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Generalized boundary value problem for a linear ordinary
differential equation with a discretely distributed fractiona

differentiation operator .
ina; i tia.
iveligyunders-
tood as the Gerasimov—Caputo derivative. The boundary conditions are given in the i
als, which makes it possible to cover a wide class of linear local and non-local conditi
the solution is found in terms of special functions. A necessary and sufficient condi for the solvability of
the problem under study is obtained, as well as conditions under which the
satisfied. The theorem of existence and uniqueness of the solution is proyed

This paper formulates and solves a generalized boundary value problem for a linear or
equation with a discretely distributed fractional differentiation operator. The fractional

Keywords: fractional differentiation operator, Caputo derivativedoou dar lue problem, functional, Wright

function.
Introduction and statement o \blem

In the interval 0 < < 1, let us consider the equ

x) = f(x), (1)

where o € (1,2), A, B €R, 51 > 1 > ... >y, Og,u(z) is the Caputo derivative [1; 11]:
oL, u(x) i \DY " (z), 1<y <nmeN, )
ill

and Dy, is the Riemann— tional integro-differentiation operator of order + with respect to
the variable z [1; 9], whi défined by the formula

sign(zx — s) i u(t)dt
Dyua) = = [0 <o

D) u(zx) =sign"(x — s)—D7 "u(z), n—1<y<n,neN.
x

Operator (2) is also known in the literature as the Gerasimov—Caputo operator [2, 3.

At present, differential equations of fractional order are being extensively studied in connection with
practical applications in various areas of physics and mathematical modeling. The theory of fractional
differential equations has proven itself well in the study of «classical» viscoelastic models. All this is
supported by new applied problems [4-8]|.
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One of the first works devoted to fractional calculus and its applications is the monograph [9]. The
main theoretical results and solution methods are reflected in the works [7], [6], and [10].

Linear fractional ordinary differential equations were studied by many authors; a detailed biblio-
graphy on this subject can be found in [1, 5, 6, 11|. A significant contribution to the study of fractional
differential equations was made by the authors of [12-15].

Differential equations with discretely distributed differentiation operator

m aa-k

; A Oy

can be treated as an operator

/ i (Aot ) e ’\

with a measure concentrated on a discrete set [16, 17].

Differential equations with discretely distributed differentiation operatées, and inuously distri-
buted differentiation operators were studied in [18-20], where equatig discretely distributed
differentiation operators were used to search for approximate solution ations with continuously
distributed differentiation operators. We also note the papers [16], | 2|, where equations with
fractional discretely distributed differentiation operators wére i

In this paper, we investigate a generalized boundar lue problem (in the terminology of
M.A. Naimark) for equation (1) [22; 16]. An explicit r jon of the solution of the problem
under study is constructed, a condition for uniq is found, and a uniqueness theorem

for the solution is proved. We specified boundary conditi in the form of linear functionals, which

problems for equation (1) were studied in the w 5]. Note also that in work [26] a generalized
boundary value problem for an ordinary differential equation of fractional order with general conditions
was investigated.

A regular solution to equation (1
first-order derivative on the Close

e a function v = u(z) that has an absolutely continuous
1[0,1] and satisfies equation (1) for all z € (0,1).
ation (1) in the interval (0, 1), which satisfies the conditions

Problem. Find a regular
EO [u] = Uuop, (3)

O[] =, (4)

where g, u; arégivemyreal numbers, £y, ¢1 are linear bounded functionals in C'*[0, 1].
Notation and auzxiliary statements

following notation (see [27])

[e.o]

Gh(z) = GR (@11, oo Vi 1, -y V) E/e_tS#L(x;Vlt,---,th;'n,--wm)dt,
0

A Bj

Mm=cgn V= Tgn msaen g sar-ag (j =2,m),

SE(L5 21, evey Zmi Y1y ooy Ym) = (h1 % ho % ..o % by ) (2),
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by
@*muaz/ﬁ@—wmwﬁ
0

we denote the Laplace convolution of the functions g(z) and h(x),

hj = hj(x) = a7 (v, g zj2™),

where
PRSI g

is the Wright function (see [28]).

Further, we assume that the parameters G, (x) range over

>0, zeR, >0, u;>0. g@
We note that the function Gh,(x) is independent of the distribution ers p; > 0, but only
depends on their sum g = " ;.
i=1 *
The following equalities for the function G, (x) (see [24])%

tain the formula (see [25])

Brat—oal
xT) = —_ > 041.
We also need the followi xillary statement proved in (see [26]).

It should be
Lemma. Let
in space C1[0, 1].

einafter the ¢ functionality is applied to the function depending on z.
[0,1]x[0,1]) end (%K(x, t) € C([0,1]x][0,1]), £— linear bounded functional
e following relation is true

‘ / K(x,t)dt| = / (K (z, £)]dt. (M)
0

Main result

Theorem. Let a function f(x) satisfy the conditions
o' M f(x) € C[0,1], flx) = DG "g(x), g(z) €L0,1], p>0.
and the inequality
det A = Lo[Wa(x)[£2[Ws(x)] — Lo[Ws(x)]€1[Wa()] # 0 (8)
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be fulfilled. Then a function u(z) defined by the relation

1
/f T (2, t)dt + W(= )H(ZO), (9)
1
0
- - l
Tla,t) = [1 = WM Wil — ), W) = Wl W), 7= (2 ).
1
Wi(x) = BG% (x); Walz) =z +11GUut2(x); Wi(x) =14+ 1 Ga T (x),
YA loWa(z)] Lo[Ws(x)] ) L ( OWs(z)] ©—ol)Vs(z
A=LDV(z)] = , H=A"" = )
)= (imel oo dot A\ —aVa() ]
is a regular solution to problem (1), (3), (4). The solution to problem (1), (3), (4) isgmmique if and only
if the condition (8) is satisfied.
Proof. Let u(z) be a regular solution to the problem (1), (3), (4). To olution to the problem
(1), (3), (4) we use the solution of the Cauchy problem for the equati h can be represented

as [24, 25|

fFEOW (z — t)dt + x (10)
Further, taking into account the introduced notat 01% , we satisfy (10) the boundary

conditions .
1
/ f W1 x t Cy )
0
From this we find

1
/f OHLWL (z — t))dt.
U1
0
After elementary transfornaati stltutmg the found value into (10), we obtain a representation

of the solution to proble \ in the form (8). This, in particular, implies the uniqueness of

the solution.
Let us now ch llment of the boundary conditions (3), (4).

FOT (,t)dt + W(z)H ( ZO )] =1+ Iy,

O\H

O\H

1

where

u1

=~

Il

N
o _

f(t)T(x,t)dt] end I=1 [W@)H ( 1o )} .

Taking into account (7), we have

3

(V1 (,1)] -

W(@)[HEV1 (2, 8)]) £ (t)d.

o _

I = [ [T (x,t)] f(t)dt =
/
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By virtue of the equality /[V(x)] = , we obtain that I; = 0. Similarly, for Iy we have

12:2[_@:)]%(5? ) :H—lﬂ( Z‘l) ) = ( Z(l) )

Let us prove that the function u(x), given by equality (9), is a solution to problem (3), (4) for equation

(1)
{Z@%+4M,W%iiﬁ
j=1

T

Y1 = /f(t)Wl(l‘—t dt, y»= /f T)HIW, (z — t)dt, =

0

Taking into account relations (5) — (8) and since the functions ys and ys is ombinations of

the functions Wj(x),i = 1,3 we have

[Z 3057 + A] yi=0, i=

7j=1

Considering that (see [25])

we get

It means that the solution s
Let us show that if condi

(@)1 [Ws(2)] = Lo[Ws(2)]62 [Wa(2)] = 0, (11)

then the solution to,t omogeneous problem is not unique.
Consider the furgtio

~ C
i) = (o). o)) (1 ).
wh 5 are arbitrary constants,

lo[Wa()] - —[Wa ()]
i) = Wiz) ( ZO[W?,(?U)] ) Falo) = Wiz) ( G[Ws(2)] )

Then it follows from (11) that the function u(x) is a solution to a homogeneous problem

Z@ )+ Ni(z) =0, Lofd] =0, 4[i] =0.
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. 'agzoBa

PFA KBFO Koadanba, a @ a otcone agmomammanoupy uncmumymol, Hasvuuk, Pecetl

Bemmnek auckpe ipinren muddepennuaagay omnepaTopbl 6ap

114

CBIBBIKTHIK naibiM audepeHnuaaablK TeHAey YHIiH
2KaJIMbIJIAHFAH MIETTIK ecerll

Magxkaust Geut JUCKPETT] yiecTipinren muddepeHImaigay oneparopbl 0ap CHI3BIKTHIK KapamaibiM
K, TEHJEY YIIIH YKaJIIbUIAHFAH IIETTIK ecell KYPACTLIPbUILII KoHe Ierniiaren. Besex
epacMOB-KaryTo TybIHABICE MaFbIHAChIHAa TyciHitea. IleTTik mapTTap ChI3BIKTHIK, (DyHKIM-

CEIITIiH, eIy MYMKIH/IIMNHIH KaXKeTTi »KoHe >KeTKIJIIKTI MapThl, COHAai-aK eIy IapThl CO3Ci3
opbIHAIaTHH mapTTap aabiHgel. lemmivain 6ap 60sys! 2koHe Hipereitiri TeopeMachl ToJIeIIICH .

Kiam cesdep: Gemmek muddepenuanmgay omeparopbl, KamyTo TYBIHIBICH, MIETTIK ecem, (pyHKIMOHAJ,
Paitr dyukmuscer.
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JI.X. I'ajgzoBa

Hremumym npuraadnoti mamemamuru u asmomamusauyuu KBHI] PAH, Haavwux, Poccus

O06ob1IeHHas KpaeBad 3a4a4a JIJisi JIMHETHOI0 OObIKHOBEHHOI'O
anddepeHInaIbHOr0 YPpaBHEHsI C OIEPATOPOM JIPOOHOIro ANCKPETHO
pacnpegesienHoro auddepeHnnpoBaHns

B crarbe chopmynupoBana u pereHa oOOOIIEHHAsT KpaeBasl 3a/a4a JJisl JIMTHEHHOTNO OOBIKHOBEHHOT'O JTUdh-
(depeHImaIbHOTO YPaBHEHUSI ¢ OITEPATOPOM JIPOOHOTO JUCKPETHO PACIIPEJIEIEHHOTO audDepeHIInpOBaHHS.
JlpobHast mpouM3BOIHAS IOHUMAETCSI B CMbIcie pousdBonuoit ['epacumoBa—Kamyro. Kpaesbie yciopmst 3a1a-
10TCsl B (pOpMe JIMHEHHBIX (DYHKIMOHAJIOB, 9TO IO3BOJISIET OXBATUTH JOCTATOYHO IIUPOKUIL KJ1aCCHTVHE THBEX
JIOKAJIbHBIX 1 HEJIOKAJBHBIX YCIOBHUI. B TepMumHax cnenuaibHBIX (YHKIWH HANIEHO TPEICTABICHNE pellle-
uusi. [losydyeHo HeoGXOAUMOE U JOCTATOYHOE YCJIOBHE PA3PEIIUMOCTH UCCIIELyeMOi 3a/1aun, a BaKKeJero<
BUsI, IIPU KOTOPBIX YCJIOBUE Pa3PENINMOCTH 3aBeJIOMO BblosiHseTcs. Jloka3aHa TeopeMd CyIIeCTBOBAHUS U
€/IMHCTBEHHOCTU PEITIEeHUS.

Kmouesvie crosa: oniepaTop apobHoro mauddepenimpoBans, mpou3Boanas KamnyroykpaeBast 3a1a4a, QyHK-
nuoHaJs1, pyHKIus Paiita.
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