact set reaches the

infimum on the set X , and hence the set.

X* = ffre X \J(ff*) = I* = inf I(ff) =
(ff) A ()

The partial derivative of the function FO(q,t) are:

minJ (ff)} = 0 where 0 is the empty set.
B ()} pty

Foxo(q,t) = 2T*(t)Fi(qg,t) + 2T*(t)F2(q,t),

Foxi (q,t) = 2T*(t)Fi(qg,t) + 2T*(t)F2(q,t),
Foz(ti) =2 N'n (t)Fi(q,t)+2 Nwu (t)F2(q,t),

Fopi (g,t) = 2Fi(q,t), FoP2(q,t) = 2F2(q,t), Fou(q,t) = -2 Fi(q(t),t).

Theorem 3. Let the matrix W (t0,tl) be positively defined. Then the functional under the conditions

is continuously differentiable with respect to Frechet, the gradient

J(F) = (QU(E), I (F), j; (fF), IPL(FF), DO(F), fxi () e H

at any point ffe X is determined by the formula

J'(&) = -Fou(q(t).1),
rti b
K*(t,r)w2(t)dt + 2 [ K*(t,r)K(t,r)v(r)drdt,
Jto to @

JPi(ff) = 2Fi(q,t) - B*(t)m , Jp2(ff)

rti
Jv(ff) = 2

2F2(q,t) - C*(t)"(t), (14)

IXo(ff)= [ FOxo(q(t),t)dt, IXi(f) = 1 FOxI(q(t),t)dt,
to to

where (t),t e Il is the solution of the coupled system

A= CAR(DA(L), FR(L) = - | Foz(ti)(q(t),t)dt, (15)

to

Foz(t2)(q(t),t). = 2N*i(t)Fi(q(t),t) +2 N~ (t)F2(q(t),t), t e Ii,
function z(t) = z(t, p), t e l1.solution of the differential equation (13).

In addition, the gradient satisfies J'(ff), ff e X the Lipschitz condition

\\J'(ffi) - J'(FF2)\ < K \Mfi - 2\ VFfi,ffz e X. (16)

Proof. Let ff ff + Aff e X, Aff = (Au, Av, Apl, Ap2, Ax0* AxI*). As in the proof of Theorem 3,
the functional increment can be represented as

f i{Au*(t)Fou(q(t) + Ap*(t)[Fopi(q,t) - B*(t)™(t)] +

AJ = J(ff + AFf) - J(ff) =
t0

+Ap2(t)[Fop2(q,t) - C*(t)™(t)} + AxO (t)Foxo(qg,t) + Ax*(t)Foxi(q,t)}dt+
b
+ ( Av*(t)dVdT + Ri + R2+ R3 + R4, a7
a

where . .
fti rti b

RI= J NAwl - Av\2dt, R2= J \
to a

K (t,T)Av(t)dT - Aw2(t)\2dt,
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R3= f AxO[FOx0(q+ Aqg,t)+ FOxo(qg,t)]dt, R4 = ( Ax1[FOXi(q+ Aq,t) - FOxi(qg,t)]dt,
J

Jto

From (15)-(17)

to
R\ < ci] |JAffI]12, Ag(t) = (A9(t),z(ti,p)).

it follows that the Freschi derivative of functional (16) under conditions (15)-(17)

is determined by formula (14), where ~>(t), t £ 11 is a solution of differential equation (15)-(17).
Let e1 = ff+ Ad, e2 = ff. Then

Jj>(Qi) - j >02) = FOu(q + Aq,t) - Fou(q,t), Jv(ff + Ad) - Jv(ff),

2F1(g + Aqg,t) - 2Fi(q,t) - B*(t)AN(t),

2F™Mg + Aq,t) - 2F2(q,t) - C*(t)AN (1),

f [FOxo(g + Aq, t) - FOxo(q,t)]dt, / [FOxi(g + Aq,t) - FOxi(q,t)]dt.
to to
NI'(ffi) - J'Ne)\ < LiNAg(t)\ + L2\NAMNO\ + L3 J1Adll
fti fti
J'(ffi) - J'(o2)y2 = I N\J'(ff1) - J'(02)\2dt < L4 |Aqj2+ L5 f 1\AMN(t)\2dt. (18)
0 0
Since
- . . /Iﬂ
AN = -A*()AN(L), t £ 1i, AN(ti) = - o [Foz(t%)(q + Aq,t) - Foz(ti)(q,t)]dt,
that
ftl
AN(L) = AN(ED) + 3 A*(t)AN(L), t £ 11,
WA (D)< WA (1) \+ ALxJ/ X\ (0 YT < L6\]/O WMq(t)dt + ~ a xJ/ Y (e
t t t

HAQ(D)Y < C [IAFIl, N\Az(t,p)\ < cs]|Apill + CH1AR2 I

Then, applying the Gronwall lemma, we obtain

AN\ < L7eAmax(ti-t2) | JAF]. (19)

From (18), (19) follows estimate (16).
Based on the results of Theorem 3, we construct the sequences {ffn} = {un,vk,pin,p2n,xon,x 1n} C

X by algorithm

where K > 0 is the

un+l —PU[un anJdu(ffn™® vn+l —PV[vn anJdv(®*n”"

Pin+1 = [pin - anJdpl(ffn)], P2n+l = [P2n - onJjp2(fm)], 00
X0n+l —PS[x0n anJdxo(ffn)], x1n+tl —PS1[xIn anJxi(ffn)] (20)
n=20,1,2,..., 0< o< an < Kh2fl, £i > 0,

Lipschitz constant of equation (14), in particular, el = K in the case of e0 = an =

K. We get that U, V, S0,S1 are bounded convex closed sets, Pq [d is the projection of a point onto the
set Q. Any point has a unique projection onto a convex closed set.
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Theorem 4= Let the matrix W (t0,t1) > 0, the sequence {ffn} be defined by the formula (20). Then:

1. the numeric sequence {J(ffn)} is strictly decreasing;

2. |ffin - fin+1]~ O when n N to;

3. the sequence {ffn} C X is minimized: nIim J(ffn) = J* = eiﬂ;‘(\](ff);

4. the set X* = {ff* £ X\J(ff*) = J* = inf J(ff) = minJ(ff)} is not empty, the lower bound
e—x e—x

functional J (ff), ff £ X is reached on the set X ;

r ii weak weak; weak weak
5. ’ﬂqe sequence {%‘n? C X converges weakly to the set )?1 Un u*, Vn v*, P2n P2*, xon X0%,

xinwe|kxi* at n ~ to, where (u*, v*,pi*,p2* xo* xi*) £ X*;
6. the following convergence rate estimate is valid

0 < J (ffn) - J’;< — n=12 ..., mO= const > 0,
n

where J (ff*) = J*;
7. controllability problem (1)-(4) has a solution if and only if the value J(ff*) = 0. In this case, the
solution of controllability problem (1)-(4) is the function

X*(t) = z(t,p*) + A*(t,xo*,xi*) + N2(t)z(ti,p*), t £ Ii.

If J (ff*) > 0, then controllability problem (1)-(4) has nossolution, x*(t), t £ 11is the best necessary
solution to controllability problem (1)-(4).

ProofeFrom the property for the projection of a point.onto a set, we have

< J'(ffn), ff- ffn-1 >> — < fin - ffn-1, ff- ffn-1, VI, £ X. (21)
an

Since J'(ff) £ C1,1(X),X is a convex set, the estimate is true

K
J(Ffi) - J(ff2) >< J'(Ffi), ffi - 2> -y Iff - 2|2, VFfi, 2 £ X. (22)

From (16) and (17) ff = fin, ffl = fin, ff2 = fin+1, we get

J(ffn) - Ji(ffn+i) > (-———-—-- 2) |fin- fin+i]2 > £i|lfin - fin+ly2,-—--mmm- 2-—- . (23)
an 2 an 2

It follows from equality (23) that the numerical sequence {J(ffn)} is strictly decreasing, and also
because of the limited value of 'the functional at |ifin - fin+1]~ 0 by n ~ +to. Thus, assertions 1) and
2) of the theorems are proved.

The functional J(ff),ff £ MO is weakly lower semicontinuous on a weakly bicompact set X , then
the set is empty. The sequence {ffn) C MO. Then, due to the weakly bicompactness of the set MO it
follows that finwe?kff*, n ~ o, ff* £ X*. Thus, statements 4), 5) of the theorem are proved.

For convex functional J (ff) £ C 1L1(M0), the following inequality holds

J(ffn) - J(ff*) << Im  fin- f*>=< J'(ffn), fin - fin+l + fin+l - i > =
=< AARA fin - findl > - < J/(ffn), fi* - fn-l > .

Hence, taking into account the inequality for ff £ ff*, we have

o

< J/(ffn) - J* << J/(ffn), fin - fin+1 > - an < fin - fin+1, ff*- fin+l >-
< J/(ffn) - OT'(ff* - fn+1~ fin - fin+l ><

yj'(ffn) - am(ff* - fintH)]]]1ffin - ffn+ly <

(yJd/(ffn)y + ol-)yff* - fin+iy = yffn - fin+1ycOyffn - fin+ly

(24)

ANVAY
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where |- fin+1] < D, N ,c0= sup P/(ffn)] + D, D is the diameter of the set M0. Since with
|ifin - fin+1y ~ O, then n N to that nIin;k J (ffn) = J* = J(ff*). This means that the {ffn} C MO0 sequence

reaches a minimum.

It follows from inequalities (23), (24) that J(ffn)-J (ffn+1) = an- an+1> el]fin- fin+1]2,an- an+1 >
Qyffn - ffn+iy, an = J(ffn) - J* = J (ffn) - J (ff*). Then an > 0,an - an+i > k(;bl‘/’ll‘l,n =12 ..m0 >
The theorem is proved.

Q-

4 Solving a model problem

Consider a controlled process described by a differential equation with an integral equation of the
form

X\ = x2,x2=u+J et+)Tv(t)dr, t£ 11= [0,2], T £ 12 = [1,2], (25)

(xio(0), x20(0)) £ So = {-1 < Xxi0 < 1,1 < X200 < 2},
(xii(2), x2i(2)) £ Si = {-1 <xn(2) < 1,-2 < x2i(0) < - 1},
u(t) £ U = {u(-) £ L2(12, R)\ - 1< u(t) < 1, a.e. t £ 11},
v(t) £V = {v(-) £ L2(12, RI\T < v(t) < 2T, a.e.T £ 12}. (26)
1. The necessary sufficient conditions satisfy controllability defined by the ratios:
a) Matrix W (0, 2) = ™ 16/3 > 0;

b) u*(t) = wi*(t) = pi*(t)To(t)xo*+ Ti(t)xi* + 221 (t) + Nii(t)z(ti, p*), t £ Ii,

TO) = (3(t- 1), at-=i), Ti(t) = ( ~ ), Mii(t) = 0,

N1(t) = (3(t- 1), (2 43t)), pi*(-) £ L2(l2, R1), xo* £ (xio* x20*) £ So,
(xii*; x2i*) £ Si, u*(t) £ U, v*(t) £ V;

c) M2e(t+1)Tv*(TAT = W2*(t) = p2*(t) + T2(t)xo* + T3(t)xi* + M12(t) + Niz2(t)z(ti, p*),

To(t) = (4(t- 1), ~ ), Tbtt) = ~ ), Ni2(t) =

X0* £ (xio* x20%) £ So, xi* = (xii*, x21*) £ Si,p2*m £ L2(l2, R1),M12(t) = o,
So = S10, S20, S10 = {xi0 £ R1I\- 1< xio < 1, S20 = {x20 £ R1\L < x20 < 2};
Si =+S11,S21,S11 = {xn(2) £ RI\- 1< xn (2) < 1}, S21 = {x2i(2) £ RI\- 2 < x2i(2) < -1}.

2. Construction of a solution to the controllability problem. The desired controls u*(t) £ U, v*") £
V, p1*(t) £ Lp(l1, R1), p2*(t) £ L2(Ib R1), x0* £ SO, x1* £ S1, can be found when solving the optimal
control problem: minimize the functional

rt rb
J(u, v,pi,p2,xio,x20,xii,x2i) = [/ {\wi(t) - u(H\2 + \we(t) - K, 7~ (T~r1T\2n  ~ inf  (27)
to a

under conditions

u(t) £ U, v(T) £V, pi(t) £ LP(12,R1), p2(t) £ L2(li, R1), xio £ S10, x20 £ S20, xii £ S11, x21 £ S21,
(28)
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Wi(t) = pi(t) + Tio(t)xio + T2o0(t)x20 + Tii(t)xii + T2i(t)x21 + Nn (t)z(ti,p), t £ Ii,

W2(t) = p2(t) + T2o(t)xio + T30(t)x20 + T3i(t)xii + Tai(t)x21 + Niz2(t)z(ti,p), t £ Ii,

. 3 3t. 4 . 3t 4 3t 2
Tio = Tio(t) = -(t - 1), T2o = Tz2o0(t) = - j - ,T11 = Tii(t) = — — ,T21 = T21(t) = ,

T20 = T20(t) = 4(t- 1), T30 = T30(t) = —-— ,T31 = T3i(t) = -(——), Tar = Tar(t) = —-— ,
where a function z(t,p), t £ 11 is a solution of the differential equation
zi = z2,z2 = pi(t) + p2(t), zi(o) = 0, z2(0) = o, t £ Ii.

Let us calculate at ff = (u, v,p1,p2,x10,x20,Xx11,Xx21), q = (ff, z(2)) a gradient of functional (24)

under conditions (25)-(28):
a) JU(ff) = Fou(q,t) = -2(wi - u), Fo(q,t) = \Fi(g,H\2 + \R2(q,t)\2,

f2
Fi(q,t) = (w1- u), F2(q,t) = w2 - J e(t+1)Tag(T)dT,
P2 lia7 2 s7)

JV(f) = - 2 | e(+)Twz(t)dt+ 2 / [/ ~e(tt)Te(t+1)Tv(T)dTdt,
10 401

IN(FF) = 2Fi(q,t) - B*(1)$(t), Jp2(ff)=2F2(q,t) - C*(1)$(t), t £ Ii,

Jx1o(ff) = f [QRTio(t)Fi(q,t)+2T20(t)F2(q,t)]dt, Ixz2o(f) = / [T20(t)Fi(qg, t) + 2T30(t)F2(q, t)]dt,
0 0

r2 r2
Jxﬂ(ff): /8 [2Tii(t)Fi(q,t)+2T3i(t)oF2(q,t)]dt, Jxﬂ(ff) = fO T2i(t)Fi(q, t) + 2Tw(t)F2(q, t)]dt.

b) partial derivative

[ 3(t-1) \ [/ 3(t-1) \
4 4
= JFi(gq,t) =
Foz(t)(a.t) 2-31) i(q,1) 230
V 4 Y vV "4y
¢) coupled system
$1 = 0,32 = -%$b $(2) = ( $1(2) ) = - It Foz(ta) (q(t) ,t) dt.

d) minimizing sequences are:
un+l —PU[un anJdyffn”™ pn+l —PV[vn anJv(ffn)],
pintl = PLp[pln anJdpi(ffn)], p2n+l = PLp[p2n anJp2(ffn)],
X 10+l = PSlo[xXIf) - anjxw(ffn)], x2(+1= PSD[x2) - anJxzo(ffn)L

xn+1= PSn [x11) - anjxu(ffn)], x2(+1= PS2[x2]) - anj x21(ffn)],
n=20,1,2,..., an < K.

e) projections of a point onto sets

T, if vn - anJd/v(ffn) < T;
Pvvn - anJd/v(ffn)] = ~ vn - anJd/v(ffn, if T < vn - anJ/v(ffn) < 2T;
21, if vn - anJd/v(ffn) > 2T;
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pln- and/pl(ffn)] —p1n- and/pl(ffn™ lliln - and/pl(ffn) I < p,

[p2n  and p2(ffn)] —p2n anJ p2(ffn), lIn  and p2(ffn) ¥ < p,

p > 0 is quite large;

-1, if x1§ - anJd/xwo(ffn) < -1;
PSiw0[x1lg) anJ xio(ffn)] x11Q - anJ/xio(ffn), if - 1< Xild - anJ/xio(ffn) < 1;
1, if >@% - anJ/xw(ffn) > 1;

1, if x2n) - anJd/x20(ffn) < 1,
PS20[x20) anJd x2(ffn) —  x2™) - anJ/x2o(ffn), if 1 < PS20[x2n) - anJ/x2o0(ffn) < 2;
2, if PS20/ ? - anJ/x20(ffn) >/ 2;

-1, if  x1i) - anJd/xn(ffn) < -1;
PSu [x1rf) - and/xu(ffn)] — xii - anJd/xn (ffn), if - 1< x1i)- anJ/xn (fin) < 1;
- 2, if x1i) - anj/xU(ffn) > -2;

-2, if x21) - anJd/xzi(ffn) < -2;
PSz1[x2l) - and/xa(ffn)] —  x21) - anJ/xg(ffn), 'tm;]) - 2< x21) - andixg(ffn) < -1;
- 1 if x2i - anJd/x2(ffn) > -1.

f) limit points of minimizing sequences:
weak weak o Wweak weak .
un(t) ~ U*(), Vn(T) ~ V*(r), pi(t) ~ Pi*(t), P2(t) ~ P2*(t), t G i,

X0 ~AVIQ, %0 ~AVXhQ xim) ~AVXTi, X)) ~VX21.

g) solvability of the controllability problem (22), (23):
1) if I(u*, v*,p1*,p2*,x*0,x*0,x11,x2i) — 0, the solution of problem (21)-(23) is a function

x*(t) —z(t;p*) + A(t,x*0,x20,x*1,x*1) + N2(t)z(ti,p*), t G Ii;

2) if J(u*, v*p1*p2*x*Qx]Qx*1,x]1) > 0, then the controllability problem (22), (23) has no
solution. In this case, the function x*(t), t G 11, is a given approximation of the controllability problem.

5 Conclusion

The main results obtained in this work are: the choice of a set of program and positional controls
for the process described by a linear ordinary differential equation, in the absence of restrictions on
the values of the controls, by constructing a general solution of the Fredholm integral equation of the
first kind; determination of program and positional control, as well as solving problems of optimal
performance in the presence of restrictions on the control values and phase and integral restrictions;
reduction of the initial-boundary value problem with restrictions to a special initial-boundary value
problem of the optimal control and the construction of minimizing sequences and successive narrowing
of the area of admissible controls solution of the optimal performance problem.
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C. Alicaranues, I''T. Kepneb6ain

An-®apabn aTbiHAarbl Lasay ynTTbiy YHueepcumemi, AnmaThbl, LasaucTaH

LLlekT>X wapTTapbl 6ap CbI3bIK,TbIK, XXylenepalw, 6ackapbl/ybl
XK3He ouTtannbl acepl

Makanaga dasanbik X3He MHTerpanabik LWekTeynep 6onraH Kesge xal gnddepeHunangbik Teugeynepaiy
CbI3bLUThIK, Xyhenepl yww ouTannbl XblngaMabliK aceplu wewy 3alcl yebiHbIITaH, MyHAa XyiheHw, 6acta-
NMKbl XX3He coLrbl Kyl 6ackapy M3alHL, WwekTeynlrlH eckepe OTbIpbin, 6eplareH geuec TYMbIK XXUbIHAAPAbILL
anemeHTTepl 60nbIN Tabbinagbl. YcblHbIATAH XYMbIC J1.C. TTOHTPATMH MeH OHbIL, W3PTTepLU LY, ouTalifbl
npovecTepLlly, MaTeMaTnKasnbliK TEOPUACbIHA, COHbIMeH 61pre P.E. KanbMaHHbIL, gMHaMUKanbIK XyieneplH
fackapy TeopusicbiHa XKatafbl. Pa3anbik )XaHe UHTerpanblk LWeKTeynep, coHAan-ak 6ackapy Lwekreynepl
6onraH Kesge 6epLureH XXublHAApAbIL, WEKT1K WwapTTapbl 6ap Cbi3blKTbIK XYyienep ylwlH ouTanbl Xblagam-
AblK acepl 3epTTengl. LLIeKTXX ecenTLy TeopuAacbl Kypbinybl X3He OHbl wewy 3alcl wewlimalnlkrl 3epTTey,
61pwwl TunTerl dpearonbM MHTerpangbik TeudeylHly >kannbl wewlmlH Kypy HerlslHge >xacangbl. Hens-
ri HaTuXKenep: >XyeHlu, TPaeKTOPUSACbIH Ke3 KesreH 6acTankbl KylAeH Ke3 KelreH KaKeTTl courbl Kyiire
aybica anartblH 3p6ip 31eMeHTTi 6ap/ibik 6ackapy XublHAapbliHaH 60n0in any; anbiHraH 6ackapyabil, KaXxeTT
XKIHE XEeTKINIKTi wapTTapbiHbIL, 6ap 60nybl; WeKTeynepi 6ap ouTarnbl XbiAAAMAbLIK 3cepLULLy, M3ceneciH
wewyaiy, anroputmi.

KwT cB3gep: ouTalinbl TIWWMALDK, TONbITbIMEH LUEKTEY, PYHKUNOHANAbI TPafNEeHT, UHTErpangbiK Telaey.

C. Aiicaranues, '.T. Kopneb6ai

Kasaxckuii HaunoHanbHblii YHUBEPCUTET MMeHU anb-dPapabu, AnMaThl, KasaxcTaH

YnpaBQiseMoCTb U onNTUMaJsibHOe 6bliCTpoaeicTBME
NINHEWHbIX CUCTEM C FPAHUYHbIMU YC/TOBUSIMU

B cTaTbe Npef/ioXKeH MeToq peLleHusi 3a4aun ONTUMaibHOW CKOPOCTU AN IMHEHBIX CUCTEM 06bIKHOBEHHbIX
AnddepeHUManbHbIX YpaBHEHU MpY HANNMUMK (a30BbIX U MHTErpasbHbIX OrpaHWYeHUd, Koraa HayanbHoe
N KOHEYHOE COCTOSIHUSA CUCTeMbI SABASOTCA 3/1IeMeHTaMU 3a4aHHbIX BbINMYKJ/IbIX 3aMKHYTbIX MHOXECTB C yue-
TOM OrpaHuyeHUs KOHTPOILHOrFO 3HaUeHns. MpeacTaBneHHas pa6oTa OTHOCUTCS K MaTeMaTUYecKoi Teopun
ONTMMasbHbIX NpoueccoB J1:C. FMOHTPArMHA U ero YY4eHUKOB 1M Teopun ynpassisieMoCTU AUHAMUYECKUX CU-
cTem P.E. KanbmaHa. MccnefoBaHa 3afayva onTMMasbHOW CKOPOCTU AN NIMHENHbIX CUCTEM C TPAHUUYHLIMU
YCIOBUSIMU U3 3a4aHHbBIX MHOXECTB, 6IM3KMX K HANMUM0 (ha3oBbiX M UHTErpasibHbIX OFPaHUYeHNi, a Takxke
OrpaHnyeHUsl Mo ynpaBnsioLEeMy 3HaueHMo. Co3aaHa Teopusi FpaHUYHOIi 3agaun, U paspaboTaH MeToj ee
peLleHnst Ha OCHOBE U3YHeHMUs paspellnmocTy U NOCTPOEHUS 06LLero peLleHnss UHTerpasbHoro ypaBHeHUs
®pearonbMa nepBoro poga. OCHOBHLIMU pe3y/ibTaTaMu sIBNAKTCA pacnpejesieHne BceX HabopoB 3/1eMeHTOB
YyNpaBneHmnsl, KaXablil cy6beKT KOTOPbIX MepeBoAuUT TPAeKTOPUI0 CUCTeMbl U3 N11060ro HavyaslbHOro COCTOS-
HUA B 110606 KOHEUYHOE COCTOsIHME; CBefleHMe Haya lbHOM rpaHUYHOW TOUKM K CreLuanbHoi CXoAHOM 3agaue
ONTYManbHOFO YNPaB/eHUs; MOCTPOEHUE CUCTEMbI a/ITOPUTMOB ramMma-aaropuTMa yuyeHus o BbiBoge 3afay 1
payMoHanbHOM BbIMOMHEHUWN C OTPAHMYEHUSIMUN PeLleHUs 3aa4uu ONTUMabHOW CKOPOCTU € OrpaHUYeHUAMMN.

KnwyueBble cnosa: onTuMasibHasa NPon3BOAUTENIbHOCTb, OrpaHUYeHUs LenoCTHOCTN, quHKLLMOHaﬂbeIVI rpa-
AONEHT, UHTerpasibHoOe ypaBHeEHMe.

References

1 Aisagaliev, S.A., & Zhunussova, Z.K. (2017). Constructive method for solvability of fredholm
equation of the first kind. Electronic Journal of Qualitative Theory of Differential Equations, 45,
1-11. https://doi.org/10.14232/ejqtde.2017.L45

Mathematics series. Ne 2(110)/2023 33


https://doi.org/10.14232/ejqtde.2017.L45

S. Aisagaliev, G.T. Korpebay

34

10

11

12

Aisagaliev, S.A., & Zhunussova, Z.K. (2015). To the boundary value problem of ordinary differential
equations. Electronic Journal of Qualitative Theory of Differential Equations, 57, 1-17.
https://doi.org/10.14232/ejqtde.2015.1.57

Aisagaliev, S.A. (2018). On Periodic Solutions of Autonomous Systems. Journal of Mathematical
Sciences, 229(4), 335-353. https://doi.org/10.1007/s10958-018-3681-8

Aisagaliev, S.A. (2018). Aizerman's problem in absolute stability theory for regulated systems.
Sbornik: Mathematics, 209(6), 780-801. https://doi.org/10.1070/SM 8948

Aisagaliev, S.A. (2021). Teoriia kraevykh zadach dinamicheskikh sistem [Theory of boundary value
problems of dynamical systems]. Almaty: Kazakh University [in Russian].

Aisagaliev, S.A., & Belogurov, A.P. (2012). Controllability and speed of the process described
by a parabolic equation with bounded control]. Siberian Mathematical Journal, 53(1), 13-28.
https://doi.org/10.1134/S0037446612010028

Aisagaliev S.A., & Kabidoldanova, A.A. (2012). On the Optimal Control of linear systems with
linear performance criterion and constraints. Differential equations, 48(6), 832-844.
https://doi.org/10.1134/S0012266112060079

Balandin, D.V., & Kogan, M.M. (2020). Control and Estimation in Linear Time-Varying Systems
Based on Ellipsoidal Reachability Sets. Automation and Remote Control, 81 (8), 1367-1384.
https://doi.org/10.1134/S0005117920080019

Aida-zade, K.R., & Abdullayev, V.M. (2021). Optimization.of Right-Hand Sides of Nonlocal
Boundary Conditions in a Controlled Dynamical System. Automation and Remote Control, 82 (3),
375-397. https://doi.org/10.1134/S0005117921030012

Arutyunov, A.V., & Zhukovskiy, S.E. (2020). Necessary Optimality Conditions for Optimal
Control Problems in the Presence of Degeneration. Differential Equations, 56(2), 238-250.
https://doi.org/10.1134/S0012266120020093

Khlebnikov, M.V. (2020). Linear Matrix Inequalities in Control Problems. Differential Equations,
56(11), 1496-1501. https://doi.org/10.1134/S00122661200110105

Quoc, D.V., & Bobtsov, A.A. (2020). An Adaptive State Observer for Linear Time-varying
Systems with Inaccurate Parameters. Automation and Remote Control, 81 (12), 2220-2229.
https://doi.org/10.1134/S0005117920120061

Bulletin of the Karaganda University


https://doi.org/10.14232/ejqtde.2015.1.57
https://doi.org/10.1007/s10958-018-3681-8
https://doi.org/10.1070/SM8948
https://doi.org/10.1134/S0037446612010028
https://doi.org/10.1134/S0012266112060079
https://doi.org/10.1134/S0005117920080019
https://doi.org/10.1134/S0005117921030012
https://doi.org/10.1134/S0012266120020093
https://doi.org/10.1134/S00122661200110105
https://doi.org/10.1134/S0005117920120061



