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A problem with shift for a mixed-type model equation
of the second kind in an unbounded domain

This article studies a problem with shift in the characteristics of different families in an unbotindedidomain
for a mixed-type model equation of the second kind. The elliptic part of this problem isthe vextical*half=
strip; the hyperbolic part is the characteristic triangle bounded by the characteristics o
the extremum principle we prove the uniqueness of the solution. With the integr.
prove the existence of the solution.
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1 Statement of the pr&

Consider the following equation

Uz +sign y|y| ™y, <m<1 (1)

in unbounded mixed domain Q = ;U JU,
J=A{(z,y) : 0 <z <1, y=0}and Qs is the doma
of equation (1)

e O = {(z,y):0<z<1, 0<y<+o0}
alf-plane y < 0, bounded by the characteristics

AC: z—[2/(2 —m)] (i 0, BC: z+[2/(2—m)](—y)@ ™/ =1,
2
going out of points A(0,0) a nd intersecting at point C(%, —(2_4m)m), and by the AB
segment of the abscissa axi e e the following notation:

)10 <y < +oo, =0}, Jo={(z,y): 0<y < 400, z =1},

2 2
—-—m x|2m 1+z 2-m 1—-zx|2m
oY), me- ()

¢ YW .J; UJ, UACUBC)NCHQ UJ)NCHQ U J) NC2(Q1 UQy), it satisfies equation
(1) in d $ Q) and €, and has the following property u,(z,+0) = v (z) € C1(J) and at the ends
of the interval it can turn to infinity of order —28 for = 0 and of order % — B for x = 1 with the
following boundary conditions:

w(0,9) = ¢1(y), u(l,y) =2 (y), 0 <y < Foo, (2)
lim wu(z,y) =0, uniformly in z € [0,1], (3)
Yy—r—+00
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a (x) Dy, Pulfo (2)] + b(z) DLy Pulby ()] = clx), Va € J, (4)
(@, —0) = u(z,+0), o ((‘;“"Z’/_O) :_ﬁu(gz,/—i—O). (5)

Here a2 (z) + b(x) £ 0, Vo € J; a(z)z~? + b(x)(1 — 2) ™7 £ 0, Vo € J; the functions ¢; (y) € C(J;)
are such that ¢1 (0) =0, 2 (0) = 0, and the integrals

oo 2 oo

m — 2—m m
/5_2(2m) i [(2 Qms) ] ds, /s_(2m)
0 0

xX X B
converge; —1 < (:r)xb(ﬁ)-i(-i(z)zl S <0;a(x) =a(x)al, p< B, a(

here DS, [f(z)] is the operator of fractional integro-differentiation in the sense of

ds (i=1,2)

2 Uniqueness of the solution

The solution to the Cauchy problem has the following form [2]:

1
u(a:,y)=/T{[m—(1—2ﬁ)(—y)1126] }[m—i— 12ﬂ)’®xt+ 1-28)(—y)T=28 | ><
0

1 118
cfr-t-me ] o NG -9
1
_ _ re-—-2p
XO/T[x—(1—25)( y) 125 2ﬂ(2t— Yt (1 —t) Bdt—ﬁx
. —@ ) 21— 1) ()P - 0P, ©)
where
=7(2) =T(1 - 28)D5; ' T(a). (7)
Considering the ns a propert1es of operators of fractional integro-differentiation in the sense
of Riemann-Lio om (6), we have (
¥(1-5), . I'(2-2p) A1 B
2cos 2cos (1) M- pla—2pp e - MO0
- DT 0+ 5D T (@)1 - )
e DY ) Q

(1 - B)[2(1 - 28)]'
Now, substituting (8) and (9) into the boundary condition (4) considering (7), we obtain

2 —2p)
I(1 = pB)[2(1 - 2p)]

57 [o(@)a ™"+ b(@) (1 = 2) 7| mi(w) =
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ra-p)

= () + 5o a(z)z=8 + b(z)(1 — a:)_B] T(x)+ (10)

+b(2)T (1 = B) Dy * Dy, T(a) (1 — )~
Next, consider the superposition of two operators
Dy DG, ' T(a)(1 — ),

where function T'(x) is continuous in the interval (0,1) and integrable on the segment [0,1]. The
following equality holds

1
s . . i 1 &
DD T ()(1 — 2) ™ = T(2)(1 — )P cosmB + @ T(#) i _( 4 (11)
0
(the integral here is understood in the sense of the Cauchy’s principal value). Fr 0), considering

Theorem. Problem S°° cannot have more than one solution.
Proof. Let u(x,y) be the solution to homogeneous proble o0
that u (z,y) =0in QU J; U Jo U AC U BC.

the properties mentioned above, we conclude that v;(x) belongs to the unctions integrable on
the segment [0, 1] and continuous in the interval (0,1).
t that c(x

) = 0. We can prove

First, we prove that u (z,y) = 0 in Q1 U J; U Jo U ABRLethus assume the opposite. Then there
is domain 1, = {(z,y): 0<z <1, 0<y<p}d ch ,y) # 0. Therefore, sup |u(z,y)| > 0
Q1,

and this value is reached at some point (&,7)4, Q1.
We introduce the notation 9€2;, = ABU B DPU PA, where

AB={(z,y): 0<z <1, =0}, BD={(z,y): =1, 0<y<p},

DP ={(z,y): 0 pt, PA={(z,y): 2=0, 0<y<p}.

for elliptic equations [3|, it follows that (§,n) ¢ 1,. Due
¢ BD U PA. Then (£,m) € ABUDP. Let (£,n) € AB, i.e.,
) >0, 0 <& < 1. Then if u(£,0) > 0 (< 0), ie., (£0) is a

According to the extre
to homogeneous conditions
sup [u(z,y)| = sup [u(z,
Qi1p AB
point of positiv
proved in [4], an

e Zaremba-Giraud principle [3], it follows that (£,7) ¢ AB. Therefore,
(x,y)] = sup |u(z,p)| > 0. Taking arbitrary number p; > p, we obtain
0<z<1

sup |u(z,y)| = sup |u(x,p1)] > 0. Since Q1, C Qi,,, then sup |u(z,y)| >
i, 0<a<1 Q
(z,y) # 0,

which contradicts condition (3). Therefore, u (z,y) = 0, (x,y) € Q3 Ul Ulo U AB. Hence, from (6) and
(10), it follows that u (z,y) = 0 in Qa. Therefore, u (z,y) =0, (z,y) € QU1 Uly U AC U BC, whence
follows the assertion of the theorem.

Q1py

> 0,ie. sup |u(z,p1)| > sup |u(z,p)| > 0. This implies that
0<z<1

lim w
0<z<1 y—r+oo

3 Existence of the solution

Solving the problem N in the area of ellipticity of equation (1) according to the S.V. Falkovich
method [5], we obtain the solution in the following form:
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i sin nwx sin nwt sinnmasinnmt - ( oy L ) dit

n=1
o} «a 00
2a 5\ 2« sh (1
+\/§/ [?] 1 [ %) }sds/)\ (2)\ay2a) J_a (As) dA+
0 0
712 2 [ sha
« s\ 2 shx 1
+\/§/ [?] 2 [(%) ]sds/)\ S (2)\ay2a> J_a (As)d), (12)
0
where @ = 51— k = M%W, I' (z) is the gamma function [1], K, (z)‘ z) arg the

obtain the main functional relation between 7 (z) and v (z) brought from ellipticity of
equation (1):

Macdonald and Bessel functions, respectively [6]. Passing to the limit as y %c. ula (12), we

Fy (). (13)

o 1 [o Sl
r@= AT (LY O/v@)Z

From the hyperbolic area we have relation (10
the following form:

T2 - 20)
ri-pR1-282"

x) which, considering (11), has

ra-s)
z)(1—2)?  2cosmf

T (x)+ (14)

T (z) (1% 2) P cosmB +

'1-p)b(x) sinf i T (t)dt
a(z)z P +b(x)(1—x)" (1 — )7 S (1~ H¥ Y —2)|

Taking into account the gluin ditions (5), we eliminate 7" (z) from (13) and (14). After some
transformations, we obtain a‘Siftgula rgral equation:
1
1 1-2¢
t dt
/’0( ) (t—x+t+x—2xt) *

1

+cosmlu (z /p ) K1 (z,t)dt = F (z), (15)
0
[

wher —sinmB, B(z) = —icosmB[1+2u(z)], p(z) =v(z)z~%,

b(z)(1—z)"
a(@)z B +0b(x)(1—2)"

p(z) =

I

P82 —20) %a?
r'(2-25)

I (1+28)
I (1-25)

AN 1 1 i
Ko, t) = (2 .
(@) (m) [t—l—x—?azt t—i—a:+Z

n=1

(1 +28) ¢ ()
a()zP+b(x)(1—xz)"

o4 t\ 7% 1
— 4
t m—ax+t
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(2t 2 om—t\'"¥ 1 2n + t 1
t 2n—t+ax t 2n—x —1 t 2n+z+1
is the weakly-singular kernel. Since A% (x) — B? (x) # 0, therefore, the singular integral equation (15)
is of the normal type. Now, changing the variables

t2 2

x
1—2t+¢2 and W 1—2z+ 22

equation (15) is reduced to a singular integral equation with the Cauchy kernel. Then, applying the
Carleman-Vekua regularization method |7, 8], we obtain an equivalent Fredholm equation of thessecond
0

z

kind, the unconditional solvability of which follows from the uniqueness of the prgbl
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P.T. Bynnynos!, A.A. Dprames?

L ©s6excman ¢ Fowroim axademuacoino, Mamemamuka uncmumymu, Tawxenm, Osbexcmar;
an memaekemmix nedazo2ukasvik yrusepcumemsi, Koxan, O3bexcman

€KcCi3 00JIbICTa eKiHINi TeKTi apaJjiac THUIITi
MOJEJbJIK TeHJAey YIIiH bIFbICY ecebi

Ma Jla eKIHII TEeKTi apaJjac TUIITI MOJIE/IbIK TeH/IeY YIMH IIeKTeJIMereH o0JIbICTarbl 9PTYPJI CUTIATTA~
MaJIapbIHBIH BIFBICY ecebi 3eprTesred. OOBICTHIK JUTHIICTIK GO/ — TiK *KapThl XKOJIaK, a1 TUIepOOJIaTIbIK,
GeJIiri — TeH/Iey CUMATTAMAIAPBIMEH MEKTE/TeH CUIAaTTaMaJIBIK, YInoypseimt. [{lemivaiy Gipereitiri sxkcTpe-
MyM HPHUHIIAI apKBLIbI, aJ IMIEIMHIH 6ap eKeH Iiri HHTerpaJiIblK TeHEYJIep 9/IiCiMeH JI9JIe I IeHTeH.

Kiam cesdep: ekiHI TEKTI apajiac THUIITI TEHJEY, BIFBICYbI Oap ecell, IIENIIMHIH, »KAJFbI3/IBIFbl YKoHE Oap
6OJIybI, SKCTPEMYM TPUHIIAII, THTETPAJIIIBIK, TEHIEYIEP 9Iici.
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Y Huemumym mamemamury, um. B.H. Pomanosckozo
Axademuu nayx Pecnybauxu Ysbexucman, Tawxenm, Y3sbexucman;
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3aa4da co cMelleHneM JIJIsi MOJAeJbHOIO YPaBHEHUSI CMENIaHHOTO
THUIa BTOPOTO Po/a B HEOTPAHMYEHHOI 00J1acTHh

B crarhe B HeorpanmueHHO# 06/1aCTH TSI MOJIEJIBHOTO YPaBHEHUSI CMEIITAHHOTO THIIAa BTOPOTO po,z;a nceie-
JIOBaHa 3aJiava CO CMEIIEHNEM Ha XapaKTEePUCTUKAX PA3IMIHbIX CEMEHCTB. DIUIUIITUIECKAsT YACTh,
[IPEJICTABJISIET CODON BEPTHKAJIBHYIO ITOJIYIIOJIOCY, & TUIEepHosIIdIecKasi YJacTh — XapaKTEPUCT

YTOJIBHUK, OTPAHUYEHHBIN XapaKTEpUCTUKAMY ypaBHEHUs. EIMHCTBEHHOCTh PeIlleHns TOKa3aHa C ONIBIO
MIPUHITIIA SKCTPEMYMa, & CYIIECTBOBAHNE PEIEHUs] — METOJOM MHTErPAJIbHBIX YPABHEHMIA.

Karoueswvie caosa: YpaBHEHHE CMEIIaHHOI'O THUIla BTOPOI'0 po/ia, 3a/ga4va CO CMEIIEHHE OCTb "N
CyIIeCTBOBaHUE peHICHUd, IIPUHIUIT SIKCTPEMYyMa, METO/] NHTETPaJIbHbIX YPaBHEH K
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