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1 Introduction

Investigation of boundary value problems for the heat equation in noncylindrical domains
haswidepractical application [1-3]. For example, in the study of thermal regimes of the
various electrical contacts there is the necessity to study the processes of heat and mass
transfer taking place between the electrodes. After achieving the melting temperature at
the contact surface of electrodes there is a liquid metal bridge between these electrodes.
‘When the contacts open this bridge is divided into two parts, i.e. the contact material is
transferred from one electrode to another, and this leads to the bridging erosion. Ulti-
mately, the smooth surface of contacts is destroyed, which means that their proper oper-
ation is violated. The mathematical description of the thermal processes which go with
the bridging erosion, leads to solving the boundary value problems for the heat equation
in domains with moving boundary, namely in the domains which degenerate into a point
at the initial moment. Using the apparatus of heat potentials, solving the problems under
consideration is reduced to the study of singular Volterra integral equations of the second
kind, when the norm of the integral operator is equal to 1. A feature of these equations is
the incompressibility of the kernel and this is expressed in the fact that the corresponding

nonhomogeneous equation cannot be solved by classical methods.
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For the problem of the solvability of the Volterra integral equation of the second kind
with a special kernel, stated in Section 2, after some transformation in Section 3 we obtain
the corresponding characteristic integral equation. An important moment of our research
is fact that using a Carleman-Vekua regularization method [4], we reduce the initial prob-
lem to solving the Abel integral equation of the second kind. The solution of the last equa-
tion provides finding all solutions of the initial integral equation from Section 2. These
results are stated in Sections 4-6. The main result about solvability of the integral equa-
tion in a class of essentially bounded functions is formulated in the form of the theorem
in Section 6.

2 Statement of the problem
When solving model problems for parabolic equations in domains with movi
the singular integral equations of the following form arise:

o(t) —A/(;tK(t,r)w(r)dr =f(t), t>0,

where

Kit,7) = 1 L+ T (t+1)? t—1
T exp| ———— exp| ——— ) ¢.
2a7 | (t-1)32 P 4a®(t - 1) _o2 P\ T

The kernel K (¢, 7) has the following properties:
(1) K(t ) > 0 and continuously at 0 <
(2) limy gy fy K(t7)dT =0, 80 >

(3) limyo fy K(t,7)d7 =1, limay, o dr =1
To verify property (3) we N ution x = /£ — 7. We have

X 2 t X
2a ax 2a

t
f K(t,t)dt =
0

(2)

Also the kernel K(t, T) is summable with weight function /2. Indeed,

/‘K(t,r) exp{2t/a2} /‘*/—2\/t x2 {_(i x>2}dx
0o VT P

ax 2a

af/ {‘(a_tx‘%)z}d’“
v Qtl_—xz‘fxp{-f—;}dx

=0(t) + I(2) + I3(2).
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For the first integral after introducing the replacement y = 1/x we have the estimate

9 2 2,2 1
L) < \/Zexp{t/a ) ex { vy }dy.
172

adm @ da’y?

For small values ¢ the last integral is bounded. For large values ¢ > 0 we have the fol-

lowing estimate:

1
= — < const.

Zﬁexp{t/az}/‘ { t2y? 1 }d
y
7t

@2 da’y

Thus we have established the boundedness of the first integral [; (¢

We estimate the integrals I (¢) and I3(¢) using the following 1ntegral ®
Vi dx 1 [V oay

af/ Vi-2 2ayxle Sty z

Problem To find the solution ¢(¢) of integral equation'{l) satisfying the condition v/t -
@(t) € Lo(0, 00) for any given function /- £ () nd each given complex spec-
tral parameter A € C.

We note that the integral equ$tlo ' ) arise in the study of boundary value

problems of heat conduction in andnfin ular domaln, which degenerates at the initial

moment. Such equations are db olterra integral equations with ‘incompressible’

kernel. The feature of the eq uestion consists in property (3) of the kernel K (¢, t)
orresponding nonhomogeneous equation cannot be

essive approximations for [A| > 1. Obviously, if |A| < 1, then (1)

' can be found by the method of successive approximations.
@ sidered in [5], where it is shown that (1) has only one nontrivial

@ Y e double layer potentials were studied, and approximate solutions of some
pplied problems were constructed [6, 7]. Subsequently such integral equations were the
ject of investigation by many authors.

It should be noted that the boundary value problems for spectrally loaded parabolic
equations also are reduced to the singular integral equations under consideration when

the load line moves by the law x = () [8, 9].

3 Transforming the integral equation
We will use a Carleman-Vekua regularization method [4]. To do this we transform (1). By

means of the relations

; 2t (t-1) (t+1)? tt t—-1
+T=2t—(t—1), = + ,
4a’(t—1) a®(t-t) 4a?
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we reduce (1) to the form

o t 2 tt 1 tt
¢ _/0 2aﬁ{ (t —7)372 eXp{_az(t— r)} T (t-1)12 eXp{_a2(t— r)}

* @} 'exp{—%}w(f)dr =f(). 3)

From [10], p.183, it follows that it suffices to find a solution to the ‘simplified’ equation

t

303 [ K0 dr =fo, (4
0

o(t) = exp{t/(4a2)} (1), j(t) = exp{t/(4a2)} -f(@),

where
Ker) - 2t te 1
e 2aﬁ{(t—t)3/2 exP{_aZ(t—r)} TS t—r)})}’
Vt-exp{-t/(4a®)} - ?(t) (0 00)
Vit -exp{-t/(4a®)} - f(t) € (5)
Vt-exp{—(t—1)/(4a®)} - k(t, T eL1
To investigate the full equation (4) we &s characteristic part, namely

/ ko(t,T)@ dr‘f (6)

(7)

quation (6) is characteristic for (4), since

t t
lim | ko(t,7)dt =1; lim | k(t,7)dTr =0.

t—0 Jo t—0 Jo
4 Solving the characteristic integral equation
Considering the right side of (6) as known, we find its solution, i.e. the solution of the
characteristic equation (6).
Analogously ([10], p.174) integral equation (6) is reduced to an equation with a difference
kernel. To do this, we make in it replacements:

5 ren vo-2=0(5) A0 (5) ®

~



Jenaliyev et al. Advances in Difference Equations (2015) 2015:71 Page 5 of 14

Then we obtain the equation of the form

0 1 1
00~ [ | [y @A, o0 ©)

where

{exp{—l/(4a2y)} Y (y) € Lo (0, 00), 10)

exp{-1/(4a*y)} - /() € Ls(0,00).

The solution of (9) can be found either by the operational method, or by itsgeduction
to Riemann boundary value problem [10, 11].

If we denote L[/ (y)] = ¥ (p) as the Laplace transformation of the function , the
following formula holds for the convolution:

L[ / K(y - %)y (x) dx} =K(=p)¥ (), @ (11)
y
where

K(-p) = foool((—t) exp{pt} dt.

b b
L W exp “u =&xpf const,
then, by virtue of (11), (9) is \to

(12)
(13)

e when

2
l—kexp{—;ﬁ} =0, (14)

the nonzero solutions of (13) are

Yi(p) = Cr - 8(p - px),

where §(x) is the delta-function, Cy = const, and py (k = 0,%1,42,...) are roots of (14).
Applying to the last equality the inverse Laplace transformation, we obtain

1 o +i00
v(y) = 37 / 8(p — pr) explpy} dp = exp{pry}

+ioco
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(the integral is taken along any straight line Rep = 0 and understood in the sense of the
principal value).

Therefore, if p = pi are roots of (14), then the eigenfunctions of (9) will have the form
(11]

Vi(y) = Crexplpry}, Ci = const. (15)

We shall find the roots of (14). When |A| > 1 we have exp{%ﬁ} = A [11]. Taking the
logarithm, we obtain

—a/ =In|A| +i(argA + 2kw); k=0,1,2,...,

2 2
—pk = %(lnz |A] — (arg A + 2kn)2) + i% In [A[*(arg A + 2k7). (16)

For the boundedness of functions (15) at infinity it is necessary that >0, iLe.
In? |A| > (arg A + 2k7)? or

—In|r| <argh + 2kw <In|A|.

Hence —N; < k < Ny, where

In|A| +arg A In A
Ni=|————|, N, =
2

N; + N, + 1 is number of elgenfmq
the larger |A|, the greater the multi 'ty e eigenfunctions.
Thereby, VA, |A| > 1 we h

nd [4] is the integer part of a. Obviously,

N2

Whom (Y)

Usm%@ts which are inverse to (8), we obtain the solution of the homoge-
neous

- 3 e doeft)

where Re py < 0 by virtue of (16).
We note that if A =1, then py = 0. This case is considered in detail in [5, 11, 12].
We rewrite the nonhomogeneous operator equation in the form

T =Tyl + P ey P

1- )»exp{__\/—}fZ(p at Rep < 0.

Introducing the notation

exp{-2./=p}

G e
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we will find the original of this image:

> expl-2vP)
r-0) = 27n/_ml Aexp{——J_}

dp, wherer,_(y)=0,ify>0.

In the last integral we have carried out the integration along the contour, avoiding the
points py, determined by (16), on the left. The integral is understood in the sense of the
Cauchy principal value. Since we consider y < 0, we close on the right cutting the half-
plane (slit is along the positive real semiaxis). The zeros of the denominator of the funétion

_2 =
Ap) - exp{ a\/z P}
1-Aexp{~%./-p}

are numbers pi, k = 0,+1,£2,..., which we need to circumvent twice direc-
tions. Therefore, according to [11] pp-85-87, we have

Z ffp T4 \/—( )32 £ Z o ©

n=0
Thus, the solution of the nonhomogeneous equation (9) has the form ([11], pp.86-87):
[e¢]
V() =f(y) + )»/ -y —x)fa(x) dx 6 " a const, (17)
y

where the resolvent r;_(y) is de?

Performing the reverse re

nonhomogeneous equation )

() =A) t)dt +k§1 C - % e, (18)
where
t nd n 2 it
g a7 (t—1)3? ;Fexp{—n a’(t-1) } 19

educing the integral equation (4) to Abel equation
We'shall now get to solving (4), i.e. ‘the simplified’ variant of the initial equation (1).
Using the formula for the solution of the characteristic equation (18), taking into account
(7) for the function fi (), we obtain

- t 1 tT N !
(p(t) =f(t)+)\,/(; m(l—exp{—m})q)(r)dr+)\/o r(t,r)
z i 1 1231 .
(o [ i (ol o an) o

+ Z Cr-— exp{ptk}.
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Changing the order of integration in the right-hand side of this equation and interchang-

ing the roles of 7 and 7, we have

= 0o | 2a/m(t-1) *P a’(t—1)
t 1 Ot .
+)»/; V(t,TDm(l—ﬁXp{—m})dfl}(p(f)df

+1(t) + A / t0)f dt+ZCkﬁexp{%}.

k=—Np

We compute the inner integral in (20)
! 1
L,TA) = t,1) —F————|1-
Jewn) /fr( n)Za n(n—t)( eXp ﬂz(n—r)
T 2a%m Z/ At -1)32/(n - 1) exp -
1582
1- d
dl “4 o))
_ t < 1) I 21
= Z 19, 7)- 120, 7)) (1)
where O
0, d ’
e [ oy Pt

0t
t,1)= d
(T) / T —1) naz(t 1) a(m - r)} o
Using the sub =4/(t1 — 7)/(t — 71) we compute the 1ntegralsI (t r)and[ (t 7).
We w1l®
2tT °° n*t2z>
i3 Z 222 g
az(t ‘L') exp{ a’(t— ‘L')} z

{ n’tr }
nt«/t r a2E-1))

o 2 _(n +1)tr} i {_ n’t*z? B 2 }
0= 2 ool ool o
_aJm (n+1)>2tr
CntVi-t eXp{_m}'

When calculating the integral 15,2)(t, 7) the following formula was used ([13], p.321, for-
mula 3.325):

/(;ooexp{—mﬂ_;} \/\/__exp{ 2J/pn}, w>0,1n>0.
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Thus, for the difference I,(,l) (t, 1) - Iﬁ,z)(t, 7) we obtain

W ) [Op 7y = VT ot | _(n+1)2tt}>
wien -0~ S (onl - 5 - )

Substituting the last expression into (21), we obtain

J(t r'k)-—l ii(ex {——nzn }—ex {——(’Hl)ztt })
U 2amnE—1) — M P a(t-1) P a?(t—1)

1 tt
B 2ai/7(t - 1) eXp{_aZ(t -1) }

Then (20) can be rewritten as

- ¢ 1 tt 1
“’“)”fo {2a¢7n(t—r) (I_GX"{'a%—r)}) 27T %
tt . . t
X exp{—m}}w(r)dr +f() + )»/(; r(t, )
& 1 Dk
+k§1Ck-$~exp{7}.

Finally, after introducing the notation @

F0 =703 [ e 22)
where r(¢, 7) is defined by (19), we.obt
~ No 1 p
r:ﬁ(t)+k§1ck-$-exp[7k], (23)

of Abel integral equation. The main result
ording to [10], p.117, a solution of the Abel equation of the second kind,

has the form

y(x) = G(x) + mu? /x exp[mp’(x - 1)|G(¢) dt, (24)

a
where

g

dt.
Vx—t

Gx) =g(x) — n /
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We find the solution of the Abel equation (23) for ﬁ(t) = 0, that is, we will find a so-
lution of the corresponding homogeneous equation (4) for each k, -N; < k < N, (eigen-
functions). Under this condition, (23) for each k, —N; < k < N>, has the form

1 Pk
T=—02¢X — (.
NG p!t}

The solution of this equation can be written as (see (24))

)"2 t )\‘2 _
() = Gi(2) + 4—612/0 eXP(%)Gk(T)dT,
where &

x(t) -

) A [ expl)
Gil) = 7""1’{ : }* vz o S "

o) A ),

2a

A t exp{l’k} —1/4

ravz )y o

2a Tt . ’
W1414<_pk pk < _pk)
—1/4,1/ ¢ \ ﬁ )
where W, 4(z) is the Whittak n

The function Gi(¢) is bounde 0 +00) at t — +00 and Gi(0) = 0.

Thus, the eigenfunc e the form
Q erfc
A —
. —exp Pk + ﬁerfc( pk) dr.
ﬁ T 2a JT

e previous function in the form

1 A -
(ﬁk(t):%exp{%} + ferfe( £k>

A2 A2t f -2 i\ 1 4
+—exp|l — exXp 5T | AT
122 P\ 422 Pliz T )T

A t _ )\2
+ el erfc i exp| ——7 )drt
2a 0 ﬁ 4q?

- ol ()

2 2
+ i CXP(M> {Ilk(t A+ ﬁlzk(t;)»)}, (25)
4a? 4a?

or
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where

t Y AN |
Lt ) = LI L S
(& 2) /(;exp< 4azr+ r)ﬁ ’

Ly(t; ) = fterfc< ,\;é’k) -exp(—%jt) dr.
0

After the replacement z = /7T the integral I;(t; 1) can be written as

\/Z )\‘2
L (5 )) = 2[ exp(——z + —) dz.
0 461 Z

We compute the integral I (¢; A) integrating by parts:

u = erfe(LE); dv= eXP( >7)dt
«/_ 22 (26)
du = Nl exp{Pk Ydr; v= __2 eXP( a2 o)
Then, using (26), we have
4q? A2
Li(tA) = 7 exp(—@t) . erfc(
4a2 i
2 «/— exp
After replacing z = /T we obgain
4q? 22 =Pk
Li(tA) = 7 exp<— NG )
8612 Pk
exp< 2 2z + 22>22 dz.
After substi expressions obtained for [1x(t; 1) and Lk (¢; 1) into (25) we have
k erfc - _pk)
NG
22 2, Pk
4a2 exp 4a2 exp (—Mz ;) dz

Ag/ﬂ_[ a2 e"P<-2—;t) erfc(\/f)

8 2 /=Pk 22 1
? xp ——zz+‘lﬁ —dz|;.
SN a z?

After some simple transformations we obtain
5(0) 1 Pk AZ A%t
=—exp\— (+55exp| —
123 Ji P P 2 P 42

Vi A2 2a./—
Pk a Pk
IS I < | p P A Ly
X/O exp<4 Z+22>(+ AZ2 ) z
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1 s ARG e NETEE
= expl B Lexp( 2L / exp( 26— 22 )a( Y B L),
Jt t a 4a? ] J, 22 4a? z 2a

After the introduction of the replacement & = —V;p" - ﬁz we obtain

. 1 el A 2t AS/pr\ [IRPY
wk(t):ﬁexp{7}+;exp<4—ﬂz— p _/Zaﬁ €

=%XP{ } A;/a_ p(i_; Aﬁ 2aﬁ At &

where {IRP} = lim,_. o 2 Vz;f/"{u e C is infinitely remote point, and the ex n denoted
as ([13], p.890, formula 8.2548)
. (Za = —At) def 2 [URP)
(&) = — _

2a _I’k_)‘t
2a/t VT s B
is an integral over an open ended contour from tarting point 2 VZ J ~ to the infinitely
remote point {IRP}.

Thus, the function

u(t) = exp{’% }{

is an eigenfunction of

YeulZ)] e

plified” equation (4) for each k; —N; < k < N,, where

N, - |:ln|A| —arg)»:|’
2

Z Crpr(2) (28)

k=—Ni

is a solution of the Abel equation (23) for fz(t) = 0, that is, a solution of the ‘simplified’
homogeneous equation (4), and the functions @, (¢) and values py are determined by (27)
and (16), respectively.

We note that after multiplying equality (28) by exp(—t/(4a?)), we obtain the solution of
the homogeneous equation corresponding to the original equation (1):

o= 3 af Zew(Z- 1)

k=-Ni

+

i exp ( » (29)

2a

46:21t—A\/?) erfc <2a\/j/_—)»t)}.
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The function /% - ¢(£) belongs to the space L.,(0, 00). Indeed, we have for the first terms
of the sum (29),

t
exp(l!ﬁ - 7) € Loo(0,00).

For the second terms in the sum (29) the following inclusions are also valid:

A A-1  A/=pr 2a./—pr — it
V- 2nexp( t— pk)-erfc<i
a a

€ Lyo(0,00).
4q? 2a4/t ) (0,0)

Here it is sufficient to take into account that the numbers py, k € [-N7, N, ], are theoots of

(14) for each fixed complex spectral parameter A € C, and to use the asymptoticform

function erfc(z) for large values of z ([13], p.890, formula 8.2548; [14], p.Z58). Qbviously,

there is a limit relation

24/ Pr - ht
g2 VTP Rpy
2a/t

at £ — oo and for each [A{31.

Thus, the following theorem holds.

Theorem The nonhomogeneous integral equati vable in the class /t - ¢(t) €
Loo(0,00) for any right-hand side /t - f(t) € Loo ) and foreach |1| > 1. The correspond-
ing homogeneous equation has (N; + Ny + ions

1 Pk t
£)=— ———r
oi(t) ﬁeXp<t i

N

) ().

(t-1) <
—7T)Hmh+quWm

k=—N;

Aot AT

- 2=’ d )
Zﬂﬁ 0 VE—-T t

E(t) = fo(t) -

and the function \/t - exp{—t/(4a®)} -f;(t) € Loo(0,00) is defined by (22).

7 Conclusion

We studied the problems of resolvability of singular Volterra integral equations of the sec-
ond kind in the space of essentially bounded functions. It is proved that at |A| > 1 the ho-
mogeneous equation which corresponds to (1) has a continuous spectrum, and the mul-
tiplicity of the characteristic numbers increases depending on the growth of the modulus
of the spectral parameter |A|. The initial equation (1) is reduced to the Abel integral equa-
tion (23) by the regularization method of Carleman-Vekua [4], which was developed for
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solving singular integral equations. The eigenfunctions of (1) are found explicitly and their
multiplicity depending on the modulus of the characteristic number |A| is found.
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