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On the solvability of the duo-periodic problem for the hyperbolic
equation system with a mixed derivative

One of the main and most studied problems in the theory of second order hyperbolic equations is a
periodic boundary value problem. To solve such problems apply Fourier method, method of successive
approximations, methods of functional analysis, variational method, etc. The development of information
technologies imposes new requirements on the developed methods, paying special attention to their cons-
tructibility. One of such constructive methods is the method of a parametrization proposed in the works
of D. S.Dzhumabaev for solving two-point boundary-value problems for ordinary differential equations. In
this paper, we consider a boundary value problem for both variables for a system of hyperbolic equations
with a mixed derivative. To solve this problem, the notation is introduced and the periodic boundary value
problem is reduced to an equivalent problem consisting of a family of periodic boundary value problems for
an ordinary differential equation and an integral relation. To solve the problem obtained, the method of a
parametrization is used. The application of this method allowed us to construct an algorithm for finding
an approximate solution of the periodic boundary value problem for a system of hyperbolic equations with
a mixed derivative. In addition, the coefficient conditions of convergence and feasibility of the proposed
algorithm are obtained.

Keywords: the duo-periodic boundary value problem, the method of a parametrization, the hyperbolic
equation system, mixed derivatives.

Introduction

One of the main and most studied problems of the theory of the hyperbolic equations of the second
order is a periodic boundary value problem. A systematic study of periodic boundary value problems for
hyperbolic equations with mixed partial derivatives started in 60s with the work of L. Cesari [1]. J.K. Hale [2],
G. Hecquet [3], A.K. Aziz [4], V. Lakshmikantham [5], S.V. Zhestkov, A.M. Samoylenko, T.I. Kiguradze,
B.I. Ptashnik, Yu.A. Mitropolskiy, G.P. Homa, M.I. Gromyak and others dealt with further investigations of
the solvability of periodic boundary value problems. To solve periodic boundary value problems of second order
hyperbolic equations, were applied the Fourier method, the method of successive approximations, the methods of
functional analysis, the variational method, etc. Despite the presence of numerous methods for study of periodic
boundary value problems, interest in them continues to this day. The application of different approaches, ideas
and methods leads to results formulated in different terms. The development of information technologies and its
comprehensive application in applied problems imposes new requirements of the developed methods. Particular
attention got to be paid to the methods that are different from others in their constructiveness at the stage of
approximate construction of solutions and in the study of such qualitative issues as the establishment of the
existence of a solution, the rationale for the convergence of approximate solutions to the exact one, an estimate
of the inaccuracy of the approximate solution.

One of such constructive methods is the method of a parametrization [6, 7], proposed for solving two-point
boundary value problems of ordinary differential equations. The point of using this method is to enter additional
parameters and bring the original problem to multipoint boundary value problem with a parameter. It allows in
terms of initial data to set conditions for the solvability of the boundary value problem for ordinary differential
equations and to propose a family of algorithms for finding its approximate solution.

A modification of the method of a parametrization is the method of introducing functional parameters,
devised in the works [8–16], which finds its application in the study of nonlocal boundary value problems
with data on characteristics for a system of hyperbolic equations with a mixed derivative with two independent
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variables. There were constructed two-parameter families of algorithms for finding solutions to nonlocal boundary-
value problems, at each step of which the Goursat problems are solved. On the basis of this algorithm was
established the solvability of the boundary value problem with data on the characteristics for the system
of hyperbolic equations with mixed derivative. However, the problems related to solvability of duo-periodic
boundary value problems for the system of hyperbolic equations with mixed derivative remain relevant.

Problem statement. On Ω = [0, ω] × [0, T ] we consider a duo-periodic problem for a system of hyperbolic
equations of the form

∂2z

∂x∂t
= A(x, t)

∂z

∂x
+ z + f(x, t), (x, t) ∈ Ω; (1)

z(0, t) = z(ω, t), t ∈ [0, T ] ; (2)

z(x, 0) = z(x, T ), x ∈ [0, ω] , (3)

where (n × n) — matrix A(x, t); n — vector-function f(x, t) are continuous by Ω, ‖z(x, t)‖ = max
i=1,n

|zi(x, t)| ;

‖A(x, t)‖ = max
i=1,n

∑n
j=1 |aij(x, t)| . Let C(Ω, Rn) — be the space of functions z : Ω → Rn continuous on Ω,

with norm ‖z‖0 = max
(x,t)∈Ω

‖z(x, t)‖ . Function z(x, t) ∈ C(Ω, Rn) having partial derivatives ∂z(x,t)
∂x ∈ C(Ω, Rn),

∂2z(x,t)
∂x∂t ∈ C(Ω, Rn) is called the solution of the problem (1)-(3), if it satisfies the system (1) for all (x, t) ∈ Ω

and periodic conditions (2), (3).
We consider a periodic boundary value problem with one independent variable to find solution of this

problem
∂2u

∂x∂t
= A(x, t)

∂u

∂x
+ u+ f(x, t), (x, t) ∈ Ω; (4)

u(0, t) = 0, t ∈ [0, T ] ; (5)

u(x, 0) = u(x, T ), x ∈ [0, ω] . (6)

We enter new unknown function v(x, t) =
∂u(x, t)

∂x
and reduce the periodic boundary value problem for a sys-

tem of hyperbolic equations to a family of periodic boundary value problems for ordinary differential equations
and a functional relation. Next, we apply the method of a parametrization [7]. By step h > 0 : Nh = T

we produce a partition of [0, T ) =

N⋃
r=1

[(r − 1)h, rh) , N = 1, 2, .... The region Ω is divided into N parts.

By using vr(x, t), ur(x, t) denote respectively the restriction of the function v (x, t) , u (x, t) on Ωr = [0, ω] ×
[(r − 1)h, rh) , r = 1, N.

Then problem (4)–(6) be equivalent to the boundary value problem

∂vr
∂t

= A(x, t)vr + ur(x, t) + f(x, t), (x, t) ∈ Ωr;

v1 (x, 0)− lim
t→T−0

vN (x, t) = 0, x ∈ [0, ω] ;

lim
t→sh−0

vs (x, t) = vs+1 (x, sh) , s = 1, N − 1; (7)

ur (x, t) =

∫ x

0

vr (ξ, t) dξ, (x, t) ∈ Ωr, r = 1, N,

where (7) — is the condition of gluing the functions v(x, t) in the inner split lines. In λr(x) we denote the value
of vr(x, t) when t = (r − 1)h, i.e λr(x) = vr(x, (r − 1)h) and will replace

ṽr(x, t) = vr(x, t)− λr(x), r = 1, N.

We obtain an equivalent boundary value problem with unknown functions λr(x) :

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λr(x) + ur(x, t) + f(x, t), (x, t) ∈ Ωr; (8)

ṽr (x, (r − 1)h) = 0, x ∈ [0, ω] , r = 1, N ; (9)
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λ1 (x)− λN (x)− lim
t→T−0

ṽN (x, t) = 0, x ∈ [0, ω] ; (10)

λs (x) + lim
t→sh−0

ṽs (x, t)− λs+1 (x) = 0, x ∈ [0, ω] , s = 1, N − 1; (11)

ur (x, t) =

∫ x

0

ṽr (ξ, t) dξ +

∫ x

0

λr (ξ) dξ, (x, t) ∈ Ωr, r = 1, N. (12)

The problem (8), (9) for fixed λr(x), ur(x, t) is a single-parameter family of Cauchy problems for systems
of ordinary differential equations, where x ∈ [0, ω] and is equal to the integral equation

ṽr (x, t) =

∫ t

(r−1)h

A (x, τ) ṽr (x, τ) dτ+

+

∫ t

(r−1)h

A (x, τ) dτ · λr (x) +

∫ t

(r−1)h

[ur (x, τ) + f (x, τ)] dτ. (13)

Instead of ṽr(x, t) substitute the appropriate right part (13) and by repeating this process ν (ν = 1, 2, ...) times
we will get

ṽr (x, t) = Dvr (x, t)λr (x) + Fvr (x, t, ur) +Gvr (x, t, ṽr) , r = 1, N, (14)

where

Dν r (x, t) =
ν−1∑
j=0

∫ t

(r−1)h

A (x, τ1) . . .

∫ τj

(r−1)h

A (x, τj+1) dτj+1 . . . dτ1;

Fvr (x, t, ur) =

∫ t

(r−1)h

[ur (x, τ1) + f (x, τ1)] dτ1 +

v−1∑
j=1

∫ t

(r−1)h

A (x, τ1) ...

...

∫ τj−1

(r−1)h

A (x, τj)

∫ τj

(r−1)h

[ur (x, τj+1) + f (x, τj+1)] dτj+1dτj ...dτ1;

Gvr (x, t, ṽr) =

∫ t

(r−1)h

A (x, τ1) ...

∫ τv−2

(r−1)h

A (x, τv−1)

∫ τv−1

(r−1)h

A (x, τv) ṽr (x, τv) dτvdτv−1...dτ1,

τ0 = t, r = 1, N. Moving to the limit at t → rh − 0, in (14) we find lim
t→rh−0

= ṽr(x, t), r = 1, N, for unknown

functions λr (x) , r = 1, N, we obtain a system of functional equations:

Qν(x, h)λ(x) = −Fν(x, h, u)−Gν(x, h, ṽ), (15)

where

Qν(x, h) =


I . . . 0 − [I +DνN (x,Nh)]

I +Dν1 (x, h) . . . 0 0
0 . . . 0 0
. . . . . . . . . . . .
0 . . . I +Dν,N−1 (x, (N − 1)h) −I

 ,
Fv (x, h, u) = (−FvN (x,Nh, uN ) , Fv1 (x, h, u1) , ..., Fv,N−1 (x, (N − 1)h, uN−1)) ,

Gv (x, h, ṽ) = (−GvN (x,Nh, ṽN ) , Gv1 (x, h, ṽ1) , ..., Gv,N−1 (x, (N − 1)h, ṽN−1)) ,

where I — is a unit matrix of dimension n. To find system of three functions

{λr (x) , ṽr (x, t) , ur (x, t)} , r = 1, N

we have a closed system consisting of equations (15), (14) and (12). Assuming the reversibility of the matrix
Qv (x, h) , for all x ∈ [0, ω] , from equation (15), where ṽr (x, t) = 0, ur (x, t) = 0, we find λ(0) (x) : λ(0) (x) =

= − [Qv (x, h)]
−1 {Fv (x, h, 0) +Gv (x, h, 0)} . Using equation (14), for λr (x) = λ

(0)
r (x) we find the functions

ṽ
(0)
r (x, t) , r = 1, N, i.e ṽ(0)

r (x, t) = Dvr (x, t)λ
(0)
r (x) + Fvr (x, t, ψ) +Gvr (x, t, 0) .
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The functions u(0)
r (x, t) , r = 1, N, are determined from the relations

u(0)
r (x, t) =

∫ x

0

ṽ(0)
r (ξ, t) dξ +

∫ x

0

λ(0)
r (ξ) dξ, (x, t) ∈ Ωr.

For the initial approximation of the problem (8)-(12) we take λ(0)
r (x) , ṽ

(0)
r (x, t) , u

(0)
r (x, t) , r = 1, N, and

construct successive approximations by the following algorithm:
Step 1. A) Assuming that ur(x, t) = u

(0)
r (x, t), r = 1, N, are the first approximations in λr(x), ṽr(x, t) we

found by solving the problem (8)-(11).
Taking λ(1,0)(x) = λ(0)(x), ṽ

(1,0)
r (x, t) = ṽ

(0)
r (x, t) system of couple {λ(1)

r (x), ṽ
(1)
r (x, t)}, r = 1, N, we find as

the limit of the sequence λ(1,m)
r (x), ṽ

(1,m)
r (x, t), determined by the following way:

Step 1.1. Assuming the reversibility of the matrix Qv (x, h) , for all x ∈ [0, ω] , from equation (15), where
ṽr (x, t) = ṽ

(1,0)
r (x, t) , we find λ(1,1) (x)

λ(1,1) (x) = − [Qv (x, h)]
−1
{
Fv

(
x, h, u(0)

)
+Gv

(
x, h, ṽ(1,0)

)}
.

Substituting the found λ(1,1)
r (x) , r = 1, N at (14) we find

ṽ(1,1)
r (x, t) = Dvr (x, t)λ(1,1)

r (x) + Fvr

(
x, t, u(0)

)
+Gvr

(
x, t, ṽ(1,0)

)
.

Step 1.2. From equation (15), where ṽr (x, t) = ṽ
(1,1)
r (x, t) , we define

λ(1,2) (x) = − [Qv (x, h)]
−1
{
Fv

(
x, h, u(0)

)
+Gv

(
x, h, ṽ(1,1)

)}
.

Using the expression (14) again, we find the functions ṽ(1,2)
r (x, t) , r = 1, N :

ṽ(1,2)
r (x, t) = Dvr (x, t)λ(1,2)

r (x) + Fvr

(
x, t, u(0)

)
+Gvr

(
x, t, ṽ(1,1)

)
.

On the (1,m) step, we obtain a system of {λ(1,m)
r (x) , ṽ

(1,m)
r (x, t)}, r = 1, N .

Assuming that the solution of the problem (8)–(11) is the sequence of a system of couples {λ(1,m)
r (x) ,

ṽ
(1,m)
r (x, t)} is defined, and when m → ∞ converges to the continuous, respectively, on x ∈ [0, ω] , (x, t) ∈ Ωr
functions λ(1)

r (x) , ṽ
(1)
r (x, t) , r = 1, N.

В) The functions u(1)
r (x, t) , r = 1, N, are determined from the ratio

u(1)
r (x, t) =

∫ x

0

ṽ(1)
r (ξ, t) dξ +

∫ x

0

λ(1)
r (ξ) dξ, (x, t) ∈ Ωr.

Step 2. А) Assuming that ur(x, t) = u
(1)
r (x, t), r = 1, N, are the first approximations in λr(x), ṽr(x, t) we

find by solving the problem (8)–(11).
Taking λ(2,0)(x) = λ(1)(x), ṽ

(2,0)
r (x, t) = ṽ

(1)
r (x, t) system of couple {λ(2)

r (x), ṽ
(2)
r (x, t)}, r = 1, N, we find as

the limit of the sequence λ(2,m)
r (x), ṽ

(2,m)
r (x, t), defined by the following way:

Step 2.1. Assuming the reversibility of the matrix Qv (x, h) , for all x ∈ [0, ω] , from equation (15), where
ṽr (x, t) = ṽ

(2,0)
r (x, t) , we find λ(2,1) (x)

λ(2,1) (x) = − [Qv (x, h)]
−1
{
Fv

(
x, h, u(1)

)
+Gv

(
x, h, ṽ(2,0)

)}
.

Substituting the found λ(2,1)
r (x) , r = 1, N, at (14) we find

ṽ(2,1)
r (x, t) = Dvr (x, t)λ(2,1)

r (x) + Fvr

(
x, t, u(1)

)
+Gvr

(
x, t, ṽ(2,0)

)
.

Step 2.2. From equation (15), where ṽr (x, t) = ṽ
(2,1)
r (x, t) , we define

λ(2,2) (x) = − [Qv (x, h)]
−1
{
Fv

(
x, h, u(1)

)
+Gv

(
x, h, ṽ(2,1)

)}
.
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Using expression (14) again, we find functions ṽ(2,2)
r (x, t) , r = 1, N,

ṽ(2,2)
r (x, t) = Dvr (x, t)λ(2,2)

r (x) + Fvr

(
x, t, u(1)

)
+Gvr

(
x, t, ṽ(2,1)

)
.

On the (2,m) step, we obtain a system of couples {λ(2,m)
r (x) , ṽ

(2,m)
r (x, t)}, r = 1, N .

Assuming that the solution of the problem (8)–(11) is the sequence of a system of couples

{λ(2,m)
r (x) , ṽ(2,m)

r (x, t)}

is defined, and when m → ∞ converges to the continuous, respectively, on x ∈ [0, ω] , (x, t) ∈ Ωr the functions
λ

(2)
r (x) , ṽ

(2)
r (x, t) , r = 1, N.

В) The functions u(2)
r (x, t) , r = 1, N, are determined from the ratio

u(2)
r (x, t) =

∫ x

0

ṽ(2)
r (ξ, t) dξ +

∫ x

0

λ(2)
r (ξ) dξ, (x, t) ∈ Ωr.

And so on. Conditions of the following statement provide the feasibility and convergence of the proposed
algorithm, as well as the single-valued solvability of the problem (8)–(12).

Theorem 1. Let for some h > 0 : Nh = T,N = 1, 2, ..., and ν, ν = 1, 2, ..., (nN × nN) — the matrix
Qν(x, h) is reversible for all x ∈ [0, ω] and inequalities are satisfied:

1)
∥∥∥[Qν(x, h)]

−1
∥∥∥ ≤ γν(x, h);

2) qν(x, h) = (α(x)h)ν

ν!

[
1 + γν(x, h)

∑ν
j=1

(α(x)h)j

j!

]
≤ β < 1.

Then there is only one solution of problem (8)–(12) and valid assessment:

a)
∥∥λ∗ (x)− λ(0) (x)

∥∥+ sup
t∈[0,T ]

∥∥ṽ∗ (x, t)− ṽ(0) (x, t)
∥∥ ≤ ρ(x, ν, h) sup

t∈[0,T ]

‖f (x, t)‖ ;

b) sup
t∈[0,T ]

∥∥u∗ (x, t)− u(0) (x, t)
∥∥ ≤ ∫ x

0

(∥∥λ∗ (ξ)− λ(0) (ξ)
∥∥+ sup

t∈[0,T ]

∥∥ṽ∗ (ξ, t)− ṽ(0) (ξ, t)
∥∥) dξ,

where α (x) = max
t∈[0,T ]

‖A (x, t)‖ , β = const, b1 (x, ν, h) = γv (x, h)h

v−1∑
j=0

(α (x)h)
j

j!
;

b2 (x, ν, h) =

1 + γv (x, h)
v∑
j=1

(α (x)h)
j

j!

h v−1∑
j=0

(α (x)h)
j

j!
;

b3(x, ν, h) = γv (x, h)
(α (x)h)

v

v!
, d1(x, ν, h) =

1 + b3(x, ν, h)

1− qv (x, h)
b2(x, ν, h) + b1(x, ν, h);

d2(x, ν, h) =
1 + b3(x, ν, h)

1− qv (x, h)
qv (x, h) + b3(x, ν, h);

g(x, ν, h) =

[
d1(x, ν, h)

∫ x

0

[b1 (ξ, ν, h) + b2 (ξ, ν, h)] dξ + d2(x, ν, h)b2 (x, ν, h)

]
;

ρ (x, ν, h) = d1 (x, ν, h)
∞∑
j=1

1

j!

(∫ x

0

d1 (ξ, ν, h) dξ

)j ∫ x

0

g (ξ, ν, h) dξ + g(x, ν, h).

Proof. When assumptions about the data of the problem we have the inequality

‖Fν(x, h, u)‖ ≤ h
ν−1∑
j=0

(α(x)h)j

j!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ur(x, t)‖+ ‖f(x, t)‖;

‖Gν(x, h, ṽ)‖ ≤ (α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽr(x, t)‖;
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max
r=1,N

sup
t∈[(r−1)h,rh)

‖Dνr(x, t)‖ ≤
ν∑
j=1

(α(x)h)j

j!
.

The following estimates follow from the zero step of the algorithm:

max
r=1,N

‖λr(0)(x)‖ ≤ b1(x, ν, h) max
t∈[0,T ]

‖f(x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖ ≤ b2(x, ν, h) max

t∈[0,T ]
‖f(x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(0)
r (x, t)‖ ≤

x∫
0

[
b1(ξ, ν, h) + b2(ξ, ν, h)

]
dξ max

(x,t)∈Ω
‖f(ξ, t)‖.

The following estimates are valid:
max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖ ≤

≤ b1(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(0)
r (x, t)‖+ b3(x, ν, h) max

r=1,N
sup

t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖ ≤

≤ b2(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(0)
r (x, t)‖+ qν(x, h) max

r=1,N
sup

t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖.

Select the inequality

∆(1,1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖ ≤

≤
[
b1(x, ν, h) + b2(x, ν, h)

] x∫
0

[
b1(ξ, ν, h) + b2(ξ, ν, h)

]
dξ max

(x,t)∈Ω
‖f(x, t)‖+

+
[
b3(x, ν, h) + qν(x, h)

]
b2(x, ν, h) max

(x,t)∈Ω
‖f(x, t)‖.

Thus,
max
r=1,N

‖λr(1,m+1)(x)− λr(1,m)(x)‖ ≤

≤ b3(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m)
r (x, t)− ṽ(1,m−1)

r (x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,m)

r (x, t)‖ ≤

≤ qν(x, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m)
r (x, t)− ṽ(1,m−1)

r (x, t)‖.

Due to the inequality qν(x, h) < 1 follows the uniform convergence v(1,m+1)
r (x, t), at (x, t) ∈ Ωr, to v

(1)
r (x, t)

and the convergence of a sequence of systems of functions λ(1,m+1)
r (x) to continuous x ∈ [0, ω] functions λ(1)

r (x)
for all r = 1, N :

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,0)

r (x, t)‖ ≤

≤
m∑
j=0

[qν(x, h)]j max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖;

max
r=1,N

‖λr(1,m+1)(x)− λr(1,0)(x)‖ ≤
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≤ b3(x, ν, h)
m∑
j=0

[qν(x, h)]j max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+

+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,0)

r (x, t)‖+ max
r=1,N

‖λr(1,m+1)(x)− λr(1,0)(x)‖ ≤

≤
[
1 + b3(x, ν, h)

] m∑
j=0

[qν(x, h)]j max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+

+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖.

Moving to the limit at m→∞, we obtain estimates:

∆(1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1)
r (x, t)− ṽ(0)

r (x, t)‖+

+ max
r=1,N

‖λr(1)(x)− λr(0)(x)‖ ≤ g(x, ν, h) max
t∈[0,T ]

‖f(x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(1)
r (x, t)− u(0)

r (x, t)‖ ≤
x∫

0

∆(1)(ξ)dξ.

For difference systems λr(k+1)(x) − λr
(k)(x), ṽ

(k+1)
r (x, t) − ṽ

(k)
r (x, t), u

(k+1)
r (x, t) − u

(k)
r (x, t), r = 1, N,

k = 1, 2, ..., valid estimates:
max
r=1,N

‖λr(k+1,1)(x)− λr(k+1,0)(x)‖ ≤

≤ b1(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖ ≤

≤ b2(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖;

max
r=1,N

‖λr(k+1,m+1)(x)− λr(k+1,m)(x)‖ ≤

≤ b3(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m)
r (x, t)− ṽ(k+1,m−1)

r (x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m+1)
r (x, t)− ṽ(k+1,m)

r (x, t)‖ ≤

≤ qν(x, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m)
r (x, t)− ṽ(k+1,m−1)

r (x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m+1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖ ≤

≤
m∑
j=0

[qν(x, h)]j max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖;

max
r=1,N

‖λr(k+1,m+1)(x)− λr(k+1,0)(x)‖ ≤

≤ b3(x, ν, h)
m−1∑
j=0

[qν(x, h)]j max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖+
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+ max
r=1,N

‖λr(k+1,1)(x)− λr(k+1,0)(x)‖.

Moving to the limit at m→∞, we obtain estimates:

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (x, t)− ṽ(k)

r (x, t)‖ ≤

≤ b2(x, ν, h)

1− qν(x, h)
max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖; (16)

max
r=1,N

‖λr(k+1)(x)− λr(k)(x)‖ ≤

≤
[ b3(x, ν, h)

1− qν(x, h)
b2(x, ν, h) + b1(x, ν, h)

]
max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖; (17)

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+1)
r (x, t)− u(k)

r (x, t)‖ ≤

≤
x∫

0

[
max
r=1,N

‖λr(k+1)(ξ)− λr(k)(ξ)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (ξ, t)− ṽ(k)

r (ξ, t)‖
]
dξ.

Summing, respectively, the left and right parts of inequalities (16), (17) we have

∆(k+1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (x, t)− ṽ(k)

r (x, t)‖+ max
r=1,N

‖λr(k+1)(x)− λr(k)(x)‖ ≤

≤ d1(x, ν, h) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖; (18)

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+1)
r (x, t)− u(k)

r (x, t)‖ ≤
x∫

0

∆(k+1)(ξ)dξ.

For function ∆(k+1)(x) based on (18) we obtain inequalities

∆(k+1)(x) ≤ d1(x, ν, h)

x∫
0

∆(k)(ξ)dξ;

∆(k)(x) ≤ d1(x, ν, h)

(k − 1)!

( x∫
0

z(ξ)L(ξ)dξ

)k−1
x∫

0

∆(1)(ξ)dξ.

Set the inequalities

max
r=1,N

‖λ(k+p)
r (x)− λ(0)

r (x)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+p)
r (x, t)− ṽ(0)

r (x, t)‖ ≤

≤ ∆(k+p)(x) + ∆(k+p−1)(x) + ...+ ∆(1)(x) ≤

≤ d1(x, ν, h)

p∑
j=1

1

j!

( x∫
0

d1(ξ, ν, h)dξ

)j x∫
0

∆(1)(ξ)dξ + ∆(1)(x) ≤

≤
[
d1(x, ν, h)

p∑
j=1

1

j!

( x∫
0

d1(ξ, ν, h)dξ

)j x∫
0

g(ξ, ν, h)dξ + g(x, ν, h)

]
max

(x,t)∈Ω
‖f(x, t)‖;

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+p)
r (x, t)− u(0)

r (x, t)‖ ≤
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≤
x∫

0

[
max
r=1,N

‖λ(k+p)
r (ξ)− λ(0)

r (ξ)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (ξ, t)− ṽ(0)

r (ξ, t)‖
]
dξ.

At p→∞, we obtain the estimates of Theorem 1. The uniqueness of the solution is proved analogously to the
uniqueness of Theorem 1 [9]. Theorem 1 is proved.

Theorem 2. Let the conditions of Theorem 1 be fulfilled. Then the problem (4)–(6) has a unique solution
u∗ (x, t).

Main result

Now let us return to this duo-periodic problem Denote by µ (t) the value of the unknown function z(x, t)
for x = 0 and perform the replacement u(x, t) = z(x, t) − µ(t). Then the problem (1)–(3) is reduced to the
following equivalent problem with the functional parameter

∂2u

∂x∂t
= A(x, t)

∂u

∂x
+ u+ µ (t) + f(x, t), (x, t) ∈ Ω; (19)

u(0, t) = 0, t ∈ [0, T ] ; (20)

u(x, 0) = u(x, T ), x ∈ [0, ω] ; (21)

u(ω, t) = 0, t ∈ [0, T ] ; (22)

µ(0) = µ(T ). (23)

By virtue of (23) the equality u(x, 0) + µ(0) = u(x, T ) + µ(T ) which follows from (3) is written in the form
(21). With the found µ (t) the function u(x, t) is a solution of the periodic boundary value problem (19)–(21).
To solve the problem (19)–(21) we use the method of a parametrization. Since conditions (20), (22) imply the
equality ∂u(0,t)

∂t = 0, ∂u(ω,t)
∂t = 0, for all t ∈ [0, T ] , then integrating both parts (19) by x ∈ [0, ω] we obtain a

system of differential equations, not resolved with respect to the derivative, to determine the unknown function
µ (t):

µ (t) = − 1

ω

∫ ω

0

A(ξ, t)
∂u(ξ, t)

∂x
dξ − 1

ω

∫ ω

0

u(ξ, t)dξ − 1

ω

∫ ω

0

f(ξ, t)dξ. (24)

Thus, to determine the unknown functions v(x, t), u(x, t), µ (t) we have a closed system of equations (19)–(21)
and (24).

Assuming that u(x, t) = 0, from equation (19) we find µ(0) (t). Suppose that the problem (19)–(21) for
µ(t) = µ(0)(t) has a solution u(0) (x, t) ∈ C

(
Ω, Rn

)
.

For the initial approximation of problem (19)–(21) we take a pair {µ(0) (t) , u(0)(x, t)} and construct
successive approximations using the following algorithm:

Step 1. Assuming that u(x, t) = u(0)(x, t) from equation (24) we find µ(1)(t):

µ(1) (t) = − 1

ω

∫ ω

0

A(ξ, t)
∂u(0)(ξ, t)

∂x
dξ − 1

ω

∫ ω

0

u(0)(ξ, t)dξ − 1

ω

∫ ω

0

f(ξ, t)dξ.

The function u(1) (x, t) is defined as the solution of a periodic boundary value problem

∂2u

∂x∂t
= A(x, t)

∂u

∂x
+ u+ µ(1) (t) + f(x, t), (x, t) ∈ Ω;

u(0, t) = 0, t ∈ [0, T ] ;

u(x, 0) = u(x, T ), x ∈ [0, ω] .

To solve a periodic boundary value problem, we use the method of a parametrization.
Step 2. Assuming that u(x, t) = u(1)(x, t) from equation (24) we find µ(2)(t)

µ(2) (t) = − 1

ω

∫ ω

0

A(ξ, t)
∂u(1)(ξ, t)

∂x
dξ − 1

ω

∫ ω

0

u(1)(ξ, t)dξ − 1

ω

∫ ω

0

f(ξ, t)dξ.
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The function u(2) (x, t) is defined as the solution of a periodic boundary value problem

∂2u

∂x∂t
= A(x, t)

∂u

∂x
+ u+ µ(2) (t) + f(x, t), (x, t) ∈ Ω;

u(0, t) = 0, y ∈ [0, T ] ;

u(x, 0) = u(x, T ), x ∈ [0, ω] .

To solve a periodic boundary value problem, we use the method of a parametrization. And so on.
Continuing the process, at the k step we obtain the system

(
µ(k) (t) , u(k)(x, t)

)
.

Sufficient conditions for feasibility, convergence of the proposed algorithm establishes
Theorem 3. Let for some h > 0 : Nh = T, N = 1, 2, ... and ν, ν = 1, 2, ..., (nN × nN) — matrix Qν(x, h) is

reversible for all x ∈ [0, ω] and the inequalities hold:
1)
∥∥∥[Qν(x, h)]

−1
∥∥∥ ≤ γν(x, h);

2) qν(x, h) = (α(x)h)ν

ν!

[
1 + γν(x, h)

∑ν
j=1

(α(x)h)j

j!

]
≤ β < 1;

3) θ(x, ν, h) = α (x) ρ(x, ν, h) +
∫ x

0
α (ξ) ρ(ξ, ν, h)dξ < σ < 1.

Then the duo-periodic boundary value problem (1)–(3) has a unique solution.
Proof. According to Theorem 1, there are estimates∥∥∥λ(1,∗) (x)− λ(1,0) (x)

∥∥∥+ sup
t∈[0,T ]

∥∥∥ṽ(1,∗) (x, t)− v(1,0) (x, t)
∥∥∥ ≤

≤ ρ (x, ν, h) sup
t∈[0,T ]

[∥∥∥µ(1.0) (t)
∥∥∥+ ‖f (x, t)‖

]
; (25)

sup
t∈[0,T ]

∥∥∥u(1.∗) (x, t)− u(1.0) (x, t)
∥∥∥ ≤ ∫ x

0

∥∥∥λ(1.∗) (ξ)− λ(1,0) (ξ)
∥∥∥ dξ+

+

∫ x

0

sup
t∈[0,T ]

∥∥∥ṽ(1.∗) (ξ, t)− v(1.0) (ξ, t)
∥∥∥ dξ, (26)

here λ(1,0)(x) = λ(0)(x), ṽ(1.0) (x, t) = ṽ(0) (x, t), u(1.0) (x, t) = u(0) (x, t), µ(1.0) (t) = µ(0) (t), λ(1.∗)(x) = λ(1)(x),
ṽ(1.∗) (x, t) = ṽ(1) (x, t), u(1.∗) (x, t) = u(1) (x, t), then inequalities (25), (26) are rewritten as∥∥∥λ(1) (x)− λ(0) (x)

∥∥∥+ sup
t∈[0,T ]

∥∥∥ṽ(1) (x, t)− v(0) (x, t)
∥∥∥ ≤

≤ ρ (x, ν, h) sup
t∈[0,T ]

∥∥∥µ(0) (t)
∥∥∥+ ρ (x, ν, h) sup

t∈[0,T ]

‖f (x, t)‖ ;

sup
t∈[0,T ]

∥∥∥u(1) (x, t)− u(0) (x, t)
∥∥∥ ≤

≤
∫ x

0

ρ (ξ, ν, h) dξ · sup
t∈[0,T ]

∥∥∥µ(0) (t)
∥∥∥+

∫ x

0

ρ (ξ, ν, h) · sup
t∈[0,T ]

‖f (ξ, t)‖ dξ.

Valid assessment∥∥∥µ(1) (t)− µ(0) (t)
∥∥∥ ≤ α(x)ρ(x, ν, h) sup

t∈[0,T ]

∥∥∥µ(0) (t)
∥∥∥+ α(x)ρ(x, ν, h) sup

t∈[0,T ]

‖f (x, t)‖+

+

∫ x

0

ρ (ξ, ν, h) dξ · sup
t∈[0,T ]

∥∥∥µ(0) (t)
∥∥∥+

∫ x

0

ρ (ξ, ν, h) · sup
t∈[0,T ]

‖f (ξ, t)‖ dξ.

At the k step we obtain a system∥∥∥λ(k) (x)− λ(k−1) (x)
∥∥∥+ sup

t∈[0,T ]

∥∥∥ṽ(k) (x, t)− v(k−1) (x, t)
∥∥∥ ≤
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≤ ρ(x, ν, h) sup
t∈[0,T ]

∥∥∥µ(k−1) (t)− µ(k−2) (t)
∥∥∥ ;

sup
t∈[0,T ]

∥∥∥u(k) (x, t)− u(k−1) (x, t)
∥∥∥ ≤

≤
∫ x

0

(∥∥∥λ(k) (ξ)− λ(k−1) (ξ)
∥∥∥+ sup

t∈[0,T ]

∥∥∥ṽ(k) (ξ, t)− v(k−1) (ξ, t)
∥∥∥) dξ;

∥∥∥µ(k) (t)− µ(k−1) (t)
∥∥∥ ≤ [θ(x, ν, h)]

k
sup
t∈[0,T ]

∥∥∥µ(1) (t)− µ(0) (t)
∥∥∥ ,

k = 2, 3, .... Due to the inequality θ(x, ν, h) < 1 follows the uniform convergence of u(k)(x, t), ṽ(k)(x, t), (x, t) ∈ Ω
to u∗(x, t), v∗(x, t) and the convergence of a sequence of systems of functions λ(k)(x), µ(k)(t) to the continuous,
respectively, on x ∈ [0, ω], t ∈ [0, T ] to the functions λ∗(x), µ∗(t).

The uniqueness of the solution is proved analogously to the uniqueness of Theorem 1 [9]. Theorem 3 is
proved.

The work was supported by grant funding of scientific research by the Committee of Science of the Ministry
of Education and Science of the Republic of Kazakhstan (project no. AR05132262 CS MES RK).
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Н.Т. Орумбаева, А.Б. Кельдибекова

Аралас туындылы гиперболалық теңдеулер жүйесi үшiн
қос периодты есептiң шешiмдiлiгi жайында

Екiншi реттi гиперболалық теңдеулер теориясының негiзгi және неғұрлым зерттелген есептерiнiң бiрi
периодты шеттiк есеп болып табылады. Мұндай есептердi шешу үшiн Фурье әдiсi, бiртiндеп жуықтау
әдiсi, функционалдық талдау әдiстерi, вариациялық әдiс және т.б. қолданылады. Осындай конструк-
тивтiк әдiстердiң бiрi қарапайым дифференциалдық теңдеулердiң екi нүктелi шеттiк есептерiн шешу
үшiн Д.С. Джумабаевтың жұмыстарында ұсынылған параметрлеу әдiсi болып табылады. Ұсынылып
отырған жұмыста аралас туындылы гиперболалық теңдеулер жүйесi үшiн екi айнымалы бойынша
периодты шеттiк есеп қарастырылған. Осы есептi шешу үшiн жаңа функциялар енгiзiлдi және пери-
одты шеттiк есеп қарапайым дифференциалдық теңдеулер үйiрi мен интегралдық теңдеуден тұратын
эквиваленттi есепке келтiрiлдi. Алынған есептi шешу үшiн параметрлеу әдiсi қолданылады. Бұл әдiстi
пайдалану аралас туындылы гиперболалық теңдеулер жүйесi үшiн периодты шеттiк есептiң шешiмiн
табу алгоритмiн құруға мүмкiндiк бердi. Сонымен қатар ұсынылған алгоритмнiң жинақтылығы мен
орындалуының коэффициенттi шарттары алынды.

Кiлт сөздер: қос периодты есеп, параметiрлiк әдiс, гиперболалық теңдеулер жүйесi, аралас туынды.

Н.Т. Орумбаева, А.Б. Кельдибекова

О разрешимости двоякопериодической задачи для системы
гиперболических уравнений со смешанной производной

Одной из основных и наиболее изученных задач теории гиперболических уравнений второго порядка
является периодическая краевая задача. Для решения таких задач применяются метод Фурье, ме-
тод последовательных приближений, методы функционального анализа, вариационный метод и др.
Развитие информационных технологий предъявляет новые требования на разрабатываемые методы,
уделяя особое внимание их конструктивности. Одним из таких конструктивных методов является ме-
тод параметризации, предложенный в работах Д.С. Джумабаева, для решения двухточечных краевых
задач обыкновенных дифференциальных уравнений. В данной работе рассмотрена периодическая по
обеим переменным краевая задача для системы гиперболических уравнений со смешанной производ-
ной. Для решения данной задачи вводятся обозначения и периодическая краевая задача сводится к
эквивалентной задаче, состоящей из семейства периодических краевых задач для обыкновенного диф-
ференциального уравнения и интегрального соотношения. Для решения полученной задачи применя-
ется метод параметризации. Применение данного метода позволило построить алгоритм нахождения
приближенного решения периодической краевой задачи для системы гиперболических уравнений со
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On the solvability of the duo-periodic problem...

смешанной производной. Кроме того, получены коэффициентные условия сходимости и осуществи-
мости предложенного алгоритма.

Ключевые слова: двоякопериодическая краевая задача, метод параметризации, система гиперболиче-
ских уравнений, смешанные производные.
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