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On the calculation of rectangular plates by the variation methed

were given specific examples of the calculation of a square plate, hinged along the conto
equally by distributed loading of given intensity, as well as a square plate, rigidly clampe
contour. A comparative analysis of the results was carried out.
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A wariational method by Vlasov-Kantexov

Consider a rectangular plate. In contrast to considered classmal vatiational methods in which the
required function of the plate deflection W (z,y) was se

a expansmn

Wiz, y) = are1(z, y) + aspa(x,

in the Vlasov-Kantorovich method, this function i

Wz,

where W;(y) are functions to be deterudined, i(x) is the function selected in advance in accordance
with the boundary conditions giv t longitudinal edges of the plate z = 0 and = = a.

The required functions W;(y) the"dimension of the deflection can be called the generalized
plate deflections, and the dimensionless y;()z functions are coordinate functions or functions of the
transverse distribution of i

Comparing the expansion’ (1) with the formula of method of single trigonometric series, W (z,y),

where the required fj ate deflection can be presented here as single series
S n
x y):Z;YnsinE, (2)
n=

where Y, »{@) 1s a unknown function of one variable, which is selected so that the expression (2)
ing equation and conditions of fixing on the edges y = 0 and y = b, it is easy to
hat a variational method of Vlasov-Kantorovich can be considered as generalization of M.Levy

egsions, which correspond only the case of hinged support the longitudinal edges of the plate [1].

Three different approaches can be used to define functions W;(y). These functions can be found

by considering, for example, the conditions of equilibrium of elementary strip isolated from the plate
sections parallel to the axis O,. For this purpose, we can also use an expression of potential energy

D 2 82W 5 2W 2W 92W )
//{ 8x2 ayg - ) +2V(_8x2 o7 )+2(1_V)(8x8y) }d:cdy—//q(m,y)W(m,y)dwdy,
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if to add the expansion to it (1) and to equate to zero, the first variation of the energy caused by
the variation dW; of unknown function. We can finally find the functions W;(y), having used the
Bubnov-Galerkin method for solving the basic equations of the problem.

DVV2W = q(z1, z2), (3)

where ¢ — the intensity of the external distributed load; V2V2W — the biharmonic operat
this we need add the expression (1) in the differential equation (3) and require the operator

orthogonal functions y;(x) obtained. Naturally, in all these cases, we get the same res a
system of ordinary differential equations about the functions W;(y) [2].

Consider the first of these approaches, which was used in the works of V.Z.Vlasov es.
Meanwhile the conditions of elementary strips equilibrium will be understood i se of the
principle of virtual displacements, equating to zero the total operation of all in and external
forces on the strip possible for its movements. Let us take as a possible dis splacements
described by functions x;(x) at W; = 1. Because at our disposal there isyline ependent functions

functions W;(y).
M, and listed shear
e value of the torque in
i(x),divided into dy, is

Xi(z) we can make the equilibrium equations, from which identify all

External forces to the selected strip are stated loading ¢(z,y),be
forces, @, and their increments, and centered angular forces equal to
the same corner points. Possible work of these forces on tlryli laceme

aa iy oH @

Y Ay — 7 .
/ 9y xjdz — 2 ( oy x]> + )x;d. (4)
0

Note that the work of bending moments @ al to zero due to the fact that the strip dy

bent on a cylindrical surface. The expressi arc brackets, part (4), should be understood as the
difference between the values of the quant -rentheses to the extreme points of the strip z = a,
z = 0.

Bending moments M, and given sheagyforces Q)% are internal forces of the elementary strip. Work
of shear forces will be zero duegto reviously accepted hypothesis about the absence of progress in

the vertical plane. Work of moments is
- / My (") = / M,y dz. (5)
0 0

Here, sign before the integral is common in the determination of the internal forces; the
mi si ;-’ the minus sign depends on different direction of curvature at positive X;'/ and

iew of (4) and (5) the condition of the elementary strip balance corresponding to any n possible
displacements x;, takes the form

" 00" oH \ | f
) oy dy o i

Included in the equation (6) given shear forces Qy, torque H and bending moments M on the basis
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of the expansion (1) can be written in the form

;

n
Qp =-D> (Wixi+ (2 - )W)
i=1

H= DY (- Wi

(7)
i=1
M,=-D Z(VVVi”Xi + WiX;/)-
\ i=1
Having substituted (7) into the equation (6), having made the necessary differentiation and simple

transformations, we finally obtain a system n of ordinary differential equations of the wing form
> MWV = 26 W) + W] = =5 (1=12..n) 8)
i=1

where

a
T Ny v / / a ‘ " T
aji = | xixgde; - bji = [xixgde — 5 <Xin + Xin) u I xixjae; Gy = [ q(z,y)xzdz.  (9)
0 0
0

The coefficients (x) (9) are determined only by the t stem of functions of the transverse
distribution of the deflection y;. Due to Betty the ofzeciprocity work they have reciprocity
property: a;; = aji; bij = bjs; ¢ij = cj;, that gives try of the system of equations (8).

Free terms (9) of the equations (8) depend o ren loading and selected functions y;(x). If the
composition of given loading includes and %, applied to m the plate sections x = k, we
should add their work on displacements sult

a

z,y)xde + Y Pex;(k).
k=1

Integrating the syste q ns (8), we can find n functions W;(y) accurate to 4n arbitrary
constants of integration.“%lmine them on the cross edges of the plate y = 0 and y = b we
should put 4n of bou ouditions defined through generalized displacements, or through generalized
efforts.

Generalize C ;(y) and rotations ¢;(y) are generalized plate movements (10).

Under the eralized moment M,; we understand the work of bending moments of M, sections

ow
y = con@r onding displacements: e @x; in the generalized rotation angle ¢ = I, i.e.

)
W(z,y) = Z Wiy)xi(z);
= (10)

oW (x, "
U ]
Y i=1
M'L’j :/Myﬂj‘jdflj. (11)
0
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Under generalized shearing force Qy; is meant work of shear forces (), and torques H of section
y = const on a possible displacement x; or work of given shear forces @), and concentrated angular
forces are numerically equal H

a

Quy = / Qs — 2[H2. (12)
S.

12
0
Including into the formula (11) and (12) values of moments and shear forces, expressed in terms of
(1) (see, for ex., (7)), for generalized efforts of plate section y = const, we get the followi n
3

My =-DY_ Wi/xmdm—v /xéx}dm’— axslo | Wil s (13)
i=1 0 0
n a a
Qui=-DY_ | Wi [xoxgdn — [ 2=0) [ i~ [ (14)
=1 0 0

Formulas (10) and (13) make it possible to formulate on each of th
the boundary condition, set by generalized displacement (&1 edge),
from built-in) or in mixed form (hinged edge).

eneralized efforts (edge free

Because in the considered variational method a req
a priori only in one direction and in the other is
equations (8), this method is, in principle, more

ction of deflections W (z,y) is given
sely because of solving differential
an the classical variational methods

When selecting a system of functions
independent and have the necessary f |
given on the longitudinal edges of late.“Satisfying of static boundary conditions as in the Ritz
method is in principle not require ut nctions x;(z) satisfy both geometric and static conditions
on the edges x = 0 and x = a, cy of the solution can be significantly increased. In case if given
loading ¢(z,y) is quite smo
with sufficient accuracy forpraetical purposes we can restrict only the first one or, as a last resort, the
first few terms. Moreg or gelection of functions y;(x) can be recommended so-called static method,
e function x(x) is selected as the line of the beam deflection of length a
e fastenings, as the plate on the lines x = 0 and = = a . In the capacity of

ake a square plate of size a X a, hinged all over the contour and loaded uniformly
1d of intensity gg. Take also v = 0.3.

ing the problem in the first approximation, i.e., limiting in the expansion (1) of one term,
ch@ose a function y(z) as a line of beam deflection loaded uniform loading. In dimensionless form, this
functien will be written in the following way:

T .%'2 1'3
=2 (1-2= + = 15
xa) =2 (1-25 4+ %), (15)

and will, of course, satisfy the boundary conditions specified on the edges of the plate z = 0 and = = a.
At one term of the expansion (1) a system of differential equations (8) contains only one equation
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Gi
D )
the coefficients of which and a free term G with regard to (15) have the following meanings

a11WIV — 2611W” + CUW =

a a

ap = /X2dx =0.04921a; by = /(x’)de —vx15;

0 0
/ 48 f
c1 = /(X//)2dx =3 G, = qO/de = 0.2qpa. < 7)
0 0

Rewrite equitation (16) in a more convenient form for integration

1171‘/ _ 2,,,2[‘7// S4I17 — P’ (18)
b1 9.87088 c11 97.54839 G1
wh 2 — Cd — - P = = 4.064
aer ail a? 08 all a* ’ a11D 06

The roots of the characteristic equation corresponding to equa e equal

k=4a+8i, a=+/(2+12))2= 3.14226/a,BJ ) = 0.05375/a. (19)

According to types of the roots (19) the solution of the di ial equation (18) will be written as

W =C19 +02(I)2+C3 3

where

®; = chay - sin, ='chay - cosPy;
= shay - sinfBy

nstants deflection of the plate can be found by the formula

W(z,y) = W(y)x(z) (21)

ing to the formulas (13)—(14), in which under the function x(x) should be

and internal forces @
understood the essiond(15), and under the function W (z) — the expression (20).
The calculations'show that in the center of the plate (at x = a/2,y = a/2 ) deflection and bending
a

moments the following values:
QOG4
W = 0.00406=5-; M, = 0.0498gpa*; M, = 0.0480gpa”.

T
in the above method as a function x has been accepted a function sin— , the resulting decision

would be exactly coincided with the decision of the method M.Levi [3].

As the second example, consider the same uniformly loaded square a plate with a side but rigidly
clamped all over the contour.

Again solving a problem only in the first approximation we represent required deflection of the
plate in the form (21), and the function of the transverse distribution of the deflection x(z) will choose
as a function of beam deflection, rigidly clamped at both ends.
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At the same time, compared with the previous case, here we will change only the values of the
coefficients (17), included in the basic differential equation of the problem (18), the solution of which
again will be written in the form (20). Determining the arbitrary constants of integration C1, ..., C4,
we can write the following boundary conditions at:

y=a and y=aW =W'=0,

which will allow to find the final expression for the function W (y).
Omitting the intermediate calculations, we give the values of the deflection and bending moments

in the center of the plate, at:czgandyzg.
4 4
qa qa
= 0.00130— .00126— | ;
W 00030D, (000 GD),

M, = 0.0247qa®, (0.0247qa?);
M, = 0.0239¢a”, (0.0231ga?),

as well as the values of the reduced shear forces for the middle of cla the plate.

X =0 and y=§; Qi = 0.498qa

and y=0; @ =0.482ga A452qa).
a

(0;

The numbers in parentheses are shown the exact s of the corresponding quantities.
We can see that and in this case, the first approxi n of considered method gives good results:
an error in the value of the bending moments do ceed 6.9 % in the value of shear forces —

10.2 %. At the same time the results are more exa those which are determined by means of the
Bubnov-Galerkin method |[3].
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['A. EcenbaeBa, A.A. Cmanosa

TikTepTOYPHINITHI MJIACTUHAJIAPAbI BaAPUAIUSIJIBIK, 9/1CIIEH
ecenTey TypaJbl

Maxkamaga BuacoB-KanTopoBudTiH BapuanusIbK, ofiCiMEH ILIACTUHAHBIH 13/1€/IHETIH, nity QyHKIHASACH
TYPAKTBICBIHA JIEHIHT] 19/TiKIIeH OesrileHreH TIKTOPTOYPHINITHI IJIACTHHA KAPACThIPhLIFaH. Bapuarusiibik
9JIicTe HAKTHI TIKTOPTOYPHINITHI TJIACTUHAHBIH, MBICAJIBIH 3€PTTEIl, OFaH OipHeIe HAKThI KOHTYP GONBbIMEH
TOIICAJIBI TIPKEJTeH KOHE KAPKBIHIBLIBIK, YKYKTeMeci OIpKesKi yIecTipiiireH ImapIiinbl MIaCTHHA AJIbIHFAH.
AHBIKTAJIFAH HOTUXKEJIEPIe CAJIBICTBIPMAJIBI TYP/IE KOPBITHIH/IbI KACAJIFAH.
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O pacdeTre NnMpAMOYTOJIbHBIX IIJIACTUH BapUMallMOHHBIM MeTOAdO0OM

B crarbe mist paccmarpuBaeMoil IpsSIMOYTOIBHON IIJIACTUHBI IPOBEJECHO MCCJICTOBAHME UePe3 YCIOBHUS PaB-
HOBEeCHUs 9JIEMEHTAPHON IOJIOCKHU, BBIJIEJIEHHON M3 IJIACTUHBI, METOJIOM, KOTODBI NpuMeHsIca B padoTax
B.3.Bnacosa. [ljs nimrocTpanun n3103KEHHOTO BaPUAIIMOHHOTO METO/Ia [IPUBE/IEHBI KOHKPETHBIE IIPUMEDbI
pacdeTa KBaJApaTHOU IJIACTUHBI, MIAPHUPHO ONEPTOH IO BCeMy KOHTYPY M 3arpy>KEHHOI PaBHOMEDHO pa
peleIeHHON Harpy3KOoi 3a1aHHOII MHTEHCUBHOCTH, & TAK>Ke KBaIPATHON IJIACTUHBI, 2KECTKO 3alleMJICHHON
110 BceMy KOHTYDY. IIpoBelieH cpaBHUTE/IBHBIN aHAIN3 IIOJIyYEHHBIX PE3YIbTATOB.
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