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Some non-standard quasivarieties of lattices

The questions of the standardness of quasivarieties have been investigated by many authors. The problem
"Which finite lattices generate a standard topological prevariety?" was suggested by D.M. Clark;B.A Davey;
M.G. Jackson and J.G. Pitkethly in 2008. We continue to study the standardness problem for one specific
finite modular lattice which does not satisfy all Tumanov’s conditions. We investigatefthe \topological
quasivariety generated by this lattice and we prove that the researched quasivariety is notsstandard, as
well as is not finitely axiomatizable. We also show that there is an infinite number of\lattices similar to the
lattice mentioned above.

Keywords: lattice, quasivariety, basis of quasi-identities, profinite algebraj topological quasivariety, profinite
quasivariety.

Introduction

The problems concerning finite axiomatizability and standardness of (quasi)varieties of algebras
are among the most researched and relevant topics in universal algebra.

According to R. McKenzie [1], each finite lattiee has a finite identity basis. The analogous statement
for quasi-identities is incorrect. V.P. Belkin in |2] proved that there is a finite lattice which has no finite
quasi-identity basis. In this regard, the problem "Which finite lattices have finite quasi-identity bases"
was proposed by V.A. Gorbunov and DiM. Smirnov [3]|. A sufficient two-part condition under which a
locally finite quasivariety of latticegidoes not have a finite (independent) quasi-identity basis was found
by V.I. Tumanov [4].

In [5] the concept of a standard (tepological) quasivariety was introduced, and the basic properties
were investigated and many"examples of standard and non-standard quasivarieties were provided. The
standardness of algebras wagffurther studied by D.M. Clark, B.A. Davey, R.S. Freese and M.G. Jackson
in [6], who established a general condition guaranteeing the standardness of a set of finite algebras.
In [7] sufficient conditionsywere found under which a quasivariety contains a continuum of non-standard
subquasivarieties:yln [6] it was proved that any finite lattice generates a standard variety. However,
in [8] it was etablished that Belkin’s lattice generates non-standard quasivariety. These naturally arose
the ptoblem "Which finite lattices generate standard topological quasivarieties?" that was suggested
by DiM.Clark; B.A. Davey, M.G. Jackson and J.G. Pitkethly in [8].

In 19;10]0ne specific lattice was studied and it was proved that this lattice has no finite basis of
quasi-identities [9] and generates non-standard quasivariety [10], respectively. The special feature of
this lattice is that it does not satisfy one of the two-part Tumanov’s condition (see Theorem 2).

In this paper we continue to study the standardness problem for one specific finite modular lattice.
This lattice does not satisfy all Tumanov’s conditions [4] and the quasivariety generated by this lattice
is not standard, as well as is not finitely based (Theorem 3). At the end we show that there is an
infinite number of lattices similar to this lattice (Theorem 4).
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1 Basic concepts and preliminaries

We recall some basic definitions and results for quasivarieties that we will refer to. For more
information on the basic notions of general algebra and topology introduced below and used throughout
this paper, we refer to [11-13].

We assume that all classes of algebras the same fixed finite signature o and abstract, unless we
specify otherwise. Also an algebra (A; o) and its carrier (its basic set) A will be identified and denoted
by the same way, namely A.

A class of algebras which is closed with respect to subalgebras, direct products (including the direct
product of an empty family), and ultraproducts is a quasivariety. In other words, a class of ‘algebras
axiomatized by a set of quasi-identities is a quasivariety. A quasi-identity is a universal Horm,sentence
with the non-empty positive part

(V) [p1(Z) = @ (Z) A+ Apn(Z) & qn(Z) — p(2) = q(T)];

where p,q, p1,q91,...,Pn,qn are terms. A quasivariety closed with respect to homomorphisms is a
variety. In other words, a variety is a class of similar algebras axiomatized by a set of identities,
according to Birkhoff theorem [14]. An identity is a sentence of the form (Vi)[s(Z) ~ t(z)] for some
terms s(Z) and ¢(Z). A quasivariety K has a finite basis of quasi-identitiés (finitely axiomatizable) if
there is a finite set ¥ of quasi-identities such as K = Mod(X)."Otherwise K has no finite basis of
quasi-identities.

By Q(K) (V(K)) we denote the smallest quasivariety (variety) ¢ontaining a class K. Q(K) is called
finitely generated if K is a finite family of finite algebras. In,case when K = {A} we write Q(A) instead
of Q({A}). By Maltsev-Vaught theorem [15], Q(K) =SPP(K), where S, P and P, are operators of
taking subalgebras, direct products and ultraproducts, respectively.

Let K be a quasivariety. A congruence « on algebra A is called a K-congruence provided A/a € K.
The set Cong A of all K-congruences of A forms an algebraic lattice with respect to inclusion C. An
algebra A € K is subdirectly K-irreducible.if ‘an intersection of any number of nontrivial K-congruences
is nontrivial. Since for any class Rewephave'Q(R) = SPP,(R) = P,SP,(R), where P, is operator
of taking subdirect products, then for fimitely generated quasivariety Q(A), every subdirectly Q(A)-
irreducible algebra is isomorphie tosome subalgebra of A.

A finite algebra A withmdiscrete topology generates a topological quasivariety consisting of all
topologically closed subalgebras)of non-zero direct powers of A endowed with the product topology.
An algebra A is profinite with respect to quasivariety R if A is an inverse limit of finite algebras from R.
A topological quasivariety.Q-(A) is standard if every Boolean topological algebra (compact, Hausdorf
and totally discommected) with the algebraic reduct in Q(A) is profinite with respect to Q(A). In this
case, we say that algebra A generates a standard topological quasivariety. For more information on the
topolegical quasivarieties we refer to [6] and [8].

We say that X is pointwise non-separable with respect to quasivariety R if the following condition
holds: Theresexist a,b € X, a # b, such that, for each n € N, each finite structure M € R and each
homomorphism ¢ : X,, — M, we have ¢(a) = ¢(b).

The following theorem provides non-standardness of quasivariety.

Theorem 1.(Second inverse limit technique [8])

Let X = I&H{Xn | n € N} be a surjective inverse limit of finite structures, and let K be a
quasivariety. Assume that X € K is pointwise non-separable with respect to K and each substructure
of X, that is generated by at most n elements belongs to K for all n € N. Then K is non-standard,
as well as is not finitely axiomatizable.

To formulate our main result (Theorem 3) we need some special preliminaries.
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Let (a] ={z € L |z <a} ([a) ={x € L |z > a}) be a principal ideal (coideal) of a lattice L. A
pair (a,b) € L x L is called splitting (semi-splitting) if L = (a] U [b) and (a] N [b) = @ (L = (a] U [b)
and (a] N [b) # @).

For any semi-splitting pair (a,b) of a lattice M we define a lattice

My = ({(x,0),(y,1) e M x2 |z € (a],y €[b)};V,N) <g M x 2,

where 2 = ({0,1}; Vv, A) is a two element lattice.

Theorem 2. (Tumanov’s theorem [4])

Let a locally finite quasivarieties of lattices M and N C M satisfy the following two conditions:

a) in any finitely subdirectly M-irreducible lattice M € M\N there is a semi-splittingypair (a, b)
such that M,_, € N;

b) there is a finite simple lattice P € N that is not a proper homomorphic image ofiany subdirectly
N-irreducible lattice.

Then the quasivariety N has no coverings in the lattice of subquasivarietiés of ‘M. In particular, N
has no finite (independent) basis of quasi-identities provided M is finitely axiomatizable.

A quasivariety is called proper if it is not variety. A subalgebra B of amalgebra A is called proper
if B is not one-element (trivial) and B 2% A. For an algebra A and elements a,b € A, by 6(a,b) we
denote the least congruence on A containing pair (a, b).

2  Main result

Let A’ and A are the modular lattices displayed imFigure 1. And let Q(A) and V(A) are quasivariety
and variety generated by A, respectively. Since every subdireetly Q(A)-irreducible lattice is a sublattice
of A, and A’ is simple and a homomorphic imagelof A, and A’ is not a sublattice, then A’ € V(A)\Q(A),
that is Q(A) is a proper quasivariety. One can ¢heckdéthat A’ has no semi-splitting pair. Thus, the
condition a) of Tumanov’s theorem does nét hold on the quasivariety Q(A). It is easy to see that M3
is unique non-distributive simple lattice in ' Q(A)ss and it is a homomorphic image of A. Hence, the
condition b) of Tumanov’s theorem is notheld on quasivarieties Q(A) and V(A).

A A

Figure 1: Lattices A’ and A
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The main result of the paper is

Theorem 3. The topological quasivariety generated by the lattice A is not standard, as well as is
not finitely axiomatizable.

Proof of Theorem 3.

To prove the theorem we use Theorem 1. According to this theorem we will construct L = lim{L,, |
n € N} a surjective inverse limit of the finite lattices such that every n-generated sublattice of L,
belongs to Q(A) and L is pointwise non-separable with respect to Q(A).

Let S be a non-empty subset of a lattice L. Denote by (S) the sublattice of L generated by S.

We define a modular lattice L, by induction:

n =0. L() = M3_3 and L() = <{a0, bo,Cg, ao, bO,CO}> (Fig. 2).

n = 1. Ly is a modular lattice generated by LoU{ay, b1, c1,al, bt, '} such that ({a1, bisci, a%bh, c'}) =
Ms_3,and cg = a', a® AB® = ¢co Vb = ¢ V 1 (Fig. 3).

n > 1. L, is a modular lattice generated by the set L,_1 U {ap, by, chg@®, b"™ €’} such that
Han, bp, cnya™ b, ) =2 M3 g, and ¢,—1 = a™, a® Ab° = co V" =g V ¢, (Fig.4):

M3

M; 3 M3_3

)

Figire 2: Lattices M3, M3 3 and M3_3

Let L be a sublattice of Ty generated by the set {a;, b;, c;,a’,b', ¢! | 0 < i <n}. One can see that
L, = L,/0(ag,by) and Lg<gMstHence, L, € Q(A).

Claim 1. Every proper sublattice of L,, belongs to Q(A).

Proof of Claim, 1.

It is enough to preve therclaim for arbitrary maximal proper sublattices of L,,. Since L,, is generated
by the set of double,irreducible elements S = {ag, bo, b°, c®, ¢, }U{b;, b° | 0 < i < n} then every maximal
proper_sublattices L of L,, generated by S — {x} for some = € S, that is L = (S — {z}).

Sitpposethat @€ {ag, by, b°, " }. Then the lattice ({ao, bo, b°, °}\{z})/0(co, a® AbY) be a homomorphic
imagetof L with the kernel o = 0(ay, ¢,) and belongs to Q(A).

One ¢andee that for 8 = 0(ag, bo) if z € {b°,c"} and B = (b0, %) if x € {ag, by}, L/B is isomorphic
to a sublattice of L, x 2 and belongs to Q(A). Thus, « and 3 are Q(A)-congruences. One can check
that « N3 =0. Hence L <; L/a x L/B. Therefore, L € Q(A).

Suppose that z € {b;,b' | 0 < i < n} U {c,}. Without loss of generality, assume that z =
bn. Let a = 6(co,cpn—1). Then L/o is isomorphic to the sublattice S of L; generated by the set
{ag, by, b°, %, a1, by, b'}. Since the lattice P = ({ag, b, b°, ¢, b, c'}) is a sublattice of A and S <, P x 22
we get S € Q(A). On the other hand, L/0(ag,bo) is a sublattice of L, . Since L, € Q(A) then
L/0(ap,bp) € Q(A). One can see that aN@(ag, bp) = 0. Hence, L is a subdirect product of two lattices
from Q(A). Therefore, L € Q(A).
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Figure 3: Lattice Ly

Let ¢nn—1 be a homomorphism from L,, to L,y such that ker ¢, ,—1 = 0(a",b,), and ¢, , an
identity map for all n > 1 and m < n. Andilet @nm = Omt1,m © -+ © Yppn—1. It can be seen that
{Ly; ¢n,m, N} forms inverse family, where N is the linear ordered set of positive integers.

We denote L = @{Ln | n € N} and show that'L'e Q(A).

Claim 2. The lattice L belongs to Q(A).

Proof of Claim 2.

Let a be a quasi-identity of thefollowing form

&i<rpi(xo, ..., Tned) ~Gi(&0, - -, Tn—1) = P(X0, ..., Tn—1) = ¢(T0, ..., Tn_1).
Assume that « is valid on Q(A), and
L Epilag,...,an—1) = ¢i(ag,...,an—1) forall i<r,
for some ay, ..., ap_1 €L. From the definition of inverse limit we have that L <j Hie 1 L. Therefore
Ly pi(ao(s),...,an—1(s)) = qgi(ao(s),...,an—1(s)) forall i<r.

Each at‘most n generated subalgebra of Lg belongs to Q(A) for all s > n, by Claim 1. Hence « is true
in Ly foriall’s > n. And this in turn entails

Ls = plap(s),...,an—1(s)) = q(ap(s),...,an—1(s)).
Since a;(m) = @sm(ai(s)) for all 0 <i < n and m < s, we get
L., Eplag(m),...,an—1(m)) = q(ag(m),...,an—1(m)) forall m <s.

So
Ll p(an, - an1) = alao, - an1).
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Figure 4: Lattice Ly, n > 2

Hence L = «, forevery « that is valid on Q(A). This proves that L € Q(A).

Claim 3.4The lattice L is point-wise separable with respect to Q(A).

Proof of Claim3.

We _ebtain ¢, ,,(ag) = ap and ¢pm(bo) = by, by definition of ¢, »—1. And a = (ao,...,ao,...),
b= (boyas.,b0,...) € L, by definition of inverse limit. Let o : L — M be a homomorphism, M € Q(A)
and M finite. There is n > 2 and homomorphism v¥,; : L, — M such that o = ¢, o ¥p; for some
surjective homomorphism ¢, : L — L, (by universal property of inverse limit). It is not difficult to
see that any non-trivial homomorphic image of L,, is isomorphic to L,,, m < n, or contains M3 3 as a
sublattice. Since Ly,, M3 3 ¢ Q(A) and ¢p(Ly) < M € Q(A), then we obtain that ¢y (L,,) is trivial.
That is ¢ (z) = const for all x € L,,. So we get a(a) = a(b).

Thus, the Claims 1-3 state that the conditions of Theorem 1 holds on Q(A). Therefore, the
quasivariety Q(A) generated by A is not standard, as well as not finitely axiomatizable.

Remark. In the paper [16] it has been proved that the quasivariety generated by the lattice A is
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not finitely based. We would like to point out that we presented the proof of the Claim 1 for the sake
of completeness of the proof of the main result. We also note that Claims 2 and 3 were proved by
arguments of [17].

We note that there is an infinite number of lattices similar to the lattice A. This is the context of
the following.

Theorem 4. Let L be a finite lattice such that Mz3 £ L, A < L and L, £ L for all n > 1.
Then the topological quasivariety generated by the lattice L is not standard, as well as is not finitely
axiomatizable.
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C.M. JIynak!, A.O. Bameena?, A.M. Acan6exos®, Q.A¢ Boponnna!l

1 . \
M. Koswbaes amuvindazo. Coamycmir Kazaxcman yrwusepcumemsi, Ilemponass, Kasarxcman;
2JL.H. Dymunes amomdaes. Eypasus yammes yrusepcumems, Acmana, Kasaxcman;
SKP YFA Mamemamuxa uncmumymuo, Biwkerx, Kopewscman

Keiibip cTangapTThl eMec TopaapablHyKBa3nKenoeitHeepi

KBasukenbeiinesep/iiy cTaH apTTHUIBIK Mocestefiepin kenrerex asropsap 3eprreai. .M. Knapk, B.A. [Tsii-
Bu, M.I. xekcon xone /Ixk.I'. [lurkernn «Kammait COHFBI TOpJIap CTAHIAPTTHI TOMIOJOTUSLIBIK, TPE/IKOTI-
GeitHeni Tyapipaabi?» gered mocesieHi 2008 KbLIbI VEBIHABI. | yMAHOBTBIH, OAPJIBIK, KaFIaiapblH KAHAFAT-
TaHABIPMANTHIH 6ip HAKTHI MOJLYJIb/IIK TOP/BIH CTAHIAPTTHIILIK, MOCEJIECIH 3epTTey KarracTolpblarad. Oce
TOp/IaH maiia OOJIFaH TOMOJIOTUSJIBIK, KBA3HKOIIOCHHE 3€PTTEITEH KOHE 3€PTTEIeTIH KBAa3NKONOeHe CTaH-
IapTThl €MeC, COHBIMEH KaTap OpHHE ‘AREHOMATH3alNsIaHOaiThIHbL j1pitesienred. CoHal-ak yKorapblia
aTajJraH TOpFa YKCAC TOPJIAD/IbIH HEKCi3 caHbl 6ap eKeHi KOpCeTiIreH.

Kiam cesdep: Top, KBasukOuOeiiHe, KBa3nucolikecTIKTepiH 6a3nuci, TpOMUHUTTIK anredbpa, TONOJOTHAIIBIK,
KBa3WKeNbeliHe, MTPOMpUHUTEIK KBASUKOIOeHHE.

CM. Aynak!, A.O. Bameesa?, A.M. Acanbexos®, O.A. Bopornna!

! Cesepo- Kasaxcmarckui yrnusepcumem umenu M. Kosvibaesa, ITemponasaosck, Kazaxcman;
2 Bepasutickutiynayuonasvrods ynusepcumem umerny JI.H. Dymunesa, Acmana, Kazaczcman;
3 Unemumym mamemamuru HAH KP, Buwxex, Kopzwazcman

HekoTopbie HecTaHAJapTHBIE KBa3MMHOT000pa3us penieTok

Bompoecs! crangapTHOCTH KBa3MMHOI0OOpas3uil ucciiejoBaauch Maorumu asropamu. [Ipobsema «Kakwne ko-
HEYHBbIE DPEIIETKH ITOPOXKIAI0T CTAHJAPTHOE TOIIOJIOIMYECKOe IIPEIMHOroobpasue?s ObLIa HPEeIoXKeHa
JI.M. Kmapkom, B.A. siteu, M.I". Txekcornom u JIxk.I'. ITurkerau B 2008 roxy. Mbl npojo/izkaemM n3ydarh
mpobJieMy CTaHIAPTHOCTHU JJIsi OJHOM KOHKPETHON KOHEYHON MOJIYJIAPHON peIIeTKH, KOTopas He yJI0BJe-
TBOpPsIeT BceM ycioBusM TymanoBa. Vcciemyem Tomosiorudeckoe KBa3MMHOI0OOpa3ue, IOPOXKIEHHOE STOU
PeIIeTKO, U JOKa3bIBAEM, UTO HCC/IEAyeMOe KBA3MMHOTOOOpa3ne He sIBJISETCS CTAHIAPTHBIM W KOHEYTHO
akKcrnoMaTu3upyeMbIM. Kpome Toro, mokaspIBaeM, 4TO CYNIECTBYeT OECKOHEYHOE YHCJIO PEIIETOK, O T00HBIX
YIIOMSIHYTOM BBIIIIE.

Kaouesvie caosa: perierka, KBa3uMHOroobpasue, 6a3uc KBa3UTOXKIECTB, MPOMUHUTHAS ajiredpa, TOIOJIO-
ruYecKoe KBa3uMHOroobpasue, MpoUHUTHOE KBA3UMHOTO0Opasue.
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