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Controllability and optimal speed-in-action of linear systems with 
boundary conditions

The paper proposes a method for solving the problem of optimal performance for linear systems of ordinary 
differential equations in the presence of phase and integral restrictions, when the initial and final states 
of the system are elements of given convex closed sets, taking into account the control value restriction.
The presented work refers to the mathematical theory of optimal processes from L.S. Pontryagin and his 
students and the theory of controllability of dynamic systems from R.E. Kalman. We study the problem of 
optimal speed for linear systems with boundary conditions from given sets close to the presence of phase 
and integral constraints, as well as constraints on the control value. A  theory of the boundary value problem 
has been created and a method for solving it based on the study of solvability and the construction of a 
general solution to the Fredholm integral equation of the first kind has been developed. The main results 
are the distribution of all controls' sets, each subject of which transfers the trajectory of the system from 
any initial state to any final state; reducing the initial boundary point to a special initial optimal control 
problem; constructing a system of algorithms for the gamma-algorithm study on the derivation of problems 
and rational execution with restrictions on the solution of the optimal speed' problem with restrictions.
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Introduction

Methods are proposed for constructing program and positional controls for processes described 
by linear ordinary differential equations in the presence o f boundary conditions, as well as phase 
and integral constraints, taking into account constraints on controls. Two problems were solved: the 
problem of a control existence and the problem of constructing a set of all controls that transfers the 
trajectory o f the system from any initial state to a given final state [1-2]. The proposed methods for 
constructing programs and positional controls are based on the Fredholm integral equation of the first 
kind. A  necessary and sufficient condition for the existence of a solution to a linear integral equation is 
obtained. A  general solution is found for a class of Fredholm integral equations of the first kind [3-5]. 
It is shown that the boundary value problems of linear ordinary differential equations are reduced 
to the original optimal control problems with a quadratic functional. Algorithms for constructing 
minimizing sequences and estimating their convergence are given [6]. Algorithms for solving the optimal 
performance problem based on solving the controllability problem are presented [7-8]. One of the 
complex and unsolved problems of control theory is the existence o f a solution to the boundary value 
problem of optimal control in the presence of phase and integral constraints. To solve the problem of 
the existence o f a solution, it is necessary to create a general theory of controllability o f dynamical 
systems. This work is devoted to solving problems o f controllability o f complex dynamic systems with 
boundary conditions and constraints [9]. It should be noted that in these works special cases o f the 
general problem of controllability and speed o f dynamic systems without phase and integral constraints 
were studied [10-12]. Actual and unsolved problems o f controllability and optimal performance are: 
obtaining necessary and sufficient conditions for the solvability o f general problems of controllability 
and performance; development of constructive methods for constructing solutions to general problems 
o f controllability and optimality o f ordinary differential equations.
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1 Statement of the problem

Consider a controlled process described by a linear ordinary differential equation with an integral 
and a control of the following form:

x  =  A (t )x  +  B (t)u (t )  +  C (t)  /  K (t , r ) v ( r )d r  +  ^(t), t € I  =  [to, 11 ], (1)
a

r  € I 2 =  [a, b]

with boundary conditions

(x(to) =  xo) € So, (x (ti)  =  x i)  € Si, So С Rn, Si С Rn (2)

as well as restrictions on control values

u(t) € U(t) =  {«(•) € L 2(Ii, R m) | u(t) € Ui(t) С L 2(Ii, Rm), a.e., t € I i } ,  (3)

v ( r ) € V ( r ) =  {v(-) € L 2(I2 , Rn i) | v ( r ) € V i(r ) С L 2(I2 , Rni), a.e., r  € I 2 }. (4)

Here A(t), B (t) ,  C  (t), t € I i are matrices of orders n x n ,  n x m ,  n x m i respectively, with piecewise 
continuous elements; K ( t , r ) is a known matrix o f order m i x  n i with elements from L 2, ц.(t) € 
L 2(I2, Rn) o f a given function So С Rn, S i С Rn o f given convex closed sets, which defines restrictions 
on the initial and final state of the phase variables Ui (t) С L 2(I i ,R m), Vi ( r ) С L 2(I2,R n i) o f given 
convex closed sets. In particular, the sets

5 0 =  { x o €  Rn | |xo — xl| <  r } ,  So =  { x o € Rn | Ci <  x oi <  di, i =  1, n }

51 =  { x i € Rn | |xi — XT| <  R },  Si =  { x i € Rn | ci <  x ii <  di , i =  1 ,n },

where xo € Rn , x i  € Rn are fixed vectors, r, R  are given numbers, x o =  (xo i , . . .x on) € Rn, x t =  
(х Т1, . . . x in) € Rn, ci , d,,, Ci, d,,, i =  1,n  are fixed numbers.

There are sets
Ut =  {u (-) € L 2(I i , Rm) | ||u — u\\ <  r, a.e., t € I t },
Ui =  {u (-) € L 2 (Ii, Rm) | ai(t) <  ui(t) <  fii(t), a.e., i =  1 ,n , t  € I i } ,
VT(t ) =  {v (-) € L 2(I t , Rn i) | ||v — <  R, a.e., r  € I t },
V i(r ) =  {v(-) € L 2 ( I i ,R ni) | a i ( r ) <  v i (r ) <  fii(r ), a.e. i =  1,n, r  € I 2 }, 

where r >  0, R >  0 are given numbers, u(t) =  (u i (t), ..., um(t)), v ( r ) =  (vt ( t ), ..., vn i( r )), aj,(t), ^ ( t ) ,  
t € Ii, a i (r), fii,(r), r  € I2 are given continuous functions.

There are the possible cases: 1) when the moments are fixed; 2) to is fixed, to find the smallest 
value t i , t i >  0 when boundary value problem (1 )-(4 ) has a solution. Boundary value problem (1 )-(4 ) 
in the second case is called the optimal performance problem.

Definition 1. Let the moments be fixed. The solution of the differential equation with subintegral 
control (1) is called controllable at the time o f control u*(t) € U(t), v* (r ) =  V ( r ) which transfers the 
trajectory o f the equation (1) from point x ot (t) =  x* (to) € So at time to points to x it (t) =  x * ( t i ) € St 
time t i .

Definition 2. A  quadruple (u*(t), v* (r ), x o t , x i t ) € U(t) x  V ( r ) x  So x  S t is called correct if the 
function x*(t) =  x*(t; to , x ot,u*, v*), t € h  that is a solution of differential equation (1) satisfies 
condition (2). The set o f all admissible quadruples is denoted by S.
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Controllability and optimal speed-in-action

2 Necessary and sufficient conditions for  controllability

To solve problems (1 )-(4 ), we consider the controllability problem of a linear system

У =  A (t)y  +  B (t)w i(t )  +  C (t)w 2 (t) +  ^(t), t e  Ii, (5)

y(to) =  xo =  x(to) e  So, y (t i) =  x i  =  x ( t i ) e  Si, (6 )

w i(-) e  L 2 (I2 , R m), W2 (-) e  L 2 (I2 , R mi). (7)

Theorem 1. The integral equation

ti
K w  =  J K ( t 0,t)w (t)d t =  в,  t e  I  =  [t0 , t i ], (8 )

to

have a solution for any fixed в  e  Rni if and only if the matrix

ti
C (to ,t i )  =  j  K ( t o , t)K*(to , t)dt (9)

to

o f order n i x  n i is positive definite, where (*) is the transposition sign.

Proof. Sufficiency. Let the matrix C (to, t i ) >  0. Let us show that integral equation (8 ) have a 
solution for any в  e  Rn . Let’s choose

w(t) =  K * ( to , t )C - i (to, t i ) e ,  t e  I  =  [to , t i ].

Then
ti

<-i.K w  =  J  K ( t o , t )K * ( to , t)dt C  i (to , t i ) e  =  в.

to
Thus, for C (to , t i ) >  0, integral equation (8 ) have at least one solution

w(t) =  K * ( to , t ) C - 1 ( ^ ^ 1)в, t e  I, в  e  Rn .

The sufficiency is proved.
Necessity. Let integral equation (8 ) have a solution for any fixed в  e  Rn. Let’s prove that the 

matrix C (to, t i ) >  0. Since C (to, t i ) >  0, then to prove C (to, t i ) >  0 it is necessary to show that the 
matrix C (to , t i ) is nonsingular.

Suppose, by contradiction, that the matrix C (to , t i ) is singular. Then there is a vector c e  Rn , 
c =  0 such that c*C(to , t i )c =  0. Let’s define the function v(t) =  K * ( to ,t)c, t e  I, v(-) e  L 2(I, R m). 
Note that

ti ti

J  v*(t)v(t)dt =  c* J  K * ( to , t ) K ( t o , t)dt ■ c =  c* C ( to , t i )c  =  0 .
to to

Therefore, the function v(t)  =  0, t e  I . Since integral equation (8 ) have a solution for any в  e  Rn , 
then, in particular, there exists function (7) such that w(^) e  L 2(I, R m) and (в  =  c)

ti

J  K ( t o ,t)w (t)d t =  c.

to
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Thus the identity
ti ti

0 =  J  v*(t)w(t)dt =  c* J  K ( t o , t)w(t)dt =  c*c

to to

is true. This contradicts the condition that c =  0. The necessity is proved. The theorem is proved.

Theorem 2. The existence o f a control w*(■) =  w i*(■), w2* ( )  e  L 2(I2, R m) x L 2(I2, Rmi) transferring 
the trajectory o f equation (5) from the starting point y (to) =  x o e  So to the point y ( t i ) =  x i e  S i it 
is necessary and sufficient condition for the matrix

f ti
W  (to ,t i)  =  Ф ( ^ ^ )В 1^ ) В * ( { ) Ф * ( Ь ^ ^  (10)

to

the order n x  n be positive defined, where B i (t) =  (B ( t ) ,C ( t ) ) .  Linear control system (5 )-(7 ) differs 
from (1 )-(3 ) in that the point, xo e  So, x 1 e  S1 . Let the matrix W (to, t1 ) determined by formula (8) 
be positive defined. Then a control w*(■) =  (w i*(■), w2*(■)) e  L 2(I2, Rm+mi) transfers the trajectory 
o f equation (5) from point y*(to) =  x o* e  So to point y*(ti ) =  x i* e  S i , if and only if

w*(t) e  Wi =  |w*(0 e  L 2 (I2 , Rm+mi)lw*(t) =  p*(t) +  Xi(t, xo*, xi*) +  N i(t )z ( t i ,p * ) ,

xo* e  So, xi* e  Si, Vp*(■) =  (p i* (■), P2* t ) )  e  L 2 (I2, Rm+mi)} ,  (11)

where
Xi(t, xo*, xi*) =  В*({)Ф *(^ , t ) W - i (to ,ti)a , (12)

f  ti
a =  Ф(to,tl)xl* -  xo* -  Ф(^, t)^(t)dt, N i(t)  =  - B * ( t ^ * ( t o , t ) W - i ( t o , t i ^ ( t o , t i ) ,

to

p * t )  e  L2(I2,R m+mi) (13)

and the function z(t) =  z (t ,p* ), t e  I i is a solution of the differential equation

Z(t) =  A (t )z  +  B i(t)p*(t),  z(to) =  0, t e  Ii.

The solution of differential equation (5) corresponding to the controller, is determined by the formula

y*(t) =  z(t, p*) +  X2 (t, xo*, xi*) +  N 2 (t )z (ti ,  p * ) , t  e  I i ,

where

X2 (t, xo*, xi*) =  Ф ^ , ь ^  ( t , t i  ) W - i (to,ti)xo* +  Ф ^ , ь , )W  (t , t i )  W - i ( t o , t i ^ ( t , t o ) x i *  +

ti
+  (  Ф(to ,T )^ (r)dr  -  Ф( t , t o )W (to ,t )  W  i (to ,t i )  (  Ф(to,t)ц,(t)dt, t e  Ii,

to to
r - i (

to to

xo* e  So,xi* e  S iN 2 (t) =  - Ф( t , t o ) W ( t o , t ) W - 1 ( ^ ,Ь ) Ф ( ^ ,Ь ) ,  t e  Ii.

Proof. Indeed, from (8) for K ( t o,t)  =  Ф(t0, t ) B l (t) we have (10). Then

ti ti 

C(to, ti)  =  j  K (to , t )K * ( to , t )d t  =  J  Ф (to ,t)B l(t)B l(t )Ф *(to ,t )d t =  W ( t o , t i )
to to
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Controllability and optimal speed-in-action

for the existence o f a solution to integral equation (10) it is necessary and sufficient that the matrix
W ( t o, t i ) >  0, the control w-\_(t), t e  I  is determined by the formula w(t) =  v ( t )+ K * ( t o , t ) C - l (t0, t l ) в -  

ti
K * ( t0, t ) C - i (t0, t i ) f  K ( t 0,t)v(t)dt, t e  I . Then (see (9))

to

ti
w-\_(t) =  v(t) +  K * ( t0,t)  W - i (t0, t i )a -  K * ( t0,t)  W - i (t0, t i ) j  K ( t 0, t)v(t)dt =

to

ti

=  v(t) +  B * ( t )Ф *(to ,t )W - i ( t o , t i ) ^ ( t o , t i ) e i  -  eo -  J  Ф (to ,t) j l (t )d t]-

to
ti

-B * ( t )Ф * (to, t ) W - i (to ,t i)  J  Ф (to ,t)B l(t)v (t)d t =

to

=  v(t) +  Ti(t)eo +  T2 (t)ei +  j ( t )  +  M i( t ) z ( t i ,v ) ,  t e  I, Vv, v(^) e  L 2 ( I ,R m), 

where matrices Tl (t), T2(t), M l (t), t e  I, are defined by relations (10),

ti

J  Ф(^, t )B i( t )v ( t )d t  =  Ф(^, t i ) z ( t i , v ) , v ( ■) e  L 2 (I, Rm),

to

z(t, v), t e  I, is a solution o f differential equations (11)-(13). The set Ul is generated when an arbitrary 
function v ( )  e  L 2(I, Rm) runs through all elements o f the space L 2(I, R m). The theorem is proved.

3 Creating and solving controllability problems 

Consider optimization problem (5 )-(7 ), in the form of

J(ff) =  f  F0(q(t),t)dt ^  in f, 0 e  X  С H,
to

where q(t) =  (ff(t), z ( t i ,p ) ) ,  p i(t )  e  Lp2( h , R mi) =  [pi(^) e  L 2 ( I i ,R m)\\\pi\\ <  p},

P2 (t) e  L p (I i ,R mi) =  {&(■) e  L 2 ( I i ,R mi) Ш \  <  p},

Fo(q(t),t)  =  lF i(q (t) ,t )l2 +  lF2 ( q ( t ) , t ) 2,F i (q ( t ) , t )  =  wi -  u,

F2 ( q ( t ) , t ) =  wi -  (  K ( t , r ) v ( r )d r .
J a

Note that:
1) U(t), V (t) ,  So, S l are bounded convex closed sets, then X  is a bounded convex closed set in 

a reflexive Banach space H , where L 2(I l ,R m), Lp(Il ,R mi) are bounded convex closed sets in the 
Hilbert space L 2.

2) the functional J (ff), ff e  X  is bounded from below J (ff) >  0, Vff e  X . It is easy to see that the 
quadratic functional J (9), ff e  X  is convex since z(t, ap  +  (1 -  a)p) =  a z (t ,p )  +  (1 -  a )z ( t ,p ) ,  Vp, p  e  
Lp2( I i ,R m+mi), a  e  [0,1].

3) It is known that a bounded convex closed set X  in the reflexive Banach space H  is weakly 
bicompact, and a continuous convex functional J  (ff), ff e  X  is weakly semicontinuous from below.
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4) A  weakly lower semicontinuous functional J (ff), ff e  X  on a weekly bicompact set reaches the 
infimum on the set X , and hence the set.

X* =  ff * e  X  \J (ff*) =  J* =  inf J (ff) =  m inJ (ff)} =  0  where 0  is the empty set.
Q^X Q£X

The partial derivative of the function F0(q,t)  are:

Foxo (q,t) =  2 T * (t )F i(q ,t )  +  2 T *(t )F 2 (q,t),

Foxi (q ,t) =  2 T * (t )F i(q ,t )  +  2 T *(t )F 2 (q,t),

Foz(ti) = 2  N*n ( t ) F i ( q , t ) + 2  N*u (t)F 2 (q,t),

Fopi (q,t) =  2 F i(q ,t) ,  FoP2 (q,t) =  2 F2 (q,t), Fou(q,t) =  - 2  F i(q (t ) ,t ) .

Theorem 3. Let the matrix W ( t 0, t l ) be positively defined. Then the functional under the conditions 
is continuously differentiable with respect to Frechet, the gradient

J'(ff) =  (JU (ff), J  (ff), j ;  (ff), JPt (ff), J'X0 (ff), f x i (ff)) e  H

at any point ff e  X  is determined by the formula

J '(&) =  -F ou (q (t ) ,t ) ,

rti rti rb
J'v (ff) =  2 K * ( t , r ) w 2(t)dt +  2 /  K * ( t , r )K ( t , r ) v ( r )d r d t ,

J to to a

JPi(ff) =  2Fi(q ,t)  -  B *( t ) m ,  Jp2 (ff') =  2F2(q,t) -  C *(t)^ (t ) ,  (14)

JXo( f f )= [  F0xo(q(t),t)dt, JXi(ff) =  I  F0xl(q(t),t)dt,
to to

where ф(t ) , t  e  I l is the solution o f the coupled system

^  =  -A *  (t )^ (t ) ,  rf(ti) =  - I  Foz(t i ) (q(t),t)dt, (15)
to

Foz(t2)(q (t) ,t )  =  2 N *i(t )F i(q (t ) ,t )  + 2  N ^ ( t )F 2 (q ( t ) , t ) , t e  Ii,  

function z(t) =  z(t, p), t e  I1 solution o f the differential equation (13).

In addition, the gradient satisfies J '(ff), ff e  X  the Lipschitz condition

\\J'(ffi) -  J'(ff2 )\\ <  K \\ffi -  ff2 \\, Vffi,ff2 e  X .  (16)

Proof. Let ff,ff +  Aff e  X ,  Aff =  (Au, A v , A p l , A p 2, A x 0*, A x l*). As in the proof o f Theorem 3, 
the functional increment can be represented as

A J  =  J (ff +  Aff) -  J (ff) =  f  i { A u  * (t)Fou(q(t) +  A p  * (t)[Fopi(q,t) -  B  * (t)^(t)] +
to

+Ap2(t)[Fop2(q,t) -  C* (t)^(t)} +  Ax0 (t)Foxo(q,t) +  A x  * (t)Fox i (q , t ) }d t+  
b

where

+  (  A v  * ( t  )JV dT +  Ri +  R 2 +  R 3 +  R4 , (17)
a

fti rti rb
R l =  J \Awl -  Av\2dt, R 2 =  J \ K ( t ,T ) A v (t ) dT -  A w 2(t)\2dt,

to to a
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R 3 =  f  Ax0 [F0x0(q +  A q , t ) +  F0xo (q,t)]dt, R4 =  (  Ax1[F0Xi (q +  A q ,t) -  F0x 1 (q,t)]dt,
Jto Jto

\R\ <  ci||Aff||2, A q(t) =  (A 9 ( t ) ,z ( t i ,p ) ) .

From (15)-(17) it follows that the Freschi derivative of functional (16) under conditions (15)-(17) 
is determined by formula (14), where ^>(t), t £ I 1 is a solution o f differential equation (15)-(17).

Let e 1 =  ff +  Ad, e2 =  ff. Then

j>(Qi) -  j >(0 2 ) =  F0u(q +  A q ,t) -  F0u(q,t), J 'v(ff +  Ad) -  J'v (ff),

2F 1(q +  Aq, t) -  2F i (q, t) -  B * (t)A ^ (t),

2F^(q +  A q ,t) -  2 F2 (q,t)  -  C * (t)A ^ (t),

f  [F0xo(q +  Aq, t) -  F0xo(q,t)]dt, /  [F0x 1 (q +  A q ,t) -  F0xi(q,t)]dt.
to to

\ J '(ffi) -  J '№ )\ <  Li\Aq(t)\ +  L 2 \A^(t)\ +  L 3 ||Aq||, 

fti f ti
J '(ffi) -  J '( 0 2)y 2 =  Г  \J'(ff1) -  J '( 0 2 )\2dt <  L 4 |Aq|2 +  L 5 f  1 \A^(t)\2dt. (18)

o o

Since

that

• /'t1 A ^  =  -A * (t )A ^ (t ) ,  t £ I i, A ^ (t i )  =  -  /  [Foz(t1)(q +  A q ,t) -  Foz(t1) (q,t)]dt,o 1 1 

f t1A ^ (t )  =  A ^ (t 1) +  J  A * (t)A ^ (t), t £ I 1,

\A ^ (t )\ <  \A ^ (t1) \ +  A L x  /  \A^(t) \dT <  L 6 /  \A q(t )\dt +  ^ a x /  \A^(t
Jt Jt0 Jt

IIAq(t)У <  C2 ||Aff||, \Az(t,p)\ <  cs||Api|| +  C4 ||Ap2 ||.

Then, applying the Gronwall lemma, we obtain

\A^(t)\ <  L 7eAmax(t1- t 2) ||Aff|. (19)

From (18), (19) follows estimate (16).
Based on the results o f Theorem 3, we construct the sequences {ffn} =  {u n ,v k, p 1n,p 2n,x 0n,x 1n} С 

X  by algorithm

un+1 — PU [un a nJu (ffn ^  vn+1 — PV [vn a nJv (^n^
(ff„ )]

(20)
Pin+1 =  [pin -  anJp 1 (ffn)], P2n+1 =  [P2n -  OnJjP2 (ffn)],
x 0n+1 — PSo [x0n a nJx0 (ffn)], x 1n+1 — PS1 [x1n a nJx i (ffn)]
n =  0 ,1 ,2 , . . . ,  0 <  £0 <  an <  Kh22£1 , £i >  0,

where K  >  0 is the Lipschitz constant o f equation (14), in particular, e1 =  K in the case of e0 =  a n =  
K . We get that U, V, S0, S 1 are bounded convex closed sets, Pq [■] is the projection o f a point onto the 
set Q. Any point has a unique projection onto a convex closed set.
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Theorem 4• Let the matrix W (t0, t1) >  0, the sequence {ffn} be defined by the formula (20). Then:
1. the numeric sequence {J (ffn) }  is strictly decreasing;
2. ||ffn -  ffn+ 1| ^  0 when n ^  to;
3. the sequence {ffn } С X  is minimized: lim J  (ffn) =  J* =  inf J  (ff);n e—X
4. the set X* =  {ff* £ X\J (ff*) =  J* =  inf J  (ff) =  min J  (ff)} is not empty, the lower bound

e——x  e——x
functional J  (ff), ff £ X  is reached on the set X ;

_ ,n с /л л тг i i , , лл weak weak; weak weak5. the sequence {ffn} С X  converges weakly to the set X*, Un u*, Vn v*, P2n P2*, x 0n x 0*,
x inw-e|kxi* at n ^  to, where (u*, v* ,p i* ,p 2*, x 0*, x i*) £ X*;

6. the following convergence rate estimate is valid

0 <  J  (ffn) -  J* <  —  n =  1, 2, . . . ,  m 0 =  const >  0,
* n

where J  (ff*) =  J*;
7. controllability problem (1 )-(4 ) has a solution if and only if the value J  (ff*) =  0. In this case, the 

solution o f controllability problem (1 )-(4 ) is the function

x*(t) =  z (t ,p * ) +  A*(t,x0*,x i*) +  N 2 (t)z (t i,p * ), t £ Ii.

If J  (ff*) >  0, then controllability problem (1 )-(4 ) has no solution, x*(t), t £ I 1 is the best necessary 
solution to controllability problem (1 )-(4 ).

Proof• From the property for the projection o f a point onto a set, we have

<  J  '(ffn), ff -  ffn-1 > >  —  <  ffn -  ffn-1, ff -  ffn-1, Vff, ff £ X . (21)
a n

Since J'(ff) £ C  1,1( X ) ,X  is a convex set, the estimate is true

K
J(ffi) -  J(ff2) > <  J '(ffi), ffi -  ff2 >  - у I f f  -  ff2||2, Vffi, ff2 £ X . (22)

From (16) and (17) ff =  ffn, ff1 =  ffn, ff2 =  ffn+ 1, we get

J(ffn) -  J i (ffn+ i) >  ( ---------- 2 ) |ffn -  ffn + i|2 >  £i||ffn -  ffn + ly 2 ,---------------2----- . (23)
a n 2 a n 2

It follows from equality (23) that the numerical sequence {J (ffn) }  is strictly decreasing, and also 
because of the limited value of the functional at ||ffn -  ffn+ 1| ^  0 by n ^  to. Thus, assertions 1) and 
2) o f the theorems are proved.

The functional J(ff),ff £ M 0 is weakly lower semicontinuous on a weakly bicompact set X , then 
the set is empty. The sequence {ffn) С M 0. Then, due to the weakly bicompactness of the set M 0 it
follows that ffnw-e? kff*, n ^  to, ff* £ X *. Thus, statements 4), 5) o f the theorem are proved.

For convex functional J  (ff) £ C 1,1 (M 0), the following inequality holds

J(ffn) -  J(ff*) < <  J m  ffn -  ff* >  =  <  J ' (ffn), ffn -  ffn+1 +  ffn+1 -  ff* >  =
=  <  ^ ^ n ^  ffn -  ffn+1 >  -  <  J/(ffn), ff* -  ffn-1 >  .

Hence, taking into account the inequality for ff £ ff*, we have

0 <  J/(ffn) -  J* < <  J/(ffn), ffn -  ffn+1 >  - an <  ffn -  ffn+1, ff* -  ffn+1 > - 
=  <  J/(ffn) -  0T"(ff* -  ffn+1 ̂  ffn -  ffn+1 > <
<  yj'(ffn ) -  a1nn(ff* -  ffn+i)||||ffn -  ffn+1 y <
<  (y J/(ffn)y +  o1-)yff* -  ffn + iy =  yffn -  ffn+1 yc0 yffn -  ffn+1 y

(24)
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where ||ff* -  ffn+ 1| <  D , ^ , c0 =  sup || J /(ffn)| +  D , D  is the diameter o f the set M 0. Since with 
||ffn -  ffn+ 1y ^  0, then n ^  to that lim J  (ffn) =  J* =  J  (ff*). This means that the {ffn } С M 0 sequencen—^
reaches a minimum.

It follows from inequalities (23), (24) that J(ffn) - J ( f f n+ 1) =  an - an+ 1 >  e1|ffn - ffn+ 1|2,a n - an+ 1 >

C0 yffn -  ffn+i y, an =  J  (ffn) -  J* =  J  (ffn) -  J  (ff*). Then an >  0,an -  an+i >  Ч  йП,п =  1, 2, ...,m0 >  .c0 &1
The theorem is proved.

4 Solving a model problem

Consider a controlled process described by a differential equation with an integral equation of the 
form

x\ =  x 2, x 2 =  u +  J  e(t+ 1)Tv (t)d r , t £ I 1 =  [0,2], т  £ I 2 =  [1,2], (25)

(x i0 (0 ), x 20(0 )) £ S0 =  { - 1  <  x i0 <  1 , 1 <  x 20 <  2 },

( x i i ( 2 ), x 2 i ( 2 )) £ Si =  { - 1  <  x n (2 ) <  1 , - 2  <  x 2i ( 0 ) <  - 1 }, 

u(t) £ U =  {u (-) £ L 2 (I2, R 1)\ -  1 <  u(t) <  1, a.e. t £ I 1}, 

v(t) £ V  =  {v (-) £ L 2 (I2, R 1)\ т  <  v ( t ) <  2т, a.e. т  £ I2}. (26)

1. The necessary sufficient conditions satisfy controllability defined by the ratios:

a) Matrix W (0, 2) =  ^ 1 6 / 3  >  0;

b) u*(t) =  w i*(t) =  pi*(t)T 0 (t)x 0* +  T i(t)x i*  +  ^11  (t) +  N ii(t )z (t i, p*), t £ Ii,

T0(t) =  (3 (t  -  1), 3t- = i ), T i(t) =  ( ^ , ), Mii(t) =  0,

N 11 (t) =  ( 3(t -  1 ) , ( 2  4 3 t)), pi*(-) £ L 2 (I 2 , R 1), x 0* £ (x i0*, x 20*) £ S0 ,

(x ii* , x 2i*) £ S i, u*(t) £ U, v*(t) £ V ;

c) Л2 e(t+ 1)Tv*(т^ т  =  W2*(t) =  p2*(t) +  T2 (t)x 0* +  T3 (t)xi* +  ^ 12(t) +  N i2 (t)z (ti, p*),

T2 (t) =  ( 4 (t -  1 ), ^ ), Tbtt) =  ^ ), N i2 (t) =

x 0* £ (x i0*, x 20*) £ S0 , xi* =  (x ii* , x 21*) £ S i , p2*(■) £ L 2 (I2 , R 1),M 12(t) =  0 ,

S0 =  S 10, S20 , S 10 =  { x i 0 £ R 1\ -  1 <  x i0 <  1, S 20 =  { x 20 £ R 1 \ 1 <  x 20 <  2 };

Si =  S 11, S 21 , S 11 =  { x n (2) £ R 1\ -  1 <  x n (2) <  1}, S 21 =  { x 2i ( 2 ) £ R 1\ -  2 <  x 2i ( 2 ) <  - 1 } .

2. Construction of a solution to the controllability problem. The desired controls u*(t) £ U, v * ^ ) £ 
V, p 1*(t) £ Lp(I1, R 1), p2*(t) £ L 2(Ib  R 1), x 0* £ S0, x 1* £ S 1, can be found when solving the optimal 
control problem: minimize the functional

r t1 r b
J(u , v ,p i ,p 2 ,x i 0 ,x 20 , x i i , x 2i) =  / {\wi(t) -  u (t )\2 +  \w2 (t) -  K ( t ,т ^ (т ^ т \ 2^  ^  inf (27)

to a

under conditions

u(t) £ U, v (т ) £ V, p i(t) £ LP(I2 , R 1), p2 (t) £ L 2 (I i, R 1), x i0 £ S 10, x 20 £ S20 , x ii  £ S 11, x 21 £ S 21 ,
(28)
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Wi(t) =  p i(t) +  T i0 (t )x i0 +  T20(t )x 20 +  T ii(t )x ii  +  T2 i (t )x 21 +  N n (t )z (t i , p ) , t £ Ii,

W2 (t) =  p2 (t) +  T20(t )x i0 +  T30(t )x 20 +  T3 i ( t )x i i  +  T4 i (t )x 21 +  N i2 (t )z (t i,p ), t £ Ii,
3 3t 4 3t 4 3t 2

T10 =  T i0 (t) =  - ( t  -  1), T20 =  T20 (t) =  - j - , T11 =  T ii(t) =  — — , T21 =  T21 (t) =  ,

T20 =  T20 (t) =  4 (t -  1), T30 =  T30(t) =  — - — , T31 =  T3i(t) =  - ( —- — ), T41 =  T41 (t) =  — - — , 

where a function z (t ,p ), t £ I 1 is a solution o f the differential equation

zi =  z2 , z'2 =  p i(t) +  p2 ( t ) , z i (0 ) =  0 , z2 (0 ) =  0 , t £ I i .

Let us calculate at ff =  (u, v ,p 1 ,p 2, x 10,x 20 , x 11, x 21), q =  (ff, z(2 )) a gradient o f functional (24) 
under conditions (25)-(28):

a) JU(ff) =  F0u(q,t) =  -2 (w i  -  u), F0 (q ,t) =  \Fi(q,t)\2 +  \F2 (q,t)\2,

f  2
F 1(q, t) =  (w 1 -  u), F2 (q, t) =  w2 -  J  e(t+ 1)Tэд(т)dт,

/* 2 /* 2 /* 2 
JV(ff) =  - 2 /  e(t+ 1)Tw 2 (t)dt +  2 / /  e (t+ 1)Te(t+ 1)Tv(т)dтdt,

. /0 . /0 . /1

J^(ff) =  2F i(q ,t) -  B * (t )$ (t ), Jp2 ( f f ) = 2 F 2 (q ,t) -  C * (t)$ (t), t £ I i ,

Jx 10(ff) =  f  [2 T i0 ( t ) F i ( q , t ) + 2 T20(t)F 2 (q,t)]dt, Jx20(ff) =  /  [2 T20(t)F i(q , t) +  2T30(t)F2(q, t)]dt,
0 00 0  
r2 r 2

Jx11 ( f f )=  /  [2 T ii(t)F i(q ,t)+ 2 T 3 i(t)F 2 (q ,t)]d t, Jx21 (ff) =  f  [2 T2i(t)F i(q , t) +  2 T w (t)F 2 (q, t)]dt.11 0 21 00 0
b) partial derivative

/  3 (t-1) \

F0z(t1) (q,t) =

c) coupled system

4
/  3 (t-1) \

2-3t)
V 4 У

,F i  (q, t) =
4

2-3t)
V " 4  У

$ 1  =  0, $ 2  =  - $Ъ $ (2) =  (  $1(2) )  =  -  Jt F0z(t1) (q (t) , t) dt.

d) minimizing sequences are:

un+1 — PU [un a nJU (ffn ^  pn+1 — PV [vn a n Jv (ffn)], 
p 1n+1 =  PLp [p1n a nJp 1 (ffn)], p2n+1 =  PLp [p2n a nJp2 (ffn)],

x 10+1 =  PS1o[x1n0) -  a nj xw (ffn)], x 2(+1 =  PS?20 [x2n0) -  a nJx20 (ffn)L
xn+ 1 =  PSn [x1,1) -  a nj x 11 (ffn)], x 2(+1 =  PS21 [x2’1) -  a nj x21 (ffn)], 
n =  0,1, 2 , . . . ,  an <  K .

e) projections o f a point onto sets

т, if vn -  a n J /v (ffn) <  т ;
Pv [vn -  a n J /v(ffn)] =   ̂ vn -  a n J /v(ffn, if т  <  vn -  a n J /v(ffn) <  2 т ;

2т, if vn -  a n J /v (ffn) >  2 т ;
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[p 1n -  a nJ/p1 (ffn)] — p 1n -  a nJ/p1 (ffn^ ||p1n -  a nJ/p1 (ffn) || <  p, 

[p2n a nJ  p2 (ffn)] — p2n a nJ  p2 (ffn), ||p2n a nJ  p2 (ffn) У <  p,

p >  0 is quite large;

PS10 [x1q) a n J  x10 (ffn)]
- 1 ,  if x1nQ) -  an J /x10 (ffn) <  - 1 ;

> )x1nQ) -  a n J /x10(ffn), if -  1 <  x1nQ) -  a n J /x10(ffn) <  1; 
„(n) y1Q1, if x1nQ) -  a n J /x10 (ffn) >  1;

PS20 [x2q) a nJ  x20 (ffn) —

PS11 [x1n1) -  a n J /x11 (ffn)] —

PS21 [x2l) -  an J /x21 (ffn)] —

1, if x2n) -  a n J /x20 (ffn) <  1; 
x2^) -  an J /x20(ffn), if 1 <  PS20[x2n) -  a n J /x20(ffn) <  2; 

2, if PS20Й ?  -  a n J /x20(ffn) >  2;

- 1 ,  if x1i) -  a n J /xn (ffn) <  - 1 ;  
x i i  -  a n J /xn (ffn), if -  1 <  x1i) -  a n J /xn (ffn) <  1; 

- 2, if x 1i) -  a nj / x11 (ffn) >  - 2 ;

- 2 ,  if x2'1) -  a n J /x21 (ffn) <  - 2 ;
x2'1) -  a n J /x21 (ffn), if -  2 <  x2'1) -  a n J /x21 (ffn) <  - 1 ;21 (n) 21

- 1  if x 2 i -  a nJ /x21 (ffn) >  - 1 .

f) limit points o f minimizing sequences:

weak weak weak weak
Un(t) ^  U*(t), Vn(T) ^  V*(r), p i(t) ^  Pi*(t), P2(t) ^  P2*(t), t G Ii,

x (n) _V x* x (n) _V x* x (n) _V x* x (n) _V X*x 1Q ^  x iQ, x 20 ^  x 2Q, x ii ^  x ii, x 2i ^  x 21.

g) solvability o f the controllability problem (22), (23):
1) if J(u*, v* ,p 1* ,p 2*,x*0 ,x*0 ,x1 1 ,x2 i) — 0, the solution of problem (21)-(23) is a function

x*(t) — z(t,p*) +  A(t,x*0 , x 20 ,x * 1,x * 1) +  N 2 (t)z (t i,p * ), t G Ii;

2) if J(u*, v* ,p 1*,p2*,x*Q,x|Q,x * 1 ,x|1) >  0, then the controllability problem (22), (23) has no 
solution. In this case, the function x*(t), t G I 1, is a given approximation of the controllability problem.

5 Conclusion

The main results obtained in this work are: the choice of a set of program and positional controls 
for the process described by a linear ordinary differential equation, in the absence o f restrictions on 
the values o f the controls, by constructing a general solution of the Fredholm integral equation of the 
first kind; determination o f program and positional control, as well as solving problems o f optimal 
performance in the presence o f restrictions on the control values and phase and integral restrictions; 
reduction o f the initial-boundary value problem with restrictions to a special initial-boundary value 
problem of the optimal control and the construction o f minimizing sequences and successive narrowing 
o f the area o f admissible controls solution of the optimal performance problem.
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С. А йсагалиев, Г.Т. К ерпебай

Эл-Фараби атындагы Цазац улттыц yHueepcumemi, Алматы, Цазацстан

Ш ектж шарттары бар сызык,тык, жуйелердщ баскарылуы 
жэне оцтайлы эсер1

Макалада фазалык жэне интегралдык шектеулер болган кезде жай дифференциалдык тецдеулердщ 
сызьщтык, жуйелер1 ушш оцтайлы жылдамдык эсерш шешу эд1с1 усынылган, мунда жуйенщ баста- 
пкы жэне соцгы куш баскару мэшнщ шектеул1г1н ескере отырып, бер1лген децес туйык жиындардыц 
элементтер1 болып табылады. Усынылган жумыс Л.С. Понтрягин мен оныц шэюрттершщ оцтайлы 
процестершщ математикалык теориясына, сонымен б1рге Р.Е. Кальманныц динамикалык жуйелер1н 
баскару теориясына жатады. Фазалык жэне интегралдык шектеулер, сондай-ак баскару шектеулер1 
болган кезде бершген жиындардыц шект1к шарттары бар сызыктык жуйелер уш1н оцтайлы жылдам­
дык эсер1 зерттелд1. Ш ектж есептщ теориясы курылуы жэне оны шешу эд1с1 шеш1мд1л1кт1 зерттеу, 
б1ршш1 типтег1 Фредгольм интегралдык тецдеу1н1ц жалпы шеш1м1н куру нег1з1нде жасалды. Непз- 
ri нэтижелер: жуйен1ц траекториясын кез келген бастапкы куйден кез келген кажетт1 соцгы куйге 
ауыса алатын эрбiр элементтi барлык баскару жиындарынан б0лiп алу; алынган баскарудыц каж етт 
жэне жеткiлiктi шарттарыныц бар болуы; шектеулерi бар оцтайлы жылдамдык эсершщ мэселесiн 
шешудiц алгоритмi.

Кшт свздер: оцтайлы тшмдшж, толыгымен шектеу, функционалды градиент, интегралдык тецдеу.

С. А йсагалиев, Г.Т. К орпебай

Казахский национальный университет имени аль-Фараби, Алматы, Казахстан

Управляемость и оптимальное быстродействие 
линейных систем с граничными условиями

В статье предложен метод решения задачи оптимальной скорости для линейных систем обыкновенных 
дифференциальных уравнений при наличии фазовых и интегральных ограничений, когда начальное 
и конечное состояния системы являются элементами заданных выпуклых замкнутых множеств с уче­
том ограничения контрольного значения. Представленная работа относится к математической теории 
оптимальных процессов Л.С. Понтрягина и его учеников и теории управляемости динамических си­
стем Р.Е. Кальмана. Исследована задача оптимальной скорости для линейных систем с граничными 
условиями из заданных множеств, близких к наличию фазовых и интегральных ограничений, а также 
ограничения по управляющему значению. Создана теория граничной задачи, и разработан метод ее 
решения на основе изучения разрешимости и построения общего решения интегрального уравнения 
Фредгольма первого рода. Основными результатами являются распределение всех наборов элементов 
управления, каждый субъект которых переводит траекторию системы из любого начального состоя­
ния в любое конечное состояние; сведение начальной граничной точки к специальной исходной задаче 
оптимального управления; построение системы алгоритмов гамма-алгоритма учения о выводе задач и 
рациональном выполнении с ограничениями решения задачи оптимальной скорости с ограничениями.

Ключевые слова: оптимальная производительность, ограничения целостности, функциональный гра­
диент, интегральное уравнение.
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