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Stochastical problem of Helmholtz for Birkhoff systems

The Helmholtz problem is considered in a probabilistic formulation. By a given stochastic Langevin-Itô
equation in an indirect representation, as the equation of the Hamiltonian structure and the equation of
the Birkhoffian structure are constructed. The functional that takes a stationary value on solutions of a
given stochastic Birkhoff equation, is defined by the method of moment functions. The obtained results
are illustrated by two examples: 1) the plane motion of a symmetric satellite in a circular orbit under the
action of gravity and aerodynamic forces, and 2) the fluctuation motion of a gyroscope in a gimbal caused
by the stochastic fluctuating moment of forces along the suspension axis of the inner ring.

Keywords: stochastic Langevin-Itô equation, inverse problem, equation of the Hamiltonian (or Birkhoffian)
structure.

Introduction

The theory of inverse problems of differential systems is sufficiently fully developed in [1-6, etc.] for
deterministic systems, which are described by ordinary differential equations (ODE). Thus, the work of
N.P. Erugin [1], in which a set of ODE is constructed according to a given integral curve, subsequently turned
out to be fundamental in the formation and development of the theory of inverse problems of the dynamics
of systems described by the ODE. In [2–6], the formulation, classification of inverse problems of differential
systems and general methods for their solution in the class of ODE are presented. Also, in the ODE class,
inverse problems of the automatic control systems’ dynamics are considered [7–9]. It should be noted that one
of the general methods for solving inverse problems of dynamics in the class of ODE is the quasi-inversion method
proposed in [4, 5] and which makes it possible to obtain necessary and sufficient conditions for solvability.

A new stage in the research of inverse problems of differential systems is the increased interest in recent
years in the study of the Helmholtz problem (see, for example, the monograph [10]). In the monograph of
A.S. Galiullin [10], along with a review of works, the Hamilton systems’ generalization in the sense of the
reducibility of the non-conservative mechanical systems’ motion equations to classical equations of dynamics is
considered, and, in particular, the problem of the equations’ Hamiltonization of program motion’s systems is
solved.

The classical Helmholtz problem [11] is the problem of construction the equivalent differential equations in
the form of Lagrange on given second-order ordinary differential equations. Moreover, the equations for which
such transition is possible are called Helmholtz systems. In the works of A. Mayer [12] and G.K. Suslov [13]
independently it is shown that the classical Helmholtz conditions are not only necessary, but also sufficient
conditions for the transition from Newtonian equations to Lagrangian ones.

The solving of the Helmholtz problem [11] in this or that class of differential equations allows us to extend
to this class of equations well-developed mathematical methods of classical mechanics. It should be noted that
the two-volume monograph by R. M. Santilli [14, 15], devoted to the problem of representation of ordinary
differential equations of the second order in the form of Lagrange, Hamilton and Birkhoff, occupies a special
place in the completeness of the material and the variety of Helmholtz problem’s study aspects.

The development of methods for solving inverse problems in the class of partial differential equations is
discussed in [16–18].

In [19–21], inverse problems of dynamics are considered in a probabilistic formulation under the additional
assumption of the random perturbations’ presence, and, in particular, the follow problems: 1) the basic inverse
problem of dynamics, in which it is required to construct a set of second-order stochastic differential equations
of Itô type having a given integral manifold, 2) the problem of reconstructing the equations of motion, in which
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it is required to construct a set of control parameters that enter into a given system of second-order stochastic
differential equations of Itô type from a given integral manifold, and 3) the problem of closing the equations of
motion, in which it is required to construct a set of closed stochastic second-order differential equations of Itô
type with respect to a given system of equations and a given integral manifold, are solved by the quasi-inversion
method.

In this paper, we consider the Helmholtz problem in the presence of random perturbations of white noise
type for Hamilton systems and Birkhoff systems.

1 Formulation of the problem and its solving

It is required to construct an equivalent equation of the Hamiltonian (or Birkhoffian) structure by the
equation given in the Langevin-Itô form

ẍν = Fν(x, ẋ, t) + σνj(x, ẋ, t)ξ̇
j . (1)

Here ξj = ξj0 +
∫
cj (y)P 0(t, dy), where, following [22], ξj0 is the Wiener process, P 0 is the Poisson process,

P 0(t, dy) is the number of process jumps P 0 in the interval [0, t], falling on the set dy, where y =
(
xT , ẋT

)T
.

We say that a function g (y, t) from the class K, g ∈ K, if g is continuous on t and is Lipschitz on y in the
whole space R2n � y and satisfies the linear growth condition with respect to y: ‖g (y, t)‖ ≤ M (1 + ‖y‖) with
some constant M.

Suppose that a given vector-valued function F and a matrix σ belong to the class K. And since the vector-
valued function F and the (n× k) matrix σ are assumed from the class K, this ensures [22] the existence
and uniqueness up to the stochastic equivalence of the solution

(
xT (t), ẋT (t)

)T of equation (1) with the initial

condition
(
x (t0)

T
, ẋ (t0)

T
)T

=
(
x0
T , ẋT0

)T being a strictly Markov process with probability 1.
This formulation of the problem in the absence of random perturbations (σνj ≡ 0) was considered in the

works of R.M. Santilli [14, 15], and in a probabilistic formulation the Helmholtz problem it was previously
studied in [23–25], where equations of the Lagrangian structure are constructed from the given equation (1),
and, further, from the stochastic Lagrange equation, a stochastic analogue of the Hamilton variational principle
is determined.

To solve the problem, we will introduce previously a new variable and we will rewrite the given equation
(1) in a form {

ẋk = yk;

ẏk = Fk(x, y, t) + σkj (x, y, t)ξ̇j .
(2)

And then, with the help of replacements

ak =

{
xk
yk

; ηj =

{
0, j = 1, 2, ..., n;
ξj−n, j = n+ 1, n+ 2, ..., n+m;

Gk =

{
xk
Fk

; Λ = (Λkj) =

(
0n×n 0n×m
0n×n σn×m

)
; σ = (σµj),

we rewrite the equation (2) in a form

ȧk = Gk(a, t) + Λkj(a, t)η̇j . (3)

Further, we rewrite the stochastic equation of the Hamiltonian structure
q̇k =

∂H

∂pk
;

ṗk = −∂H
∂qk

+ σ
′

kj(q, p, t)ξ̇
j , (k = 1, n).

(4)

in the form
żµ − αµν

∂H

∂zν
= θµν η̇ν , (5)

where the following notations are
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zk =

{
qk, k = 1, 2, ..., n,
pk−n, k = n+ 1, n+ 2, ..., 2n,

α = (αµν) =

(
0n×n In×n
−In×n 0n×n

)
, Θ = (θµν) =

(
0n×n 0n×m
0n×n σ

′

n×m

)
;

∂H

∂qk

− ∂H
∂pk

 =

(
αµν

∂H

∂zν

)
.

Or, if we introduce a matrix (ωµν) which is the inverse to a matrix (αµν)

(ωµν) = (αµν)−1 =

(
0n×n − In×n
In×n 0n×n

)
and 2n-dimensional vector

aµ ≡ ωµνzν =

(
−pµ, µ = 1, 2, ..., n
qµ−n, µ = n+ 1, n+ 2, ..., 2n

)
,

then the equation (5) will be transformed to the equivalent equation

ωµν ȧν −
∂H

∂aν
= ωµkθkν η̇ν . (6)

Construction of the Hamiltonian in the indirect representation. We consider the problem of the indirect
representation of equation (3) in the form of an equation of the Hamiltonian structure (6), that is, with the aid
of a certain matrix Γ = (γkν ), we consider the relation

γkν (ȧk −Gk − Λkj η̇j) ≡ ωνµȧµ −
∂H

∂aν
− ωνkθkj η̇j , (7)

or
Cνkȧk −Dν(a, t)− γkνΛkj η̇j) ≡ ωνµȧµ −

∂H

∂aν
− ωνkθkj η̇j , (7′)

where Cνk = γkν ; Dν(a, t) = γkνGk.
To satisfy the identity (7), it is required the fulfillment of conditions

Cνk = ωνk, Dν(a, t) = − ∂H
∂aν

, (8)

γkνΛkj = ωνkθ
kj , (ν, k = 1, 2n, j = 1, n+m); (9)

γkν = ωνk. (10)

From (9) and (10), it follows that the equality

σkj = σ
′

kj , (k = 1, n, j = 1,m) (11)

takes place.
Hence, we have
Theorem 1. The indirect representation of the stochastic equation (3) in the form of the stochastic Hamilton

equation (6) is possible if and only if conditions (8), (10), (11) are satisfied.
Remark. To construct the Hamilton function, which determines the form of equation (6), it is necessary to

check the Helmholtz conditions for the given equation, which, following R.M. Santilli [14], represent the next
relations:

Cµν + Cνµ = 0; (12)

∂Cµν
∂aτ

+
∂Cντ
∂aµ

+
∂Cτµ
∂aν

= 0; (13)

∂Cµν
∂t

=
∂Dµ

∂aν
− ∂Dν

∂aµ
. (14)
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Construction of the Birkhoffian in an indirect representation. We consider the stochastic Helmholtz problem
in the following formulation: it is required to construct a stochastic equation of the Birkhoffian structure of the
form [

∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν

]
ȧν −

[
∂B(a, t)

∂aµ
+
∂Rµ(a, t)

∂t

]
= Tµj η̇j , (15)

by the given equation
Cµν ȧν −Dν(a, t) = Λµj η̇j , (µ, ν = 1, 2n), (16)

where B = B(a, t) is called the Birkhoff function, and W = (Wµν) is the Birkhoff tensor [15] with components

Wµν =
∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν
.

The Birkhoff system (15) is a direct generalization of Hamilton systems (6). Indeed, when aν = qν (ν = 1, n),
aν = pν−n (ν = n+ 1, 2n); Rν = pν (ν = 1, n), Rν = 0 (ν = n+ 1, 2n); B(a, t) = H(q, p, t) equation (15) takes
the form of the canonical equations (6).

To solve this problem, we consider the relation

Cµν ȧν −Dν(a, t)− Λµj η̇j ≡
(
∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν

)
ȧν −

(
∂B(a, t)

∂aµ
+
∂Rµ(a, t)

∂t

)
− Tµj η̇j ,

which is fulfilled identically under the following conditions:

Cµν(a, t) =
∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν
; (17)

Dν(a, t) =
∂B(a, t)

∂aµ
+
∂Rµ(a, t)

∂t
; (18)

Λµj = Tµj . (19)

Consequently, we have
Theorem 2. The direct representation of the stochastic equation (16) in the form of the stochastic Birkhoff

equation (15) is possible if and only if conditions (17)–(19) are satisfied.
Indirect representation of the stochastic Hamilton equation in the form of a stochastic Birkhoff equation. We

consider the problem of indirect construction of the Birkhoff equation (15) from a given Hamiltonian equation
(6) in the presence of random perturbations.

In other words, we will define Rν and B on given functions H and hαµ so that the relation

hαµ

[
ωαβ ȧβ −

∂H

∂aα
− Tαj η̇j

]
=

(
∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν

)
ȧν −

(
∂B(a, t)

∂aµ
+
∂Rµ(a, t)

∂t

)
− T

′

µj η̇j (20)

be satisfied. The relation (20) turns into an identity when the relations

hαµωαν =
∂Rν(a, t)

∂aµ
− ∂Rµ(a, t)

∂aν
; (21)

hαµ
∂H

∂aα
=
∂B(a, t)

∂aµ
+
∂Rµ(a, t)

∂t
; (22)

hαµT
αj = T

′

µj . (23)

are performed.
Consequently, we have
Theorem 3. The indirect representation of the stochastic Hamilton equation (6) in the form of a stochastic

Birkhoff equation (15)is possible if and only if there exist 4n2 functions hαµ such that conditions (21)–(23) are
satisfied for given functions H, Rµ, B, T , T

′
.

Birkhoffian action in the stochastic Helmholtz problem. The Helmholtz problem in the class of Langevin-
Ito stochastic differential equations is divided into two interrelated problems. At the first stage, a stochastic
analog of the Lagrange, Hamilton or Birkhoff equations is constructed from the given equation. And further,
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in the second stage, the required functional (Hamiltonian or Birkhoffian action) must be constructed from the
constructed L, H or B with R.

In this section, one of the options for constructing a stochastic analog of the Birkhoff action is considered.
Let us consider the stochastic equation of the Lagrangian structure

d

dt
(
∂L

∂q̇ν
)− ∂L

∂qν
= σνj(q, q̇, t)ξ̇

j , (ν = 1, n), (24)

which is assumed, following the works [23–25], constructed in direct or indirect representation by the given
equation (1).

Then the averaged Lagrangian ML will satisfy [23] the following equation

d

dt
(
∂ML

∂q̇ν
)− ∂ML

∂qν
= 0.

From the function ML by the Legendre transform, we define the averaged Hamiltonian H̃ = piqi −ML,
which generates the following canonical equation

dqi
dt

=
∂H̃

∂pi
;

dpi
dt

= −∂H̃
∂qi

, (i = 1, n),

or in variables a = (a1, a2, ..., a2n) the following canonical equation of the type of equation (6)

ωµν ȧν −
∂H̃

∂aν
= 0. (24

′
)

Further, on the basis of Theorem 3 by the equation (24’), we construct a set (R̃, B̃) generating the Birkhoff
equation (25) [

∂R̃ν(a, t)

∂aµ
− ∂R̃µ(a, t)

∂aν

]
aν −

[
∂B̃(a, t)

∂aµ
+
∂R̃µ(a, t)

∂t

]
= 0, (25)

which is equivalent to the indirect Hamilton equation (26)

hαµ

(
ωαβ ȧβ −

∂H̃

∂aα

)
= 0 (26)

under the conditions (27), (28)

hαµωαν =
∂R̃ν(a, t)

∂aµ
− ∂R̃µ(a, t)

∂aν
; (27)

hαµ
∂H̃

∂aα
=
∂B̃(a, t)

∂aµ
+
∂R̃µ(a, t)

∂t
. (28)

Then the functional taking the stationary value on the solutions of equation (1) is constructed in the form
of an average Birkhoffian action in the form

S̃ =

∫ t2

t1

[
R̃ν(a, t)ȧν − B̃(a, t)

]
dt.

Examples. We will consider the problem of constructing the Hamiltonian and Birkhoff functions for specific
stochastic equations using the statements proved above.

Example 1. Let us consider the plane motion of a symmetric satellite along a circular orbit under the
assumption of a pitch change under the influence of gravitational forces and aerodynamic forces [26, 27]

θ̈ = f(θ, θ̇) + σ(θ, θ̇)ξ̇, (29)
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where θ is the pitch angle and the functions f and σ have the form

f = Ml sin 2θ −M [g(θ) + ηθ̇], σ = Mδ[g(θ) + ηθ̇].

In work [23], the problem of indirect construction of the Lagrangian on the given equation (29) was considered

h[θ̈ − f(θ, θ̇)− σ(θ, θ̇)ξ̇] = 0 (29
′
)

at h = e−Qηt. The required Lagrangian for (29
′
) was constructed in the form

L = e−Qηt[
1

2
θ̇2 −Q(

1

2
l cos 2θ +G)], where G =

∫
g(θ)dθ, (30)

which provides a representation (29
′
) in the form of an equation of the Lagrangian structure

d

dt

∂L

∂θ̇
− ∂L

∂θ
= e−Qηtσ(θ, θ̇)ξ̇. (31)

We will consider the problem of indirect construction of the Hamiltonian according to given equation (29).
Namely, using the Lagrange function (30) and the Legendre transformation, we will define the Hamilton function
in the form

H = χθ̇ − L(θ, θ̇, t)
∣∣∣
θ̇=θ̇(θ,χ,t)

.

And since χ =
∂L

∂θ̇
, then χ = e−Qηtθ̇, and, consequently, θ̇ = eQηtχ. Then the canonical equation

corresponding to equation (31) will take the form
θ̇ =

∂H

∂χ
;

χ̇ = −∂H
∂θ

+ σ̃(θ, χ, t)ξ̇,

(32)

where σ̃ = σ
′
(θ, θ̇, t)

∣∣∣
θ̇=θ̇(θ,χ,t)

, and the Hamilton function is defined in the form

H =
1

2
eQηtχ2 − e−Qηtβ(θ). (33)

To solve the problem of the indirect representation of the Birkhoffian for a given equation (29), we
will use Theorem 3. By the equation (32) constructed above and the Hamilton function (33) from relation

(20) with (hµν) =

(
h 0
0 h

)
, functions Rµ(µ = 1, 2) and B are defined in the follow form Rµ = {χ, (1 + h)θ},

B =
1

2
heQηtχ2 − he−Qηtβ(θ), where h is an arbitrary constant.

Example 2. Let us consider a second-order nonlinear differential equation describing the motion of the inner
ring of a gyroscope in a gimbal [28]

β̈ + 2νβ̇ + f(β) = ξ̇, (34)

where β is the angle of rotation of the inner ring. Here there is the coefficient at white noise σ = 1.
In [23], the problem of indirect construction of the Lagrangian on the given equation (34)

h[β̈ + 2νβ̇ + f(β)] = ξ̇ (34
′
)

was considered at h = e2νt. And the required Lagrangian for (34
′
) was constructed in the form

L = e2νt[
1

2
β̇2 − γ(β)], where

d

dt
γ(β) = f(β),

providing the representation (34
′
) in the form of an equation of Lagrangian structure

d

dt
(
∂L

∂β̇
)− ∂L

∂β
= e2νtξ̇. (35)
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Similarly to Example 1, we consider the problem of the indirect representation of the Hamiltonian and the
Birkhoffian. We will define the Hamilton function by the Legendre transformation of the Lagrange function

H = χβ̇ − L(β, β̇, t)
∣∣∣
β̇=β̇(β,χ,t)

=
1

2
e−2νtχ2 + e2νtγ(β),

which generates the stochastic Hamilton equation of the form
θ̇ =

∂H

∂χ
;

χ̇ = −∂H
∂θ

+ e2νtξ̇,

(36)

that is equivalent to the Lagrange equation (35). Further, according to the equation (36) and the relation (20)

with (hµν) =

(
α 0
0 α

)
, functions Rµ(µ = 1, 2) and B are defined in the follow form

Rµ = {χ, (1 + α)β}, B =
1

2
αe−2νtχ2 + αe2νtγ(β),

where α is an arbitrary constant.
In particular, the unknown functions take the form Rµ = {χ, 2β}, B ≡ H at α = 1.

This research was supported by the Committee of Science of the Ministry of Education and Science of the
Republic of Kazakhstan (Grant No. AP05131369).
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М.Ы. Тiлеубергенов, Д.Т. Әжiмбаев

Биркгоф жүйелер үшiн стохастикалық Гельмгольц есебi

Ықтималдық қойылымда Гельмгольц есебi қарастырылды. Тура емес көрсетiлуде берiлген Ланжевен-
Ито стохастикалық теңдеуi бойынша Гамильтон және Биркгоф құрылымды теңдеулер тұрғызылды.
Моменттiк функциялар әдiсi арқылы берiлген стохастикалық Биркгоф теңдеуiнiң шешiмдерiнде ста-
ционарлық мән қабылдайтын функционал анықталды. Алынған нәтижелер екi мысалда суреттеледi:
1) тартылыс күшi мен аэродинамикалық күш әсерiмен айналмалы орбитада симметриялық спутник-
тiң жазық қозғалысы және 2) iшкi сақинаның iлу осi бойынша күштердiң стохастикалық флуктуала-
тын сәтiнен туындаған кардан аспадағы гироскоптың флуктуациялық қозғалысы.

Кiлт сөздер: стохастикалық Ланжевен-Итоның теңдеуi, керi есебi, Гамильтон (немесе Биркгоф)
құрылымды теңдеуi.
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M.I. Tleubergenov, D.T. Azhymbaev

М.И. Тлеубергенов, Д.Т. Ажымбаев

Стохастическая задача Гельмгольца для систем Биркгофа

Рассмотрена задача Гельмгольца в вероятностной постановке. По заданному стохастическому урав-
нению Ланжевена-Ито в непрямом представлении строится как уравнение гамильтоновой структуры,
так и уравнение биркгофиановой структуры. Методом моментных функций определяется функцио-
нал, принимающий стационарное значение на решениях заданного стохастического уравнения Бирк-
гофа. Полученные результаты иллюстрируются на двух примерах: 1) плоское движение симметрич-
ного спутника по круговой орбите под действием сил тяготения и аэродинамических сил и 2) флук-
туационное движение гироскопа в кардановом подвесе, вызванное стохастическим флуктуирующим
моментом сил по оси подвеса внутреннего кольца.

Ключевые слова: стохастическое уравнение Ланжевена-Ито, обратная задача, уравнение Гамильтоно-
вой (или Биркгофиановой) структуры.
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