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The problem of trigonometric Fourier series
multipliers of classes in )\, , spaces

In this article, we consider weighted spaces of numerical sequences A, 4, which are defined as sets of sequences
a = {ar}p=1, for which the norm

oo - H
llallx,., == Z lak|Tk? < 00
k=1

is finite. In the case of non-increasing sequences, the norm of the space ), 4 coincides with the norm of the
classical Lorentz space [, 4. Necessary and sufficient conditions are obtained for embeddings of the space
Ap,q into the space A\p, 4,. The interpolation properties of these spaces with respect to the real interpolation
method are studied. It is shown that the scale of spaces A\, 4 is closed in the relative real interpolation
method, as well as in relative to the complex interpolation method. A deseription of the dual space to
the weighted space ), 4 is obtained. Specifically, it is shown that. the space is reflective, where p’, ¢’ are
conjugate to the parameters p and g. The paper also studies the properties of the convolution operator in
these spaces. The main result of this work is an O’Neil type inequality. The resulting inequality generalizes
the classical Young-O’Neil inequality. The research methods are based on the interpolation theorems proved
in this paper for the spaces Ap 4.
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Introduction

Let 1 <p < o0, L, = L,(R) and let the convolution operator be given by

(Af)(2) = (K« f)(x) = | K(z —y)[f(y)dy.
The Young convolution inequality
1
1AL, L, < IK]|L,, 1+6=*+*7 1<p<qg< oo,

has'a very important role both in Harmonic Analysis and PDE (see, e.g., |1, Ch. 4, § 2, 4], [2]).
K(z) = |z|77, v > 0. Young’s estimates were generalized by O’Neil [3] who showed that for
l<p<g<oo,0<t,s1,5,<oc0,1/r=1—-1/p+1/qand 1/t =1/s1+1/s2

HA|’LP,51_>Lq,52 S C HKHLr,t7

and in particular

where L, s is Lorentz space.
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Note that inequality (2.2) unlike (2.1) gives the Hardy-Littlewood fractional integration theorem,
which corresponds to the model case in which K (z) = |z|~/".

When 1 < p < ¢ < oo, were considered in [4], [5]. The estimate (1.1) was improved in [6], [7].

There are several generalizations of both Young and O’Neil’s inequalities for various function
spaces (weighted Ly, classical and weighted Lorentz spaces, weighted Besov and Hardy spaces, Wiener
amalgam spaces, Orlicz spaces; see, e.g., 8], [9], [10], [11], [12], [13], [14], [15], [16] and references
there in). We also remark that the sharp Young convolution inequality was obtained in [17] and [18].

Note that the norm estimates for convolution operators in various spaces are closely related to the
problem of multipliers of Fourier transforms and Fourier series [19], [20], [21], [22], [23].

Let 0 <p < 00, 0 < ¢ < oo. It is said that the sequence a = {a};2 _ belongs to the'elass A, 4, if

oL\
lalng, = [ Y laxl®o ™) <o,

k=—o00

—0o0

where k = max(|k|, 1), and

HaH)\p’oo = sgp|ak|fc% < 00,

if ¢ = o0.

Our aim is to study the convolution inequalities in weighted spaces A, 4.

Throughout this paper, F' < G means that F' < CG; by Cawe denote positive constants that may
be different on different occasions. Moreover, F' < G meansthat F' < G < F.

2. Properties of the spaces Apy

Lemma 2.1 For embedding

Apo,go- " Ap1,ai (2.1)
to hold it is necessary and sufficient that
1 1 1 1
fOTQOSC]h?—?Spfo—Ea
for ¢1 < qo, 1770_]771>0'
Proof. We consider the case o< q;. Let q% — q% < p% — p%' Then, using the inequality (a + b)* <

< a®+ b for a < 1, we get:

1
e8] _ia q1
ol ) i)

k=—o0

1

( i <|ak|q%(z}1_q11))m> "

k=—00

1

1 1
< ( )\ (|ak|k<£o—qt>)’“> "< ( > (rakyk%—qt))‘”) U= all,,

k=—o0 k=—o00

Thus,
)‘P(MIO — )‘Pl,th .

On the other hand, let m € N and we consider the sequence a = {a}32 _ :

1, k=m
ar =
0, in otherwise.
Then according to embedding (2.1),

1 1 1
) = o], <eldl], = emGiw).
>‘p1,(11 >‘P07‘10

1L 1 _ 1

Since m is arbitrary, which is possible if only if o a <
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1 1 -1 _ 1 _ 1, 1 i
T 0. Denote ¢ = T + ql.lFurlther anlyl?g

the Holder inequality with the following parameters r; and ro such that - — =

1 1 _ 1
(E+E—a>,weget

Let us pass to a case q1 < qo. Let

1
r1 qQ’ ™2 Q1 q0’

1 =
> SRR R T > (L) @
HQH)\I,qu = Z (\ak\kpo a0 ) = Z |ak|k po a0 /k¢
k=—o0 k=—o00
1

©  \m
< Ha||,\pw0 ( Z k—6r2> )

k=—o00

Moreover erg = [(i — i) + (L — i)} (L — i)_1 > 1. We have i k7572 < 0.

po P q1 90 q1 q0
k=—o00

To prove the necessity, we suppose that the embedding A, ¢ < Api,q; and m € N holds. We
consider the sequence a = {ax}3> __ such that

{w,ogkgm
ap =

0, in otherwise.

1
. a
We have HaHAp o (g E<Z€+aq11)> " = clm(ﬁ“‘),
1:91

i=1
1
m q0
490 1
= =t 4ago—1 _ | 4«
HGHA = ( E Z(pO q0 )) :CQm(pO )
0,490

i=1

Therefore, since Ay, g0 = Ap,q1;> and m is arbitrary we have that p% > p%'
1_ 1 : _ S

In the case - = --. We consider the sequence a = {ar 72 . when

{kplo In"w R 2<k
A =—

0, in otherwise,

where ¢ is chosen so that q; < go — €. Then since 22— > 1, we get
e 1 1 q0 _ (40 % > 1n~ qgo—s k 0
ol N, = (Z (55 e §) " G- >) _ (Z z;) < co.
P0,90
k=2 k=2

On.the other hand since & < 1, we have

Q
2=

ol = ()

k=2 E‘lnqﬂ*s ];:
Therefore, the condition p% > p% is necessary.
Lemma 2.2 Let 0 < po, qo, p1,q1 < 00, 0< 6 <1, then
(Apo.aos )‘mm)e,q = Apg»

1 1-60 0 1-0 0
= +

i

1
g q@ @ p po P
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Proof. By the well-known theorem of powers (see [24, Th. 3.11.6]), we have

q
(()‘pquo)qo ’ (Apl,lh)ql )7771 = <()‘p0,q07 )‘p1,Q1)9,q> ’

where n = b

The norm of the element z in the space ((Apy,q0)% , ()\phql)‘n)n | is equal to

00 s (40 _ s (a1 _ dt
/ 1 inf ( > i) 4 > k0t 1)> =
0 r=z"+x e —o0 oo
< -0 _q .
:Z/ t x| kPo inf
A 0 0 1

Tp=Tp+T,

:CkO q0 q1

Lk

k‘l
e

—491_ 490
‘xk|QI7q0kp1 PO

[ (o BN g 0190 g1 | 43
-3 | (s a0k 50 ) g ko e (1 + slgitt)
k=—o0 =Vt
Considering that inf (Jypl + s|yz|™") ~ min(1,s) and n = Z—f the last expression is equal to
1=y)+

=YYk
o0

—(q2_
c Z |xk|qk(” 1>, whence the statement of the lemma follows.

k=—00

Lemma 2.3 Let 0 < g <00, 0 <s<oo, 0<8<1,then

[)‘q,Sa )‘qm]e = )‘q,tv

1 _ 1-6
where =5

Proof. The interpolation theorem (see [25], p. 142) concerning to the complex interpolation method
is known

[lpo (Ar)s oo (Bi)lg = 1p([Ak, Bilo)

here 1 <pp < oo, 0 <6 <1, % = 1}0;00. In our case, the spaces A\; s, A\g,co can be represented as follows
)\q,s — ls(Ak)7 )\q,oo = loo(Bk)a
11 ~1
where H HA =|- |k‘q S, H‘HBk:|‘|kq'

Therefore we have

[Ags5 Agoolg = [ls(Ak), loo (Br)lg = it(Ck),

1_1-6
here = ~—,

(1_p) (L 1y 1 1-6 1
H-Hck:\-]k(l NG=re = | ka5 =] [k

ie. lt(Ck) —7 >‘q,t
Let X bea linear normed space of numerical sequences. We define the dual space X’ as a set of
sequences a = {ay }rez for which

lallx == sup > axbs.
Iblx=1 5

Lemma 2.4 Let 1 <p < oo, 1 <q< o0, 7+,—7 ,:1 then

()‘p,q) = )‘p’vq’

Proof. The statement of Lemma follows from equality

HGH)\p/}q/ = sup Zakbk (22)

1Bll5p,q=1 kez

which could be proved using the Holder inequality.
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3. Convolution in the spaces A, 4

Let a = {ar}2 o, b= {br}32_,, besuch that

[e.e]

Z apbg_m <00, mEZ.

k=—o00

The sequence

k=—o00

{ Z akbk—m}

will be called a convolution and denoted by a * b.
1 _1
Lemma 3.1 Let 1 <r,p,q < oo and E—I_l =+
Then

D=

[la % bl 00 < cllallx, o [10l]x, -

Proof. By the definition of nonconforming transformations, we have

oo o0
Ha*b”kqw = sup ( Z ambmk) foa < sup |ap,|m 7 'sup Z ]bk,m]m*$E%
' k m=—oo m=—o0
. 1 N
= Ha“/\mosupkq Z b |(m — k)7 < ||al -~ HbHA _supk Z (m—k)"rm »
7 k m=—o00 ’ 8 k m=—o00
Note that for k # 0
i (m—F) " rmr = / AT _ kl—l/P—l/T/ gt
= R |z —k|r|o|? R [z —1]7|z]»

Therefore, we have

o], . < ellally, . 12l .. -

Lemma 3.2 Let one/of the following conditions be fulfilled:
- 1,1 _1,1
either 0 <s <1, 0<s<pr<g<oo, s+~ ST
or 1 <s < oo, 1<p,r<q<oo,1+%:
Then the following inequalities hold:

q
+

S =

1
p

lax2ll,, , <cllal

>\r,s bHAp,oo ’

laxbll,,, < cllal . [, -

Proof. Let 0 < s < 1. According to the Jensen’s inequality we have

Sk@l))i < < i i \ambmkm(il)f

k=—00 m=—00

o0

Z ambkfm

m=—0oQ

ax bl = ( 5

k=—0o0

= ( Z |am|® Z \bkm]Sk;(Z—l)>s < (1B ( Z |t |® Z (k—m);k(2_1>>9

m=—00 k=—0oc0
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Considering that

o0
S Fmmy kG < m i o,
k=—o0
Wehave0<s§1,% %:%%—%
laxblly, , < cllall, ],
and in particular
laxbll,,, <ellally,  lIoll,,, -
Using Lemma 3.1 we have
laxbll,, ., <ellall, . 1ol ..

Applying the bilinear interpolation theorem [2; Theorem 4.4.1] we obtain

Ha*bH[A < cllallpn, co A 00l HbH[A

q,lv/\tLOO]G pylv)‘p,oo}e )

Moreover, by Lemma 3.1 we obtain

laxblly,, < c<llalls, . [Blly,, -

Thes second inequality is proved symmetrically.

For the proof of further results we need next statement also of independent interest.

Theorem 3.1 Let 0 < s,t1,t < 00, % = % + % Let one of the following conditions be fulfilled:
either 0 <s <1, 0<s<p,r<qg<oo,
or 1 < s < oo, 1<p,r<q<oo,1+%:
Then

where { =1-6, 6€[0,1], 1+ =7+

[=
_l_

loxbll,, 0= cllally,,, [Pl,,, -

Proof. According to the Lemma 3.2 the following basic inequalities are known

la =2l , < cllal

A Bl -

laxbll,,, < cllal . [, -

Applying the bilinear interpolation theorem and using Lemma 3.1, we obtain the desired statement.
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A. Baxsrr, H.T. Trneyxanosa

Tpuronomerpusiyibik Pypbe KaTapblHbIH KOOEUTKINITEPI
KJIACBIHBIH )\, , KeHicTirinjeri ece0i

Makasnana a = {ak}je, TI30EKTIH >KULIHLI PETIHJE AHBIKTAJATBIH Ap g CAHIBIK Ti30EKTEpiHIH CAJIMaKTbI
KEHICTIr KapacThIPBLIIBI, OJIap YIIIH HOpMa

1

oo q q
lallx,, = { > laxl'k» ™) < oo
k=1

mekTeya. OcneitTin TizbekTep GosFaH Karmafiga Apq KEHICTIriHIH HOPMACHI KJIACCUKAIBIK, lp.q-JlopeHis
KeHICTiriHiH HOpMachIHa COfKeC KeJleli. Ap ¢ KeHICTIriHIH Ap, ¢, KeHicririne eHrisy ymiin KaskeTTi KoHE KeT-
KiJiKTi mIapTTaph! ajabiaabl. HaKThl HHTEPIOSINs 9J1iCiHe KATBICTHI OChI KEHICTIKTeP/IiH NHTEPHOJIAIUSIBIK,
KaCHETTEepl 3ePTTENTeH. \p o KEHICTIKTEPiHiH MIKaIachl HAKTHI NHTEPIIOIANNS 9iciHe KATHICTEI, COHMAN-aK
GipikTipinren mHTEpHOAIUS 9/iCiHe KATBICTBI TYHBIK eKeH/iri kepcerinren. Kocapianran KeHICTIKTIH Ay ¢
caJIMaKThl KEHIiCTiriHe cumarTaMa ajbHIbBl. ATan afiTkaHa, KeHicTiK pedJiekcuBTi, MyHJIarsl p', ¢ napa-
MeTpJIepi p KoHe ¢ TmapaMeTrpJepine Tyitinmec 6osbin Kesremi. COHBIMEH KATApP OChI KEHICTIKTepe YiHipTKi
oIlepaTopJIapbIHbIH, KacueTTepi 3eprresi. Byi kymbicToiy Herisri mormxkeci O’Heitn wunti Tencizairi 6o-
JIBITT TabbLIa b, AJIBIHFAH TEHCI3MIK Kaaccukaablk, FOur-O’Heitr TeHci3Mirin x)kamnbuiaiiasl. 3epTrey oici
Ap,q KEHICTIKTEpI YIIIH [pJIesIeHIeH MHTEPIOJISIUSIIBIK TeopeMaiapra, Heri3nesret.

. . T . . ... P11
Kiam cesdep: Tpuronomerpusiblk @ypre kosddbunuenrrepi, O’Heitn TeHcismiri, yitiprki oneparopsr, Mjd:H
KJIACHI.

A. Baxserr, H.T. Trneyxanora

Sajada KJIaCCOB MHOXKHTEJIeil TPUIroHOMeTPUYeCKuX psgoB
@ypbe B IIPOCTPAHCTBAX A,

B craTtpe paccMoTpeHBI BECOBBIE IPOCTPAHCTBA UUCJIOBBIX IIOCJIE/IOBATENBHOCTER \p ¢, KOTODBIE OIIPEIEIIs-
I0TCSI KAK MHOXKECTBa [OC/Ie0BATEeNbHOCTER ¢ = {ak }7o 1, JJIsi KOTOPBIX KOHEYHA HOPMa

oo q q
lallx,, == | D lax|®k» ™) < oo
k=1

B ciywae meBospacTalonx mocaeq0BaTeILHOCTEH HOPpMa IPOCTPAHCTBA Ap g COBIAJAET C HOPMOM KJrac-
cuteckoro npocrpanTsa Jlopenna I, 4. Ilomxydensl HeoOXomuMbIE U TOCTATOYUHBIE YCJIOBUS JJIsl BJIOYKEHU
[IPOCTPAHCTBA Ap ¢ B HPOCTPAHCTBO Ap, ,q, - VICCIIEIOBAHBI MHTEPIOJISIIMOHHBIE CBOMCTBA 9TUX IPOCTPAHCTB
OTHOCHTEJILHO BEILIECTBEHHOIO MHTEPIIOJISIIIMOHHOrO MeTofa. 1lokasano, ITo IIKaja MPOCTPAHCTB Ap g 3a-
MKHYT& OTHOCUTEJIBHO BENIECTBEHHOIO MHTEPIIOJSIIMOHHOIO METOA, & TaKKe OTHOCUTEILHO KOMILIIEKCHOTO
WHTEPIOJISITTHOHHOIO MeToia. [lo/iydeHo onrcanue JBOMNCTBEHHOIO MPOCTPAHCTBA K BECOBOMY ITPOCTPAHCTBY
Ap.gy @ UMEHHO: TTPOCTPAHCTBO pedJIeKCHBHO, T/e p’, ¢’ COmpsKeHbl K mapamerpam p u ¢. Kpome Toro B
CTaThe U3yYeHbl CBONCTBA OIlepaToOpa CBEPTKU B JAHHBLIX IpocTpancTBax. OCHOBHBIM PE3yJILTATOM JIAHHON
paboTs! siBisiercst HepaseHncTio Tuna O’Heitta. [ToryuernHoe HepaBeHCTBO 0000IAET KITACCHIECKOE HEpaBEH-
ctBo FOura-O’Heitna. Meros ncciieqoBanust OupaeTcst Ha JJOKa3aHHBIE B 9TOH paboTe MHTEPHOJISIIHOHHbBIE
TEeOPEeMBI JJIsi IPOCTPAHCTB Ap q.

Karoueswie caosa: rpuronomerpuyeckue koapdunnentsr Pypoe, HepaBencrso O’Heita, oreparop cBepTk,

MPVIY xnace.
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