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Green function method for a fractional-order
delay differential equation

In this paper, we investigated a boundary value problem with the Sturm-Liouville type conditions for a
linear ordinary differential equation of fractional order with delay. The condition for the unique solvability
of the problem is obtained in the form A # 0. The Green function of the problem, in terms of which
the solution of the boundary value problem under study is written out, is constructed. The existence and
uniqueness theorem for the solution of the problem is proved. It is also showed that in the case when the
condition of unique solvability is violated, i.e A = 0, then the solution of the boundary value problem is not
unique. Using the notation of the generalized Mittag-Leffler function via the generalized Wright function,
we also studied the properties of the function A as A — oo and A — —oo. Using asymptotic formulas for
the generalized Wright function, a theorem on the finiteness of the number of eigenvalues of a boundary
value problem with the Sturm-Liouville type conditions is proved.

Keywords: Fractional differential equation, delay differential equation, Green function, generalized Mittag-
LefHler function, generalized Wright function.

Introduction
Consider the equation
dDL
dt—au(t) —Au(t) — pH(t —7n)ult—71) = f(t), 0<t<], (1)
where C‘li% is the Riemann-Liouville fractional derivative [1], 1 < a < 2, A, u are the arbitrary constants, 7 is

the fixed positive number, H(t) denotes the Heaviside function.

At present, the number of studies on fractional calculation has noticeably increased. This is due to the fact
that fractional order differential equations are used in mathematical modeling of processes that occur in various
fields of natural science, such as physics, chemistry, biology, sociology, etc.

The most general references to the theory of fractional calculus one can find in [2-5] (see also the references
in these works). A linear ordinary differential equation of fractional order was considered by Barrett [6] in 1954.
Existence and uniqueness theorem for a fractional-order differential equation is proved in [7] by Dzhrbashyan
and Nersesyan. Sturm-Liuville type boundary value problem for fractional differential operator was investigated
by Dzhrbashyan in [8]. The initial value problem for a linear ordinary differential equation of fractional order
was studied-by. Pskhu in [9].

Significant works were devoted to the delay differential equations (difference-differential equations) by Norkin
in?[10], Bellman and Cooke in [11], Elsgolts and Norkin in [12], Myshkis [13], Hale in 1977 [14].

The initial-value problem and the problem with general linear two-point boundary conditions, the Dirichlet
and the Neumann problems for linear ordinary differential equation with Caputo derivative with delay in [15-17]
respectevely were solved.

The Cauchy problem for Eq.(1) was considered in [18], and the solutions to the Dirichlet and the Neumann
problems were obtained in [19].

In this paper, we construct the Green function of the Sturm-Liouville type boundary value problem for
Eq.(1) and prove the finiteness theorem for the number of real eigenvalues of the study problem.
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Auziliary

The Riemann-Liouville fractional operator is define by the formula

d* e B 1 ar / u(§)d¢
—=u(t) = Dgpu(t) = mdt” /(*f)ﬁ’

a

n—1<a<nmneN,

where I'(z) = [ e~*t*~'dt is the Euler gamma function.
0
The Mittag-Leffler function is given by the power series [20]

o0

ZFak+,3

k=o

and the generalized Mittag-Leffler function defines by the series [21]

E’ ;= —_
A kz:: ['(ak + Bk’
where (p)r = F%p(;r)k ) is the Pokhhammer symbol. The generalized Mittag-Leffler function reduces to E, g(2)

when we set p = 1.
Consider the function

W) =W (b7 A, ) = 3 (e = mr) 5™ B L (Mt = mr)3), v € R, 2)
m=0
where
t—mr, t—mt >0,
(¢ =mr)y = 0, t—m7 <0.
It follows from (2) that
@Oy ) 0k#i+1,

Wi (0)_{ Lk =i+1. ®)

Remark 1. For some m the expression ¢ — m7 < 0, therefore the series in (2) contains a finite number of
terms N < [£] 4 1.
Function (2) satisfies thefollowing properties [16]

D&W,(t) = Wy_a(t), a€R, >0, (4)
tl/—l
W,, (t) = )\Wy+a (t) + /lWy+a (t — T) + m7 o > 0, IS R, (5)

which are clear by the formula of differentiation [21]

dm
,8 1P o _ B—m—11p «@
= (B ) = T L ()
and by the autotransformation formula [22]:

Eg,ﬁ(t) - E(I))c,_ﬁl( ) - tEa a+6( )

of the generalized Mittag-Leffler function.
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Main results

A function u(t) is called a regular solution of Eq.(1) if D ?u(t) € C?(0,1), u(t) € L(0,1) and u(t) satisfies Eq.
(1) forall 0 <t < 1.
The problem we solve here is to find the reqular solution to equation (1) satisfying the conditions

a lim D M u(t) +b lim D& 2u(t) =0,
clim D¢ tu(t) +d lim Dg 2u(t) =0,
where a® + b2 £ 0 and 2 + d? # 0.

Green function

Assume G(t,£) is given by

GO = Ht — OWalt — &) + (Wi (1 - €) + dWp(1 - &) el et ™

with A and p satisfying the following condition
A = ac(AWo(1) + uWo(1 — 7)) + (ad — bc) W1 (1) — bdWs(1) # 0. (8)

Here the function W, (t) is defined via (2).
We demonstrate the validity of the following properties for the function G(¢,&) (7).
1. The function G(t,€) is continuous for all values of t and. £ from the closed interval [0, 1].
This property implies from relation (7) and condition (8).
2. The function G(t, &) satisfies the conditions

ii_%[D(()Xt_QGﬁ(t,5)‘£:t+s*Dgi_2G£(ta§)|§:t—s] =1 9)

Indeed,
DE; 2 Ge(t€)=—H (t—&)Wy (t—¢)
bWa(t) — aWi (1)
~ .

Insert (10) into (9) as £ =t +eand & =t — ¢. Passing to the limit as € — 0 we get the property (9).
3. The function G(t, &) is the Solution to the equation

~(AWa (1= FguWa(1—¢ 1) +aWi (1 - ©))

07 G(1,€) = AG(t, &) —pH(1 -7 = §G(t,E +7) = 0. (11)

Here 0§, is the Caputo derivative [23; 11| defines as

gpu(t) = Dj " (t) = F(21_ @) / (tu—(gji
0

This property implies the presentation of the function (7) and the relations (4), (5).
4. The function G(t,£) satisfies the boundary conditions
li Da—2 li DO(—Q —
@ Pot G{(tag)‘f'bfl_{% o G(t,§) =0
. a—2 . a—2 _
C%E%DOt Gf(t7§)+d%1§iD0t G(t,§) =0

This property obviously implies the relations (4), (5).
The function G(t, &) that possesses properties 1-4 is called Green function for problem (1), (6).
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Ezistence and uniqueness theorem

Theorem 1. Assume the function f(t) € L(0,1) N C(0,1) and the condition (8) is satisfied. Then
1) there exists a regular solution to problem (1), (6) in the form of

1
ult) = / FEOG(, )de; (13)
0

2) the solution to problem (1), (6) is unique if and only if condition (8) is satisfied.

Proof. First we illustrate that the solution to problem (1), (6) has the form (13). To clear this; multiply
both sides of Eq. (1) (given in terms of variable &) by DS‘;2G(1&, ¢€) and integrate it with respect to variable £
ranging from € to 1 — e (¢ = 0):

1—¢ 1—¢
[ psc oot -x [ u@ps el
1—e l—e
—p / H(t —myu(§ — 7) D5 *G(t, £)de = / FO)D§2G(t,€)de, 0 << 1. (14)
Integrate by parts the first term of equality (14):
1—e i
l—
/ D5 G(t€) Dicul€)ds = D> G(LE) D u(€)| 4~ / Dy Ge(t,€) Dog u(€)dg

1—

~ [ DGt Dig e s = DG > Grewg Nl _ D5 "Gl g (e,

+ D5 u) [D&?Gg (46| _, f- Do Ce “’%O] D5, *Celt) D (e

1
~DE Gt @)D (o) + [ D5 Geelt, DG (e (15)
0
Applying to (15) the properties.(9), (12) of function (7) and conditions (6) of the problem we get the
following formula

1

D5 2u(e) + [ Di*u(©)D5 Geelt, ) (16)
0
Replace & with £ =7 in the third integral on the left-hand side of the expression (14) to reduce it to

/ H(E — T)u(€ — 7)G(t,€)de = / H(1 -7 — ©u()G(t,€ + 7). (17)
0

0
Put (16) and (17) into Eq. (14) and using the formula for fractional integration by parts [20, p. 15]

b

b
/ o(5) D3, h(s)ds = / h(s) D5 g(s)ds,

a
arrive at identity
1

D~ *u(8) + D~ / ul(©) [ DS Gee(1,€) = AG(L,€) — pH (1 — £ = )G(t,€ + 7)) de =
0
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1
= Dy / FOG(,€)de
0

Taking advantage of the third property of Green function G(t,&) (11) and finding the derivative of order Dg; “
we arrive at representation (13).
Next, we show that the function (13) is the solution to problem (1), (6). Formula (13) can be written out
in terms of function W, (t) in the form of bellow:
¢ 1

)= [ SeWale—gae+ "It 6y w1 — ) + a1 - ) e

0 0

Next, using formulas (4), (5) obtain by the previous relation that
1
Diult) = 10+ [ 7(6) tf%+u/f G(t,€ — 7)de.
0
Prove that the solution u(t) satisfies the boundary conditions (6) (in view of relation (3)):
1
a}i_r)rg)Dg‘tl u(t) + b lim DG~ / ) [eWr(1 = &)+ dWa(1 — €)]
0
x [abW1(0) — a® AW, (0) — a®uWo(—7) + b*W2(0) =abW1(0)] d€ = 0;

clim Dgbu(t) + dlim D3 2u(t) = [ (€)Wa(l - &)+ dWa(1 - )] x

o—

dé =

" {1 n —ac( AW, (1) + uWo (1 =7)) — (ad — cb)W1 (1) + deg(l)}

VAN

:/1f<5><cwl<1—s>+dW2<1—£>> (1— A) dg = 0.
0

The task is now to show that if the condition (8) is not satisfied
A =0,
then the solution of the problem is not unique. Consider the function
a(t) = CyWa(t) + CaWa 1 (1),
which is the solution to the problem
Dg,a(t) — Aa(t) — pH(t — 1)a(t — 7) = 0,
ahngt1 ()+bhmD u(t) = 0,

(18)
chm D 1a(t) + dhm Dg*u(t) = 0.
The conditions (18) can be written out in the form
aCl + ng = 0, (19)

Ci[W1(1) + dWa(1)] + Co[eAWo (1) + cuWo (1 — 7) + dW1(1)] = 0.
Then the determinant of the system (19) is equal to

o a b
A= =0.
CWl(l) + dWQ(].) C)\Wa(l) + C/LWQ(]. — 7') + dWl(].)
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Thus, solution to problem (1), (6) is unique if and only if condition (8) is satisfied.
Remark. For all
Apu>0, (a—b)(c+d) >0

condition (8) is always satisfied.
On the finiteness of the number of real eigenvalues

Definition. The eigenvalues of problem (1), (6) are the values A, such that problem (1), (6) has a regular
solution that is not the identically zero.
The set of real eigenvalues for problem (1), (6) coincides with the set of real zeros for the function

D(A) = ac( AW, (1) + uWo (1 — 7)) + (ad — be) W1 (1) — bdWa(1). (20)

Theorem 2. Problem (1), (6) has only a finite number of real eigenvalues.
The function W, () can be written out as [2, p. 45]

> m 1.1
W, (1,750, 1) = ”,1—m7“m+”1x11 {(”“L’) A(l—mf)‘i],
= m! (am + v, a)
where
\I/ |:(al,0q :| ZHZ 1 al+alk)z_
(b, Bi)1,q (b + Bik) k!

is the generalized Wright function [24].

Function (20) is an integer function of parameter \. Let us investigate the properties of the function (20)
as A — +oo and A — —oo.

As A — 400 the following asymptotic formula holds true for the generalized Wright function [24], [25]:

(m+1,1)
1Y [(am +v,q)

ml—a)—v m(l—a)—v (1— 1
)\(1 _ mT)?éi-:l —a ™\ a 0) +1 (1 9 mT)+(1 ) +le)\1/ (1—m7)4 |:1 +0 <)\1>:| )

a

Let N be the maximum value of m that satisfies the inequality (1 — m7) > 0. Then the asymptotic formula for
function (20) is in the form

@(A):Z H :1 AT {(1—mT)Z_A‘e)‘l/a(lg"”)+ (ac+(ad—bc)/\71/°‘fbd)\fz/o‘)

+acl;\(1f (i + 1)r)me "0 (m+1)7’)} y [1+O(A71/a)]'

Hence, as A — oo, the series. above ncreases without limit.
The asymptotic formula for the generalized Wright function as A — —oo has form [24], [25]

o NFFLD | 53 D™ m) (1= ) D
Y (am+ v, 0) L NHHT (v — = al)(m + 1+ 1))
1
+O(M )
Therefore N
Z ™y /~L(1 —(m+1)47)7!
m+ 1) '|/\\m F —a) By

m=0

(1—mr)~@ (1—mr)t= 1
o —b0) S s b O(MWH)] @)

Consider the limit relation in the case when pu # 0

i AVo(y) = 25 UNH“N“ — NT)

:
tas M) 7o )
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As p =0 we have

. ac
yim AN = -5y

(23)

Since ®()) is an entire function of the variable J, it follows from relations (21), (22), and (23) that the series
(20) may have only a finite number of real zeros. This establishes the theorem.
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M.T'. Maxkruxosa

Besimek perTi Kenriknesi apryMeHTTi guddepeHInaabk,
TeHJey ynriH I'puH dyHKIUSICHI 34ici

MakaJrajia KoiMri ChI3BIKTBIK, TYPAKThI KOI(MMUIIMEHTTI KeITiKIIe i apryMeHTTi 6eJiinek perTi jauddepen-
muasaablk Teggey yune [rypm-Jlnysumas Tunti merrik ecem 3eprresren. KolbliraH ecenTis, 6ipMoH/I
memntiryi A # 0 TypiHze anbiHabl. 3epTTesIin OThIPFaH ecenti menty yimia ['puH ogici Koaganbuiasl. [ pun
dyukusnapsl Murrar-Jleddaep xaimnbuianran GyHKIUIAPI TEPMUHIHJIE *Ka3bLIIbl. 3€PTTEJIIN OThIP-
FaH €eCeNTiH Ienryinid 6ap OGOJIybl KoHe YKAJFBI3JBIFLI KAWLl TeOpeMa JIoJIeIeH 1l. DipMoH/al ety
mapTbl Oy3bUIFal Karjgaiina, aran A = 0 6oranga, METTIK eCENTiH MIeNtyi KaJFbl3 eMeCTirl HAKThLIAH-
nei. Corbimen Koca Murtar-Jleddiep x)annbuianran GyHKUAsIAPBIH PaliT *Kaanblianral QyHKIUIAPbI
apKBLIbI 2Ka3y/bl KOJJIAHDIN, \ YIKEeH MaHjepinie/ A QyHKIUIapbIHBIH KACUETTEPl, AFHU \ — OO XKOHE
A — —oo GonraHIa, OKBLIALI. PailTThIH KaanblIaHFaH QYHKIUSIAPH VITIH aCHMITOTUKAJBIK (OpMyIa-
snapbia Kosaanbli, [Itypm-JIluyBuiaas TunT maprrapbiMeH OepiireH MIeTTiK eCcenTiH MEeHIIKTI MoHIepiHiH
CaHJAPBIHBIH, AKBIPJIBLIBIFGI YKAWIBI TEOPEMa aHBIKTAJIIBL.

Kiam cesdep: Genmek perti auddepeHunaaiblk’ TeHaeyaep, KeIikmeai apryMenTTi auddepeHnaiibik,
Teyeynep, ['pun dyukumsicer, Murrar-Jleddiep xaanbuianrad QyHKIUICH, PaiiT )asnbuianFad QyHK-
LUSICBI.

M.T'. Maxkruxosa

Meton dymkituu I'puna ajis qudgpdepennuaibHOTO ypaBHEHUS
JAPOOHOT0 TIOpSAKa C 3aIla3dbIBAIONINM apryMeHTOM

B craTbhe ncciienopana kpaesas 3a1a4da ¢ ycsopuamu tuma Lrypma-JIunyBusis miis TnHeHOro OObIKHOBEH-
HOrO N hepPEHITNAIBHOIO yPaBHEHUS JPOOHOIO MOPSIIKA, C 3aI1a3/IbIBAIOIIAM apI'yMEHTOM C ITOCTOSTHHBIMUA
KO DHUIMUEHTAME. YCTIOBIE OTHO3HAYHON Pa3pPEeIMMOCTH TOCTABJIECHHON 3aa4un MOoTydeHo B Bume A # 0.
Jist peleHnsi uccieiyeMoil 3a/jadu aBTOpaMy IpUMeHeH MeToJ (pyHKIuu ['puHa, B TepMUHAX KOTOPOIi
7 BBIIMCAHO perreHne kpaeBoil 3amaun. Oynkuun ['puna, B CBOIO OUepe/ib, 3allMCaHbl B TEPMHHAX 0000-
menHo#t dyurmuu Mwurtrar-Jleddiepa. /lokazana Teopema CyImiecTBOBAHUS W €IWHCTBEHHOCTH PEITEHUST
ucciemyemoit 3agaqu. OTMeYeHO, 9TO B CiIydae, KOIJia yCJIOBUE OJJHO3HAYHON Pa3peluMOCTH HAPYIIAeTCH,
To ectb npu A = 0, pemreHne KpaeBoil 3aja4y He eIUHCTBEHHO. Vcrosb3yst 3ammuch 00OOIEHHON (DYHK-
uuu Mutrrar-Jledpdiiepa yepes o606mennyio dyukuuio Paiita, ndydensl Takxke cBoiicrBa dyHKimu /A npu
OO/IBIINX 3HAYEHUSIX A\, TO €CThb NMPU A — 00 U A — —o0. llpumenss acumnrorndeckue OPMYJIbI JJIst
060061enHOM (byHknuu Paiita, onpemenena TeopeMa 0 KOHEUHOCTH YKC/Ia COOCTBEHHBIX 3HAYEHUI KPaeBOit
3amaqau ¢ ycsgoBusmu tuna ltypma-Jlnysums.

Kmouesvie caosa: muddepeHnnabHOe ypaBHEHHE JIPOOHOrO MOpsaka, duddepeHnajibHoe YpaBHEHHE C
3ama3IbIBAONINM apryMeHToM, GpyHKIus ['puna, 0bobmennast dyuknusa Murrtar-Jledbdiepa, obobieHHast
byukusa Paiira.
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