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The hybrids of the A — PJ theories

When studying Jonsson theories, which are a wide subclass of inductive theories, it becomes necessary to
study the so-called Jonsson sets. Similar problems are considered both in model theory and in universal
algebra. This topic is related to the study of model-theoretical properties of positive fragments. These
fragments are a definable closure of special subsets of the semantic model of a fixed Jonsson theory. In this
article are considered model-theoretical properties of a new class of theories, namely A'— PJ theories of
countable first-order language. These are theories that are obtained from A — P.J theories by replacing in the
definition of A — PJ theories of morphisms (A-continuities) with morphisms{(A-immersions). A number of
results were obtained, A — PJ fragments, A — PJ sets, hybrids of A — PJ theories. All questions considered
in this article are relevant in the study of Jonsson theories and their model classes.

Keywords: Jonsson theory, A— PJ theory, A— PJ fragment, semantic model, hybrid of the A— PJ theories.

In this article we want to define the concepts of a hybrid for.a special positive case of Jonsson
theories. Prior to this, we have defined the concepts of a hybrid of Jonsson theories, which are closely
related to some fixed Jonsson theory. To familiarize ourselves with this material, we refer the reader
to the following sources [1-5]. On the other hand, it is well known that the concept of Jonsson theory
can be considered in a more general context, namely in the framework of the study of positive model
theory. The main sources in this direction we would like to mention the following works: [6-8].

Further, as part of the study of the positive model theory, the study of Jonsson theories was begun
[9]. In this paper, we consider a special case of a positive model theory and note that this particularity
is related to the form of the formulas that are preserved during immersions; immersions, in turn, are
a special case of homomorphisms.

About Jonsson theories, more detailed information can be extracted in the monograph [10] and in
the works [11-15].

Let L be a first-order language. At is the set of atomic formulas of this language. B*(At) is a closed
set of relatively positive.Boolean combinations (conjunction and disjunction) of all atomic formulas,
their subformulas, and variable substitutions. Q(B™(At)) is the set of prenex normal formulas obtained
by applying quantifiers (V.and 3) to BT(At). A formula is called positive formula if it belongs to the
set Q(BT(At)) = L*. A theory is called positively axiomatizable if its axioms are positive. B(L™)
is an arbitrary Boolean combination of formulas from LT. It is easy to see that II(A) C B(L™) for
A = Bt (At); where 1T = TI(A) = {Vy—p(z,y) : ¢ € A} = = {=p : ¢ € A}

Following [6, 7] we define A - morphisms between structures. Let M and N be language
structures, A C B(L"). A mapping h: M — N is called a A - homomorphism (symbolically h : M —
N)y if for any ¢(T) € A, Va € M from the fact that M = ¢(a), follows that N = ¢(h(a)).

Following [6, 7|, the M model is called the beginning in N and we say that M extends to N,
and h(M) is called the continuation of M. If the map h is injective, then it is said that the map h
immerses M in N (symbolically h : M <Z> N). In the future, we will use the term A-continuation

and A-immersion. In the framework of this definition (A homomorphism), it is easy to notice that
isomorphic embedding and elementary embedding are A-immersions when A = B(At) and A = L,
respectively.
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Consider the following necessary definitions.

Definition 1. If K is a class of L-structures, then we say that an element M of K is A positively
existentially closed in K, if every A is a homomorphism from M to any element of K is A-immersion.
The class of all A - positively existentially closed models is denoted by (E[A()Jr; if K = ModT for some
theory T', then by Erp, (]E’:,Aﬂ)Jr we mean, respectively, the class of existentially closed and A-positively
existentially closed models of this theory.

Definition 2. We will say that the theory of T admits A — JEP, if for any two A, B € ModT there
is C' € ModT and A-continuation hy : A X C,hy: B Z> C.

Definition 3. We will say that the theory T admits A — AP, if for any A, B,C € ModTl
such that hy : A X C,g1: A X B, where hy, g1 is a A-continuation, there is D € Modl and

ho : C Z} D,g: B Z) D, where ho, go — A-continuation such that ho o hy = g2 0 g5.

Definition 4. A theory T is called a A-positive Jonsson (A — P.J) theory if it satisfies the following
conditions:

1) T has an infinite model,

2) is positively V3-axiomatizable;

3) admits A — JEP;

4) admits A — AP.

Let C be a semantic model of some fixed Jonsson theory.T'.

Definition 5. Let cl : P(C')) — P(C) be an operator on‘the power set of C. We say that (C,cl) is a
Jonsson pregeometry if the following conditions are satisfied.

If ACC, then A C cl(A) and cl(cl(A)) = cl(A).

If AC B CC, then cl(A) C cl(B).

(Exchange). AC C, a,be C, and a € cl(AU{B}), then a € cl(A),b € cl(AU {a}).

(Finite character). If A C C'\/ and a € cl(A), then there is a finite Ag C A such that a a € cl(Ay).

We say that A C C is closed if cl(A) = A.

Definition 6. 1f (C, cl) is a Jonsson pregeometry, we say that A is Jonsson independent (J-independent)
subset in C, if a ¢ cl(A\ {a}) for all a’€ A and B is J-basis for Y, Y C C, if B-J-independent and
Y Cacl(B).

Lemma 1. If (C,cl) is a J-pregeometry, Y C C, By, By C Y and each B; is a J-basis for Y, then
| B1 |=| Bz |.

We call | B; | the J-dimension of Y and write Jdim(Y) =| B; | .

IfA C C, we also consider the localization cls(B) = cl(A U B).

Lemma 2. If (C, cl)isia J-pregeometry, then (C,cly) is a J-pregeometry.

If (C,cl) is a J-pregeometry, we say that Y C C' is J-independent over A if Y is J-independent in
(C,cly). We let Jdim(¥/A) be the J-dimension of Y in the localization (C,cly). We call Jdim(Y/A)
the J-dimension of Y over A.

Definition. 7. " We say that (C,cl) is a modular pregeometry if, for any finite-dimensional closed
A, B C (' the following is true

dim(AU B) = dimA + dimB — dim(AN B).

Definition 8. If (C,cl) is modular, then the Jonsson theory 7' s called modular, where C is a
semantic model of theory T'.

Definition 9. Let X C C. We will say that a set X is A-positive Jonsson subset of C, if X satisfies
the following conditions:

1) X is A-definable set (this means that there is a formula from A, the solution of which in the C'
is the set X, where A C B(L™), that is A is a view of formula, for example 37,V V3" u 11.);

2) del(X) = M, M € (E2)*, where dcl is a definable closure operator and ¢l is an operator defining
pregeometry over C.
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All morphisms which we are considering below will be A-immersions.

Lemma 3. Let T be a A — P.J-positive perfect Jonsson theory, (E%)Jr is class of its existentially
closed models. Then for any model A € (E2)* theory Thyg+ (A) is a A — PJ theory.

Definition 10. The inductive theory T is called the existentially prime if: it has a algebraically prime
model, the class of its AP (algebraically prime models) denote by APrp; class Ep non trivial intersects
with class APp, i.e. APp(Ep # 0.

Definition 11. The theory T is called convex if for any its model A and for any family {B; |4 € I}
of substructures of A, which are models of the theory 7', the intersection (;c; B; is a model of T

Let T be a A — PJ theory and C is a semantic model of A — PJ theory. Let X1, Xobe a'&A— PJ
subsets of C.

Fr(Xi), Fr(Xs) are A — PJ fragments.

Let My = dcl(X1), My = dcl(X2), where My, My € (E2)*.

Thys+ (My) = T1, Thys+ (Mz) = Ty,

C1 is the semantic model of A — PJ theory of T, C5 is the semantic model of A — PJ theory of

T1 = Thv3+ (Ml) = FT+(X1), T2 = Thv3+(M2) = FT+(X2),

We define the essence of the operation of an algebraic construction.

Let & € {U,Nn, x,+,®,[[,[]}, where U-union, N-intersection, x-Cartesian product, +-sum and
F U

@-direct sum, [[-filtered and [ [-ultra-production.
F U

The following definition gives a hybrid of two A — P.J fragments of the same signature.

Definition 12. A hybrid H(Frt(X1), Frt(Xs)) of A = P.J fragments Fr*(Xy), Frt(X3) is called
the theory Thys+ (Ch [ Cy), if it is A — PJ theory, where Oy are the semantic models of Frt(X;),
i=1,2.

Note the following fact:

Fact. For the theory H(Fr*(X1), Frt(X2))ito bea A — P.J theory enough to (C1 D Cy) € (ER)T.

The following examples will be examples of hybrids of A — PJ theories:

Let A = BT(At).

1) Let T be a A — PJ theory, C' be a semantic model of A — P.J theory of T. A, B are the A — P.J
subsets, A, B C C. dcl(A) = My, del(B) = My, where My, My € (ER)*. Then Thys+ (M x Ma) will
be a hybrid of A — PJ theories.

2) Let Ty, T be the A = P.J theories of Abelian groups, C1, Cy be the semantic models of A — P.J
theories of T, T, respectively. Then Thys+(Cy x Cy) = H(T1,T3) will be a hybrid of A — PJ theories.

3) Let V be a linear space, Vi, Va be the linear subspaces, Vi, Vo C V. Then Thy+ (Vi @ Va) will be
a hybrid of A — P.J theories.

And also, there are a number of tasks that will be examples of hybrids of A — PJ theories.

1) Let G be a group, T = Th(G), Hy, Hy are normal divisors of the group G. X1, Xy C C, C is
the semantic. model of A — P.J theory of T. Let Hy = cl(X1), Ha = cl(Xz), where Hy, Hy € (E2)*.
Thys+(Hy) = T, Thys+(Hy) = To, Th,T5 are a A — PJ theory. Then their hybrid will be
H(T\,T5) = Thys+(C1 O Cy), where (4 is the semantic model of A — PJ theory of T7, Cy is the
semantic model of A — P.J theory of Ts,respectively. Then is there such a theory T3, T5 = H(T1,T2) =
= Thys+(C1 [ Cy) and if there is a theory of T3, then which H (77, T») satisfy these conditions? Here
for the place of algebraic construction will be direct sum: [J = &.

2) Let T1,T» be a A— PJ theory and T3, Ty be a A— P.J theory. Then Cy, Cs are the semantic models
of A — PJ theory of 11,15, C3,Cy are the semantic models of A — PJ theory of T3, Ty, respectively.

If C1 =0y C3 =Cy, mo Cy x C3 = Cy x Cy, then are there such theories 375 : T5 = H(T1,T3) =
= Thv;|+ (Cl X Cg), E|T6 : T6 = H(Tg, T4) = Thvng (CQ X 04), which will be hybrids of A — PJ theories?

In the study of this class of theories, we obtained the following results:

Let A = BT(At).

176 Becrnuk Kaparanmurckoro yHuBepcurera



The hybrids of the A — PJ theories

Theorem 1. Let Fr*(X) be perfect convex existentially prime complete for V31 -sentences a A— P.J
fragment. Xy, Xo are the A — PJ-sets of the theory Thys+(C), where M;=dcl(X;) € Epp(Th,,, (0))s
Fr(X;) = Thys+ (M;) are also perfect convex existentially prime complete for V3T -sentences a A— P.J
fragments. C, Cy are their semantic models, respectively. Then, if their hybrid H(Fr*(Xy), Frt(X3))
is a model consistent with Frt(X;), then H(Frt(Xy), Frt(X3)) is a perfect A — PJ theories for
i=1,2.

Proof. Suppose the contrary. Then, since the hybrid H(Fr*(Xy), Fr™(Xs)) is a A — PJ theories
and has a semantic model M, by the assumption not perfectness of this hybrid H(Frt(Xy), Frt(Xa2)),
the considered semantic model M will not be saturated in its power. And this means that thereis such
X C M and such type p € S1(X), which is not realized in M, more precisely in (M, m),ecx. By
virtue of the consistency of type p, this type is realized in some elementary extension M’ = M.y
virtue of the Jonssonness of hybrid A — PJ fragments H(Fr*(X;), Frt(X2)) and model consistency
with Fr*(X;), i = 1,2 there is a model A; € ModFr*(X;), i = 1,2 such that M"is a submodel
of A. A in turn, is embedded in the semantic model Cj, i € 1,2, but C; is a saturated model of
the theory Frt(X;), i € 1,2. By virtue of the A-immersion, suppose h from M’ in A, h(X) C A
and since the type of p is realized in M’ it will be realized in C;.'But Cyf € Er+(x,) and since
Frt(X;) are existentially prime convex theories, there exists a countable model N; € EFT+( X,)s In
which the type p will be realized. By virtue of convexity, the model N; will be a nuclear model, i.e. it is
algebraically prime embedded in other models from Mod(Frt(X;)) exactly one time. But by virtue of
the model consistency of Fr™(X;) with the hybrid H(Fr*(X;)), N; A-immerse oneself in some model
from ModH (Fr*(X;)). Since Frt(X;) are perfect theories, their ¢enter is model-complete, i.e. any
monomorphism is elementary between the models of this center. And such, by virtue of perfection, are
all the models from Ep,+(x,). Then the above A-immersion will be elementary, i.e. type p is realized
in a countable submodel of model M. We got a contradiction with the assumption of imperfection.

Theorem 2. Let Frt(X), Frt(Xy), Fr™(X3s) satisfy the conditions of Theorem 1 and Frt(Xy),
Frt(X3) be w-categorical A — PJ fragments::Then their hybrid H(Fr*(Xy), Frt(Xy)) is also a w-
categorical A — PJ theory.

Proof. We note that, by virtue of‘the above Theorem 1, the hybrid H(Fr*(Xy), Fr(Xs)) will
be a perfect A — PJ theory. Suppose the contrary, i.e. the hybrid H(Fr(X;)) is not a w-categorical
Jonsson theory. Let A and B be two countable models from ModH (Fr*(X;)). Then there are A’
and B’ countable models from E H(Fr+(X;)) such that A is isomorphically embedded into A’, and B is
isomorphically embedded into B’. This follows from the fact that in any inductive theory any model is
isomorphically embedded in some existentially closed model of this theory. But fragments of Frt(X;)
are mutually model ¢onsistentwith H(Fr*(X;)) by virtue of the condition of the theorem. Then A’
and B’ are A-immerse oneself in some countable model D € Ep,.+ (x,), HO but as F’ r*(X;) are convex
fragments, then the image of A’ and the image of B’ in the model D intersects non-empty. Let this
intersection be a model R. y virtue of the above existential primeness and countable categoricity of
Frt(X;)since R € Er, it follows that in R = ¢(z) A =¢(z), where in A" = p(x), and in B' | —¢(z)
Butrthis is not true, as T; are w-categorical by condition. Consequently, we obtain a contradiction with
the assumption of non-w-categoricity H(Frt(X;)).
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A.P. Emkees, H.M. Mycuna

A-P.J TeopusjiapabIH TuOpuaATEpPi

WuayKTUBTI TeOpUsIapAbIH KeH, KJIachl OOJIBIN TaObLIATHIH HOHCOHIBIK, TEOPUSLIAPIbl 3epTTEreH/ 1e, HOHCOH-
JIBIK, MK 2K UBIHIAPIBL 3ePTTEy KaxkeT 60saabl. OCBIFaH YKCAC MOCeseIep MOIEIbIAEP TEOPUSICHIHIA A, OM-
bebarr aaredpajia J1a KapacThIpbLIFaH. Byl TaKBIPBIIT TO3UTUBTI (PparMeHTTEPiH MOJIE/IbIi-TeOPETUKAIIBIK,
KACHETTEpIH 3epTTeyMeH OalIaHbICThI, SIFHU (pparMeHTTep Gesriai 6ip HOHCOHIBIK TEOPUSHBIH, CEMAHTUKA-
JIBIK, MOJIC/TIHIH, apHAMBI KUBIHIAPBIHBIH, TYWBIKTAMAChl O0JIBIT TabbLIaIbl. Makasiaga TeopusIap/IblH KaHa
KJIACBIHBIH, MOJIEJIb/Ii-TEOPETUKAJIBIK, KacuerTepi, aramn aiitkanga Gipinmi perreri ringeri A-PJ teopusi-
Japbl KapacTelpbuirad. Bysn A-PJ reopusicbinan anbiaFad A-PJ mopdusmuep reopusicbi (A->Kaarachl)
mopdusmzaepmen (A - 6aTy) aaMacThIPy apKbLIbI AJbIHFAH Teopusiap. COHbIMEH KaTap GeplreH XKyMbICTa
GipkaTap HoTHKeJep aJblHbl, ogap: A-PJ dparmenrrep, A-PJ xubiagap, A-PJ Teopusiiapibis, rubpui-
Tepi. Makasaza KapacThIpbLIFaH 0apJiblk, CypakTap HOHCOH/IBIK, TEOPUsIIAP/IbI YKOHE OJIAP/bIH MOJIEJIbIED
KJIACTAPBIH 3€PTTEY/IE ©3€KTi OOJIBINT TaObLIAIbI.

Kiam ceadep: oncounpbik reopust, A-PJ reopusi, A-PJ dparMeHT, ceMaHTHKAJIBIK MOJieb, A-P J-reopusi-
JIapIBIH TUOPU/II.
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I'm6puapr A-P.J-Tteopmit

TIpu usyuenun HOHCOHOBCKUX TEOPHIi, KOTOPBIE SIBJISIOTCS IMUPOKUM IIOJKJIACCOM HHJyKTUBHBIX TEOPHIA,
BO3HUKAET HEOOXOJMMOCTb M3Yy4YeHUs TAK Ha3bIBAEMBIX MOHCOHOBCKUX MHOXKecTB. [lomobHble 3aadn pac-
CMaTPUBAIOTC KaK B TEOPUU MOjesieil, TaKk U B yHUBepcaJbHON asrebpe. /laHHas TeMaTmka CBs3aHa C
U3YyYEHUEM TEOPETUKO-MOJIE/IBHBIX CBONCTB MO3UTUBHBIX (DPArMEHTOB, KOTOPBIE SABJIAIOTCS OIPEIETUMbBIM
3aMbIKAHUEM CIIEIMAJIBHBIX ITOAMHOYXKECTB CEMaHTUYIECKON MOojesn (PUKCUPOBAHHON HOHCOHOBCKOW TEOPHUU.
B crarpe paccMoTpeHBI TEOPETHKO-MOJE/IbHBIE CBOMCTBA HOBOIO KJiacca Teopuil, a uMmeHHO A-P . J-Teopuit
CYETHOTO A3bIKA TIEPBOrO MOPSIKA. DTO TEOPUU, KOTOPbIE ToJiydaiorcs u3 A- P J-Teopuil 3aMeHOi B onpeie-
sgennu A-PJ-reopuit Mmopdusmos (A-npogosmrkenuii) Ha Mopdusmer (A-norpyzkenus ). [Ipu 3Tom mosayden
psx pesyabraroB, A-PJ-bparmentsr, A-PJ-mu0XKecTBa, rubpuast A-PJ-reopuit. Ciexyer 3aMeTUTh, 9TO
OCHOBHBIE CUHTAKCUYECKUE U CEMAHTUIECKUE aTPUOYTHI 3TUX HOBBIX KJIACCOB SIBJIAIOTCS HOBBIMU ITOHATHS-
MU, U OHU IOSIBUJIMCH [IPU M3YYEHUM [TO3UTUBHBIX HOHCOHOBCKMX KJIACCOB Teopwuii. Bece Bompockl, pacemar-
pUBaeMble B CTaTbe, SIBJIAIOTCS aKTyaJbHBIMU B OOJIACTH M3yYeHUs] HOHCOHOBCKMX TEODUH M HMX KJIACCOB
Mopeeit.

Karouesvie crosa: HoHCOHOBCKast Teopusi, A- P J-teopust, A- P J-dpparMeHT, ceMaHTHYeCKast MOJIEb, THOPUT,
A-P J-teopuit.
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