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Solving a nonhomogeneous integral equation
with the variable lower limit

An nonhomogeneous integral equation with a singular kernel is considered. A feature of the equ under
study is the incompressibility of the integral operator. In the study of the equation, an ausili

equation is used with the right-hand side equal to 1. The incompressibility of the integra the
equation under study is shown. Using the relations for an independent variable, the equatio alently
reduced to a certain simplified equation. With the help of replacements for ind ] ables, the
equation is reduced to an integral equation with a difference kernel. By a ing theflLa ansform,
the obtained equation is reduced to an ordinary first-order differential equation Its solution is

ral ‘equation is obtained
n with an arbitrary

found. By using the inverse Laplace transform, a solution of the auxi
in the form of a convergent series in some domain. The solution of the in
right-hand side is written through the solution of the auxiliarguation.

Keywords: nonhomogeneous singular integral equation, auxiliary e ion, Laplace transform, convergent
series.

Introduc

ar integral equations are irregular situations when
of these equations is an equation of the form:

2
(r+1) )}+

The most complex and interesting objects of stw
the phenomenon of uniqueness of a solution is vi

Cda(r—t

=f), (E>0). (1)
For the kernel of equati
1 —t
K(r, T eXP{—T—2} ) (2)
(r—t)? da
we have [1]:
i [ K(rt)dr= lim (20 % +1) =1
Jim [ Ko dr = Jim (2735 41) =1
e, aracteristic part of equation (1) is the second term of the kernel (2).

n we have [1].
heorem 1. For the singular integral Volterra equation (1) with the kernel (2) the norm of an integral
oper acting in classes of continuous functions is equal to 3.
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Solving a nonhomogeneous integral equation...

1 An auziliary equation and reducing the integral equation
to an equation with a difference kernel

Using relations:
(1 +1)? B Tt T—1t
4a2 (1 —t)  a2(r—t)  4a?’

THEt=21— (T —1),

equation (1) will be rewritten as:
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It is enough to find a solution to the «simplified» equation [2; 215]:
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Q})}zﬁ dr = 1. (4)
Integral equation (4) is reduced to & th a difference kernel by means of replacements:

where
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We have
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/2 _
t) — T — — | drp = 1.
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After iding both sides of the last equality by t‘;’/ 2, we introduce the following notation:

1 1
y(h):ﬁw'd)(E)-

a result, we obtain the equation:
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2 Solving the equation with a difference kernel

Applying the Laplace transform to the equation (5) we obtain the operator equation:

-7 (p) - 2ai/ﬁ (1 XD (‘?) ) y(p) + {exp <—¥> y(p)}/p - %,

After simple transformations we finally get

_ 1 Chﬁ _ Y
v )+ 5P =~ VT WARE (6)
\/I_)ShT \/ﬁ(l—exp(—T))
The solution of the differential equation (6) is the following function:
VP
C exp (T)
y(p) = —avT——rt. (7)
sh‘/T"T shﬁa@
We rewrite (7) in the form:
2C
y(p) =
exp (?) —exp
or in the form
_ 2C
W) = —— 0
exp (T) — exp (—
To (8) we apply the inverse Laplace transform
i =—c |
where
9 (v;t) !
0 ) - /—ﬂ_x
is the modified theta functi
3 Solving the «simplified» equation
Returning t 1 variables, we get
Cl[d ~ (v a® = n?
t = —— | — —_—— — 2 . _—t .
w0=—7 |5 00 (55)] 22 men(Ht) )
@ e solution of the auxiliary equation (4) with the right-hand side g(¢) = 1.
Ve denote (9) by
Cl[o ~ (v a d n?
t)=——5 | =— —;— -2 . ——t]. 10
0= [ 00 (57)], oo () w

Then [1; 546] the solution of the «simplified»- equation (3) with an arbitrary right-hand side g(t) is expressed
in terms of w(t) using the formula
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In view of notation (10), we obtain a solution to the equation (3)

s0=-00) (§[2 50 (55)]_ 2 Tmom(-20))-

n=1
_/too (ﬁ {% o (g %)Lzo +2§;n.exp (—Z—j(t—ﬂ)) J'(r)dr. (11)
A
| a0 (5] -
RS ( (2n+1

= — E 2n+ 1) exp
\/_7'1% n——O( )
then equality (11) transforms to the form

¥ (t) = g(0) (a?’\/_z (2n+1)exp 2n—|—1)) Xp 7;—2215
+/t<>0 (agf/_z (2n+1) exp( (2714;@—7')—

The following theorem is proved:
Theorem 2. The integral equation (3) in the class o t bounded functions at g(t) € Lo (0 < t < 4+00)
has the solution defined by the formula (12).

in result

The solution of the integral equatio ta to account the obtained expression (12) and [2; 215] has
the explicit form:
n?+n -1
1)exp(— >—2Zn exp( t) +

d?laf/_z 2n—|—1)exp< 2;"(75_7))_
ZZn exp( an _1(t—7)>] (f’(ﬂ-#f(ﬂ) dr. (13)

5 Main result

eorem 8. The solution of the integral equation (1) with the singular kernel (2) in the class of essentially
bounded functions at ¢ >ty > 0 has an explicit form defined by the formula (13).
ark. Singular homogeneous integral equations with kernels of Volterra type were considered in works
[3-5]. Their kernels were also «incompressible». The weight classes of the solution existence were found. We also
note that boundary value problems for a spectrally loaded parabolic equation reduce to this kind of singular
integral equations, when the load line moves according to the law z = ¢ [6-11] and problems for essentially
loaded equation of heat conduction [12-16].
In works [17, 18] it is shown that the homogeneous Volterra integral equation of the second kind, to which
the homogeneous boundary value problem of heat conduction in the degenerating domain is reduced, has a
nonzero solution.
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M.T. Kocmaxkosa, JI.M. Axmanosa, 2K.M. Tyneyraera, JI.2K. Kacbimosa

Bip 6iprekTi emec aifHbIMaJIbl TOMEHT1 HIEKTi
MHTErpaJIAblK TeHAEeYd1H, IIelTiayi

CuHTYJISADIIBL SAPOJILI GIPTEKTI €MeC MHTErPAJIJIbIK, TeHJIEY KAPACThIPbLIFaH. 3€PTTeJIeTIH TeHJIeY iH epeK-
MIEJTrT MHTErPAJIJIbIK, OIEPATOP/IbIH, ChIFBIIMANTBIHILIFBI OOJIBIIT TaObLIa bl TeHey/1i 3epTTey Ke3iHje o
JKarbl 1-Te TeH KapalaibIM KOCAJIKbI TEHJEY KOJIAHBLIIALI. 1oyesici3 affHbIMaJIbl YIINH KaTbIHACTAp Iail
[AJIAHBIN, TEHIEY SKBUBAJIEHTTI KaHIaiga Oip bIKIIaM TeHzeyre KeaTipiaai. Toyencis aiftHbIMaIbLIAD YIITiH
ayBICTBIPYJIAP KOJIJIAHBLIBII, TEHJIEY albIPBIMIBIK SAPOJIbl HHTEIPAJIIBIK TeHJEYTe COMKEeCTeH i piii.
mraH TeHzaey Jlamrac TypieHaipyin KosmaHy apKbLIbl OipiHmi perTti komiMri muddepenimalr (cBI3BI-
KTBIK) TeHzeyre Kearipinaai. Onpig mentyi tabbuiael. JlamiacTsiy Kepi TypiaeHaipyl kemeri KOCBIMIIIA
WHTErPaJIJIbIK, TeHJIEY/IiH X KUHAKTHI KaTap TYPiH/eri Kauaiaa 6ip ob6/IbICTarbl MIeNryi aIblH/IbI. KeJIr€H
OH, 2KaFbIMeH OepiireH 6acTalKbl TEHJIEY/IiH MIelTyi KOMEKII TeHIEY/IiH, eIyl apKbIIbI KB

Kiam ce3dep: GIpTEKTI eMeC CHHTYJISPJIbI MHTETPAJIIBIK, TEHJIEY, KOCAJIKBI TeHey, Jla
JKUHAKTBI KaTap.

M.T. Kocmaxkosa, JI.M. Axmanosa, 2K.M. Tyneyrae : Kacbimosa

Penienne omHoro HeoJHOPOIHOTO I/IJQ JBbHOT'O ypaBHEHUS
C mepeMeHHbIM HUXKH eeJIoM

HBIM s17IpoM. OCOOEHHOCTBIO HCCIIEy-
neparopa. llpu mcciemoBanum ypaBHEHUsT
aBoii yacTbio, paBHoil 1. Vcnonb3ys coor-
HOIIIEHHUSI JJIsl He3aBUCUMOI IIepEeMEHHOI, ypaBHEHL €HTHO CBOIUTCS K HEKOTOPOMY YIIPOIIEHHOMY
€HHBbIX YPaBHEHHE CBOAUTCA K HMHTEIrpPaJIbHOMY
YDaBHEHMIO C PA3HOCTHBIM sApOM. IIprmmvere azosanus Jlamaca IOJIydYeHHOE ypaBHEHUE CBe-

PaccmoTpeno mHeomHOpOgHOE MHTErpasibHOE ypaBHEHHE
€MOT0 ypaBHEHUS SIBJISIETCS HECXKIMAEMOCTb HHTELPa

ns Jlamnaca MOJIYY€HO peIlleHne BCIIOMOIraTe/JIbHOI'O UHTEe-
pdaia B HeKOTOpOfI obJstactu. BeimucaHo penrenue MCXoHOro

pemenre. C moMoIpo 06paTHOro
IrpaJIbHOrO YDABHEHWSI B BUJE C

Karoueswvie cao6a: HEOTH
npeobpazoBanue Jlamaga, c

HI'YJIIDHOE WHTErPAJIbHOE yPABHEHHE, BCIOMOTATEJIbHOE ypaBHEHUE,
Cs1 P,
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