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On one approximate solution of a nonlocal boundary value problem
for the Benjamin-Bona-Mahony equation

The paper investigates a non-local boundary value problem for the Benjamin-Bona-Mahony equation.
This equation is a nonlinear pseudoparabolic equation of the third order with a mixed derivative. To find a
solution to this problem, an algorithm for finding an approximate solution is proposed. Sufficient conditions
for the feasibility and convergence of the proposed algorithm are established, as well as the existence of an
isolated solution of a non-local boundary value problem for a nonlinear equation. Estimates are obtained
between the exact and approximate solution of this problem.
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Introduction

The paper considers a nonlocal boundary value problem for a third-order nonlinear partial differential
equation or the Benjamin—-Bona—Mahony equation. The Benjamin-Bona—Mahony equation or the
regularized long-wavelength equation was studied in [1-4|. Modern studies on this topic can be found
in [5-13]. In this article, introducing a new function, a non-local boundary value problem for a third-
order nonlinear differential equation is reduced to a non-local boundary value problem for a hyperbolic
equation. The resulting problem with different conditions was investigated in [14-18]. Similarly to the
linear case [19-22|, sufficient conditions for the unique solvability of the problem under consideration
are established and an algorithm for finding an approximate solution is proposed.

1 Statement of the initial boundary problem

On Q = [0, X] x [0, Y] we consider a nonlocal boundary value problem for the nonlinear equation

Pw ow ow aiw

M:Fy+wa oz (x,y)EQ, (1)
w(z,0) = p(x), z€]|0,X], (2)
W) — a2 4 (), ye DY) Q
WOD _gy), yepo v, (@

where the functions ¥ (y), 8(y) are continuously differentiable on [0, Y], the function ¢(x) is continuously
differentiable on [0, X], a(y) # 1.
Let C(£2, R) be the set of functions w : 2 — R continuous on 2.
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A function u(z,y) € C(Q, R), with partial derivatives % e C(,R), %Z’y) e C(QR),

%&y) € C(,R), % € C(QR), %@’5) € C(Q,R) is called a solution to problem (1)—(4)

if it satisfies equation (1), for all (z,y) € €2, and boundary conditions (2)—(4).
To find a solution to problem (1)—(4), we introduce the functions

w(0,y) = Ay), w(z,y)=w(z,y) - Ay),

the original problem can be written as

Pw(x,y) _ Ow(z,y) n OA(y)

0(z,y) | 00(z,)
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+ (e, y) + Myl —p o
w(0,y) =0, ze€]0,X],

w(z,0) +A0) = p(x),  A(0) = ¢(0),

OA(y) w(X,y) OA(y)
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Ow(0,y)
gwihy) _ Y.
5~ W), yelY]
We introduce a new function v(x,y) = %ﬁ’y) then @(z,y) = [v(,y)d¢ and the problem goes to

0
the equivalent problem

*v(z,y) i ov(&,y) OA(y) rv o(z v(x
My_o/ (1) e 4. 2 +[O/ <5,y>d5+A<y>] (2,9) + v(a, ), (5)
v(z,0) = ¢'(x), ze€[0,X], (6)
X
ON(y) a(y) w(y) _
9y = 1o e O/v x,y)dx + 7 T a() A(0) = (0), (7)
v(0,y) =0(y), y€l0Y] (8)

Integrating both parts of equation (5) with respect to the variable z and taking into account
conditions (8) we get

avgz;,y) 6,(y)+j(j%(§y)d§ +7+ [j“ (&1, y)dér + Ay )}v(f,y)ﬂtv(&y))d&- 9)

0

Once again integrating over the variable y and using condition (6), we have [23]

v(z,y) 290’(:6)+/y<9’ //(% ) dede + 82( ) det
0 0
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Mathematics series. Ne 2(110),/2023 85



A .M. Manat, N.T. Orumbayeva

In addition, from (12) it follows

+O/y<1_2 07 (2, m)da + - (2()77)>dn. (11)

2 Main result

Setting v(z,y) = ¢'(x), from (7) and (11) we define

X
Ny aly) : Yly)  aly) B ¥(y)
dy  1-a(y) O/SO @M+ 70 = T=al) P PO oy
/ i b(n)
2Oy )+ A wydr P Ny =
O/ <1 0/ 1- 04(?7))
[( o) ¥ (n)
=0+ [ (201600 - (0] + £ 5 Yy

Using equation (9), with A(y) = A9 (y), we find

m%jw_y@+j(

0

v (z,y) =

2
_.|_
O\@
Q
<
S

Taking the functions A9 (y), v(0)(z,4), numbers p; > 0, po > 0 we construct the sets

s (X or) = {a) € COYLR) s IA0) - 3O < 1

ﬂw%awmwz{m@wechamew—v@@ww<m4nwea}
mWMMZ{@%wW%%WGQ W@m—/mew&w@@ﬂ<m+m
0

HM%M—U@@ww<p%.

Denote by U(Ly, Lo, x, y) the collection <)\(0) (1), v (z,y), p1, pg) , or which the function f(z,y,w,v)

in G%(p1, p2) has continuous partial derivatives f/, (x,y,w,v), f(z,y,w,v) and

||f1/U(:U,y,w,v)|| < L17 ||f{,(3:,y,w,v)\| < L2¢ L1>L2 — const.
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Based on the system {A(y), u(y),v(z,y)} we compose the triple {\(©)(y), £ (y),v© (z,y)}, which
we take as the initial approximation of problem (5)—(8) and build successive approximations according
to the following algorithm:

Step 1. Setting v(x,y) = v (x,y), from (7) and (11) we determine %;(y) and AV (y). Using
y
equation (9), with A(y) = X (y), we find e )?5 2.9)  Next, we find v(! Nz,y) =¢'(2) + [ %}f’n)dn.
0

A3 (y)
Jy

Step 2. Taking v(z,y) = vV (z,y), from (7) and (11) we determine and A2 (y)), respectively.

y
Using equation (9), with A(y) = A (y), we find %&m’y). Let us find v (z,y) = ¢/ (x) —i—f %}f’mdn.

(2) (k)
Continuing the process, at the k-th step we obtain the system {mgy(y), /\gk) (x), 8”87%(/’2’), v( )(x t) }

The conditions of the following statement ensure the feasibility and convergence of the proposed
algorithm, as well as the solvability of problem (5)—(8).
Theorem, 1. Let there exist (A9 (y), v (z,y), p1, p2) € U(L1, Lo, z,7y), where (z,y) € Q, (M(y), v(z,y)) €
SO (y), p1) x SO (z,y), p2) and following conditions are satisfied:
1) the function ¢(z) is continuously differentiable on [0, X],
2) the functions a(y), v (y),0(y) are continuously differentiable on [0,Y], a(y) # 1,

)
3) q X(X_’_l,X(i;_'_XYLl +XY fla (L2+1)Y> < 1’
4) 1717 < p1, u < p2,
h _0+X¢<1+ Y>+X i <1+ )
where o o [l (@) e @@ 1+ max o)
a = max |a(y)l], ¥ = max [[¢(y)]|, 6 = max ||6(y)||, then the nonlocal problem (5)—(8) for

yeo,Y) ’ velo,Y] ’ velo,Y)
the nonlinear Benjamin-Bona-Mahony equation has a unique solution belonging to S(A©)(y), p1) x
S(v©(z,y), p2) and estimates are made:

o, D) (zy) - oW ()| <Y Y do
i=k i=k+1

Xy?2 &
$(0y _ \(k) P
a)|[X*(y) — A (y)ll_l_a >

Proof. From the zero step of the algorithm, the following estimates hold:

INO )| < 9(0) +

I

Y Hak(y)H< ¥

1—a’ oy ||~ 1—«
0v (2, y) 0
WY g x4 x /
[P <o x Y x e (o] )+

T)Z) / /
Xy~ X x |0 (x <
+ 11—« xrer%(?:xx} ”SO (x)H xg&X} H ( )H B

X
< ! =
<0+ 1_a<1+ Jax (e )HY> +X max (= )H(H e fle(v )H)

Y
0O 9) - @)l < [ '
0
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From the first step of the algorithm, for v(z,y) = v(©® (z,y), the following inequalities follow

y X
2
W () — O < & // 0) o _o XY
XD @) =A@l < 2 [ O n) — ¢ @) ldedy < 20 <,
0 0

X
Ha)\“)(y) 3)\(0)@)“ o /‘@v(o)(fvay)H
_ < dx,
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L / 10O (€. y) — @(€)]1de + / [0OE, ) — o (€)]lde <
0 0

' (x, y)
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< g max
(z,y)eR

oW (z,n) 90 (z,n)
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y X
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N =A@ T [ 100 n) - o) ldndy < 122 g,
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‘ ov (l’,y) . ov (CU,y) H < ¢ max ov (a;,y) _ v ( 7y) H < q2 max dv (‘T7y) H < q20-,
Ay Ay @yeal Oy 0y @yeall Oy
(2) (1)
0@ (2, ) — oD (2, )| /‘ v 85796,77) v 357 ,77)Hd77 < Yo

NP () = A0 @) < AP (y) = AV @) + 1INV (y) = AO(y)] <

a XY? +aXY2<aXY2
S1-a 2 T4 124 2

(1+q)o < p1,

< (1+ max
<(+9 (z,y)€Q

v (z,y) W (z,y) H

vV (z,y) 0w (z,y)| _
dy Jy B

y oy
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O (z,y)

< (¢+¢°) max
Jy

(z,y)EN

H < g+ )0

[0® (2, y) = O (@, y)l| < [[vP (@, y) — oD (@, )| + [0V (@, y) = v O (@, 9)| <YV (@* + )0 < po.
At the (k + 1)—th step of the algorithm, for v(z,y) = v*)(z, %), the following estimates hold:
y

IAED ()~ AB () < 2 / / 10® (2, 5) — oD (, )| ddl. (12)

-«

(k+1) (k)
AN D() o) | / da, (13)
Oy oy l—« 0y
(k+1) (k) (k) (k=1)
‘ o\ (a,y) v (fb‘,y)H <o max |80 (@y) (@ y)H’ (14)
3:[/ 8y (z,y)€Q 31/ 8y
Yy
owFD (. n) o) (z,n)
(E41) (3 ) — o®) < 1) & &l
[o40a5) - Pl < [ 25 oo an. (15)
0
y X k
2
IAETD () — A ()] S a//”y ¢ (x )||dxdn<7 Z ‘o < pr1,
00 =0
Rl
l* (@, )= oD (2, ) <Y d'o < pa.
=1

Thus, it follows from inequalities (12)~(15) and ¢ < 1 that the sequence {A\*) (y), v®) (z,4)} as k — oo,
converges to {\*(y),v*(z,y)} to the solution of problem (5)~(8) in S(A(y), p1) x SO (z,7), pa).
Let’s establish the inequalities

k+p—1 k+p
a XY? ) ,
]\A(k+p)(y)—)\(k)(y)||§1_a 5 Yo do, WP (zy) =B @y <Y Y dlo,
i=k i=k+1

as p — oo we obtain estimates a), b) of Theorem 1.

Let’s prove uniqueness.

Let there be two solutions (\*(x),v*(z,%)), (N*(z),v**(z,y)) in S(AO)(2), p1) x S(v )( ,Y), p2)
of problem (10)—(14). Similar to relations (12)—(15) for the differences A**(y) — A\*(y), /\** o)

oy
ov** , ov* , %
Y 65;3 v ”a(; v) v (z,y) — v*(x,y), for all (z,y) € Q, we get:

a

y X
kok * a kok *
@) =N < 2 [ [ 10 ) = o o) dado,
0 0

H ON™*(y) 9N (y)

X
R L / 0" (. 9) o )
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|

0 (5,y)  0v*(z,p)
y y

< ¢ max
(z,y)eR

)

0 (5,y)  0v*(z,1)
dy oy

Yy
o7 (o) vl < [ | 2gE) 20 g,

Whence it follows that \**(z) = \*(z), v**(z,y) = v*(x,y). Theorem 1 is proved.
The function w® (z,y), k = 1,2, ..., is defined by the equality

T

w® (z,y) = / o ®) (&, y)dE + AP (y)

0

and denote by S(w®(z,y), p1 + p2) the set of continuously differentiable with respect to y and twice
with respect to x functions w : 0 — R satisfying the inequalities

T

(e, y) — / WO (&, y)de — AO(y)]| < p1 +po.

0

In view of the equivalence of problems (1)-(4) and (5)—(8), Theorem 1 implies.

Theorem 2. If the conditions of Theorem 1 are satisfied, then the sequence of functions w®*) (x,y),
k=1,2, ..., is contained in S(w(® (z,y), p1 + p2) converges to the unique solution w*(z,%) of problem
(1)~(4) in S(w®(z,y), p1 + p2) and the inequality

o0

% « X Y
lw* (2, y) — w®) (z,y)|| < S qa+Y§ io.
i=k+1
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Axademur E.A. Boxemos amuwindazv, Kapazandv, yHusepcumemi,
Kondanbarve mamemamuka uncmumymaol, Kapazando, Kaszaxcman

Benmxammna-Bon-MaxoHn TeHaeyi YIIiH O6eiijloKaJ MIETTIK ecelTiH Oip
2KYBIK, IIeNTiMi >KaifbIHaa,

2Kywmrbicra Benmkamun-bona-Maxonu temmeyi yiris Geityiokas MeTTiK ecenr 3eprresiai. KapacThbIpbLIbIIn
OTBIDFaH TEHJIey apaJjiaC TYBIHIBLIBI VIIHII PETTi CBI3BIKTBHIK €MeC IICEBIONapabosIaIblK, TeHIey OOJIbII
tabblnaapl. Ocel ecentiy memiMin Taby YIIH KyBIK IIENIiMiH TaOy aJrOpUTMi YCBIHBLIFAH. ¥ CBIHBLIFAH
AJTOPUTMHIH, OPBIHIAIYBI MEH YKUHAKTHLIBIFBIHBIH 2KETKITIKTI MTapTTaphbl aJblH/Ibl, COH/IAN-aK, ChI3BIKTHIK,
eMec TeHJIey YIIIiH O6eiIoKaJ I MeTTiK ecebiHIH OKIayIaHFaH meniMinig 6ap 60J1ybl TabbLiral. KapacTbipbLi-
FaH €CEIITiH JPJI »KoHe XKYBIK, [IeMIiMi apachlHIarbl Oaraaysiapbl aJIbIHIbL.

Kiam cesdep: nepbec TybIHABLIBI quddepeHnInaIabIK, TeHaey, bermkamun-bona-Maxonu Tenmeyi, aaro-
PUTM, >KyBIK, IIEIIiM.

A.M. Manart, H. T. Opymbaena

Kapazandunckuti yrusepcumem umenu axademura E.A. Byxemosa, Hncmumym npukiadnolt mamemamuxu,
Kapaeanda, Kaszaxcman

006 omHOM NPUOJM>KEHHOM PeIlleHNN HeJIOKaJIbHOII KpaeBoil 3aga4n
JJis ypaBHeHus Benmxkamvuna-Bona-MaxoHu

B pabore mccienoBana nesokasibHasi KpaeBas 3ajada juis ypaBHeHusi Benjrkamuna-Bona-Maxonu. Pac-
CMaTpUBaeMOe yPaBHEHUE SIBJISIETCSI HEJIMHEMHBIM IICEBI0NAPA0OINTIECKUM YPABHEHIEM TPETHEro MOPsIKa
CO CMeIIaHHON IPOou3BONHOM. JljIsi HaXOXKIEeHWsl pellleHus JaHHON 3aJlavuu IIPEJJIOXKEH aJrOPUTM IIOUCKA
NpUOJIMZKEHHOIO PEIeHNs. YCTaHOBJIEHBI JIOCTATOYHBIE YCJIOBUS OCYIIECTBHMOCTH M CXOIMMOCTHU IIPEJIIIO-
2KEHHOT'O aJITOPUTMA, a TaKXKe CyIIeCTBOBaHHE H30JMPOBAHHOIO DEIIeHHH HEJIOKAJbHOU KpaeBOH 3aladn
JJIs1 HeJINHEITHOTO ypaBHeHus. [losryJeHbl OIfeHKM MeXK/1y TOYHBIM U NPUOJIMZKEHHBIM PEIeHUsIMI PacCMaT-
puBacMOi 3a0a491.

Kmouesvie caosa: muddepeHna bHbIe YPABHEHNUST B YaCTHBIX MTPOU3BOHBIX, ypaBHeHUe beHmkaMuHa-
Bona-Maxonu, aaropurm, npubIMKEHHOE PeIeHreE.
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