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Estimates of the norm of the convolution operator in anisotropic
Besov spaces with the dominated mixed derivative

In this paper, we investigate the boundedness of the norm of the convolution operator in-Sobelev spaces
with the dominated mixed derivative and anisotropic Nikolsky-Besov spaces. For Sobolev spaces with the
dominated mixed derivatives, an analogue of Young’s inequality is obtained, namely, relations of the form

W2« WP — W& (1)

are proved when the corresponding conditions on the parameters are satisfied. The main goal of the paper
is to solve the following problems. Let f and g be functions from some classes of the Nikolsky-Besov space
scale. We would like to find the Nikolsky-Besov space such that the convolution f * g belongs to this space.
Using relation (1) and the Nursultanov interpolation theorem for anisotropic spaces, an analogue of the
O’Neil theorem was obtained for the Nikolsky-Besov space scale Bgg, Where o, p, q are vector parameters.

Relations of the form BJg, * st2 — Bgs are obtained, with the corresponding ratios of vector parameters.

The theorems obtained in this paper complement the results of Batyrov and Burenkov, where similar
problems were considered in isotropic Nikolsky-Besov spaces, that is, in spaces where the parameters are
scalars.
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Introduction
Let I be either a n-dimensional terus:T" = [0,1)"”, or the Euclidean space R™. Let f(z) and g(z) be

measurable functions on I with respect to the n-dimensional Lebesgue measure such that for almost all x € T
there exists an integral

[ e~ w)stw)d.
T
In this case, it is said that the comvolution of these functions is defined

u*m@r:/fu—yM@My (L1)
I

The classical Young’s inequality [1; 199] has the following form. Let
1
1<prqg<oo, —+1=-+-. (1.2)
q

If fely(I), g€ L,(I), then there exists almost everywhere on I the convolution f * g, belonging to the space
L4(I) and the following inequality holds

If*glle,y < N fllz, gl - (1.3)
We will write this statement as follows

L,(I)* L.(I) = Ly(I).
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This inequality plays an important role in harmonic analysis and in the theory of partial differential equations
[1-3].

Note that if ) L1
l<prg<oo, —+1==-+-=, (1.4)
q p T

1
then for go(x) = —& the inequality holds

||
1f* goll L,y < Cllfllz, -

This inequality is called the Hardy-Littlewood-Sobolev inequality. It does not follow from Young’s inequality,
since ||gol|z, (1) = 00. A generalization of inequality (1.3) obtained by O’Neil [4] (see also [5, 6]).

1 1 1
If (1.4) is true and 0 < $1, 82,8 < 00, — = — 4+ —, then
S S1 S92
Lys, * Lys, = Lgs (1.5)
and in particular
Ly * Lyos < Ly, (1.6)

where L, is Lorentz space.

Note that in relation (1.5), condition (1.4) is essential. The limiting cases of the O’Neil inequality with
condition (1.2) were considered in [7].

The O’Neil inequality for anisotropic Lorentz spaces was studied in [8-10]. In the case of n > 2 these results
are extend the inequality (1.6). In the one-dimensional case, the O’Neil inequality was extended in [11, 12].

There are generalizations of the Young and O’Neil inequalities for various functional spaces: weighted L,
spaces, classical and Lorentz weighted spaces, Hardy spaces, Wiener spaces, Orlicz spaces; [5, 6, 8, 13-18], and
references therein.

Convolution operators were studied in various spaces of smooth functions in [19-22].

V.I. Burenkov and B.E. Batyrov in [21] proved the following statement: let —oo < Ij,ls,l3 < oo,
0 < p1,p2,p3 < 00,0 < 01,05,05 < oo. For anyfy € Bll?1101 (R™), f2 € B;Z;GQ(]R”) such that F'f; and Ffy are
regular generalized functions and their (pointwise) product Ff; - Ffo € S(R™), there exists a number ¢3 > 0
such that

Hfl * fQHBE;ﬂg(Rn) = C3Hf1||B;1191(R”)Hfz”BifZez(R")’ (17)

holds if and only if the following conditions hold:
U%Z%m%m;
2) —+———-12>0;
pP1 P2 P3
and one of the conditions

1 1 1
%H3<h+b—n(4—__q
D1 D2 p3
o 1 1 1 1 1 1
Sb) s = i ly — i+ = — 2 1) m <~
)= 1 R <P1 P2 D3 ) R R

where F'f/s the Fourier transform of the function f:

(F1)() = () F [ eep)ds
Rn
For po = ps3, 02 = 03, 0 < Iy < I3 < oo inequality (1.7) and some of its generalizations follow from the results
obtained in the works of K.K. Golovkin and V.A. Solonnikov [19, 20], and [23].

In this paper, we investigate the boundedness of the convolution operator in anisotropic Besov spaces with
the dominated mixed derivative.
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2. Anisotropic Besov spaces with dominated mized derivative

Let @ € R", 1 < p= (p1,...,pn) <00, 0 < g= (q1,-..,qn) <oo. Following [24-26], we define the space

Bgo(T") as the set of series f = Z A €2TH) (generally speaking, divergent) for which

meZ‘n
q1 = E%
0o oo 53 ak; i
IfllBg, ey = Do - | D (2’1 1AL 2y (rny < o0
kn=0 k1 =0
) n
is finite, where Ay (f)(z) = Z A €™ e TN (my ) = Zmixi.

295 T <y <2Fi i=1

J=1,...,n

1

q
For ¢ = oo the values of E bl . /fq are understood respectively as sup |bi|; esssup | f(z)].
kEZ k€EZ zcT

T

We say that the series f = Z are®™ ") s an element of the space W (T™) [24] if there is a
keznr

n
function f* € L,(T™) Fourier series of which coincides with the series Z k®ae?™ ) here B = H I:;;?‘,
- kezn j=1
k; = max{|k;|,1},i=1,...,n,

def
[flwe oy = 11 g oy
We define the concept of convolution for the elements of these spaces.

Let f = Z ape?™*) and g = Z be2™ %) he trigonometric series. By the convolution of these series
kezn kezn

we mean the series ‘
frg= Z aybge”™ F-). (2.1)
kezn

Note that for the «good» functions f and g, the convolution defined by equality (2.1) coincides with the classical

definition (1.1). If the functions f and g from the corresponding spaces in (1.3), then f(:r)sz Z f(k)e?mithe)
keZ’lZ
Lr A T x r ~ wi(k,x 141
and g(x)= Z G(k)em R and (f % g) (&) = [ flz=y)g(y)dy=ta>, cpn f(K)g(k)e? (k%) Here, equalities

kezn "
are understood in the sense of the corresponding metrics.

We will need interpelation properties of anisotropic Sobolev and Besov spaces [24, 27]. Let 0 < 6 =
=(01,...,0,) <1, E={e=\(e1...,6,) 1 ¢ € {0,1}, j = 1,...,n} be the vertices of the n-dimensional unit
cube, {A¢ }ecr beBanach spaces that are subspaces of some linear Hausdorff space. For the element a € Z A,

eck
we define the funetional

K(t,a;Ac,e € E) = inf > t%]ac]a,,
a= Qg e€EE
ecE
where t& = 7' ... 5.
By Agq = (Ae; € € E)gq we denote a linear subset of Z A, for elements of which
ecE

a2 an
a1

dtq dty,

oo o]
41 1 _1q
lall 4, = / /Itfl LT K(taAnee B) 0]
0 0 t1 tn

is true.
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Lemma 2.1 [28] Let T be a linear operator such that
T: Ac — B with norm M., € € FE.

Then
T: (Ae; € € E)gq — (Be, € € E)gg
with the norm ||T]] < max M,.
1S
Theorem 2.1 ([24]) Let 1 < p = (p1,...,0n) < 00,0 <1 = (r1,...,7), 4 = (q1,-.-,qn) < 00, € € E,

ap=(a?,...,a%), a1 = (al,...,a}) € R™. Then

(Bge(T"); € € E),, = Bgg(T"),

(We=(T"): & € E) 5, = Bg(T"),

where ae = (af,...,0a5),0< 0= (01,...,0,) <1, a=(1-0)ag+0a;.
8. Main result

1 1 1
Lemma 3.1 Let 1 < q,p,r<oo, —+1=—+= «, 3,7 €R" a= 3+ ~. Suppose that f € Wf(T”),
q p T
g € WY(T"). Then fxg € Wg(T") and

1f * gllwg ) < I flwernlglmgam-

Proof. Let f = Z ape?mi k) ¢ Wf('ﬂ‘"), 9 = Yuezn ueZ™ R € WY (T"). According to the
kezn
definition, there are functions f2 € L,(T"), g7 € L;(T") Fourier series of which coincide, respectively,

with the Z BBaye2milke) Z by, e2milho)
kezn keZmn
From Young’s inequality for Lebesgue spaces with mixed metric [29; 25| (f# * g7) € Lg(T") and has the
inequality
152 % g sgery <ULy llg” L. ceny.
Now we note that

(FP 5 V@)= ST P Varbe®50) = (f 5 )% (a),

kezn
which means that (f x g) € Wg(T") and the inequality
IS * gllwg@ny < [1flyys pmy 191w m)
holds.
1 1 1 1 1
Theorem 3.1 Let e, B,y € R", a=06+~,1<q, p, r < 0o, 1+:1 = B—i—;, 0<hn¢< oo, e ;—ﬁ—f.
Suppose that f € BS, (T"), g € BJ(T"). Then f x g € B, (T") and

I * gllBg,xmy < Cllf NI ge, (xny 91l B2, () -

Proof. Let f € WE(T"), g € WY(T"), then from Lemma 3.1 it follows that (f * g) € W(T") and the
following inequality

IS * gllwg xmy < fllwp o lglwe om) (3.1)
a » (T)

holds true.

@ao = (a?w"aa%)a oy = (CM%,...,O[,}L), /60 = (6?)762)7 /61 = (ﬁ%a7ﬂ717,> € Rn7 Oé? 7& a%7 B@O 7é lea
i=1,n. Let ae = (af',...,a5"), B, = (B7*,...,B5"), € € E such that ac — B, = 7.

We rewrite inequality (3.1) for the a. and B, parameters

1f * gllwge oy < 1 fllyyge iy llgllwz @), e =Be + v, € € E.
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For a fixed g € W (T") operator A,f = f x g acts boundedly from Wy<(T") to Wg*=(T"). Then, using the
anisotoropic interpolation theorem (Theorem 2.1)

Ay (Wfs (T"), e € E)gg - (Wgs(w), e E)eg,
we obtain that the operator acts boundedly
Ay 0 BE(T") = B(T")

and
[ Agll < Cllgllwy )y,

where a = (1 — 0)ag + 01, B = (1 —0)3, + 63, for any 0 < 8 = (61,...,0,) < 1. Thus; we have obtained
the inequality:

1F % 9ll g, () = Cllf Nl o, (m) lgllwir oy (32)

where a, 3, 7, p, q, r satisfy the conditions of the theorem.
In inequality (3.2) we assume that & = oo, then we have

1 * 9llBg.tm) < Cllfll g wny lgllwy @n)-

We fix B8 € R™. Let oo, a1, 7, v1 € R™ be arbitrary vector parameters satisfying the conditions a; = 3 + 7,
i=0,1ua) #aj,~)#~j, j =1,n. Then for the parameters o = (af',...@5"), Y. = (1{',...7%5"), e € E
the inequality

If* gllge (Tn) < C”fHBgm(']rn)Hg“WQ’S(’]I‘")'

holds.
Now for a fixed f(x) we define a linear operator Byg‘= f'* g. Then B; acts boundedly from W;'s(T") in
Bgs, (T™) with an estimate of the norm

1B llwze (rn)=pge@n) S Clflpe, -

Further, using Theorem 2.1 and Lemma 2.1, we have that the operator By is bounded from B (T") to B (T")
and

1 >l sy < Cll 1Lzl om-

where o = (1 — 0)ayg + Oy, v =(1 = 0)y + 0+, for any 0 < 0 = (g, ...,0,) < 1.
Similarly, we can obtain the inequality

I1f * 9llBg,xm) < Cllfl ge, wnyllgll Bz, (n)-

n

Thus, for the bilinear convolution operator T'(f,g) = f * g, we have
T : BEo(T") x BJ¢(T") — Bgg(T"),

. By (mn 1 n a n
T: B8(T") x BYL(T") — B2 (T"),

where the corresponding parameters satisfy the conditions of the theorem.
Next, applying the bilinear interpolation theorem (Theorem 4.4.1, [30, 125]), we have

T (BRso(T™), By (T™)) ) * (Brg (T"), BIG(T™)) o — (Bgg (T"), Bgs (T™))

0] [0 6]

Since the space B}, (T") is a retract of I§(Lp)(T"), we have

B8 n B n — ¢} n
(BRe, (1), BE, (1), = BT,
1-6 6

+

1
where 8 = 8,(1 —0) + 3,0, — =
S So S1
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This implies
T: BE,(T") x BY(T") = Bgi(T").

Finally,
I * 9llBs, xmy) < Cllf I ge, wnylgll Bz, (7).
where
1 1 1 1 1 1
—=—+4+—-, 14+4—=—4+—, a=0+17.
h n ¢ qQ p r

Taking into account the embeddings of spaces ([24], Theorem 4), we can obtain the following theorem.

1 1 1
Theorem 3.2 Let a, B, vy e R", a < B+~, 1 <q,p, r<oo, =ﬁ+’7+1+a—5—;, 0 <hné&< oco.
Suppose that f(z) and g(z) are measurable functions on T" such that f € Bgn('l[‘”), g€ B;E(’IF”). Then

f*g€ Bg,(T") and
I|.f * 9||B§;h(1r") < CHf”Bgn(Tn)||9||B;'£(1rn)7

IN
3=

where

sl
|
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K.K. Canpixosa, H.T. Tieyxanosa

Apajnac TybIHABICEI DachbIM aHU30TPOITHI BecoB KeHicTirinaeri
YHIPTKI ollepaToOpbIHbIH HOpMaJIapbIH OaraJiay

Maxkanaga y#ipTKl omepaTopbl HOPMACBIHBIH apajac TYBIHABICEI 6ackiM Co60JeB KoHE aHU30TPONTHI
Huxonbckuit-BecoB kenicrikrepingeri menenyi 3eprresai. Apanac TybiHAbIchl 6ackiM Co60JieB  KeHicTi-
ri ymin FOmHr rencismiriniy amasornl asbIH[IBI, aran a#iTkanmga, W, * Wf — Wy rypinmiri xareiac
JPJIENICHIl, MYH/Ia KaThIHAC ITapaMeTpJiepine coiikeciHmie maprTap KoHbLiraH. 2KyMBICTBIH, HETi3ri Mak-
caThl Kejecl ecem OOJIBIN TAOBLIAABL: alTanbik, f koHe g — Hukosnbckuit-BecoB KeHicTiri mkaaachbIHBIH
KaHaii 1a/6ip dyskuusiiap kiaackl 6osicbid. Onapabiy f * g yAIpTKicI Kalf KEHICTIKKe *KATAThIHBIH aHBIK-
Tay kaxet. (1) xarbrHac nen Hypcy/ITaHOBTBIH, aHU30TPONTBI KEHICTIKTEPre apHAIFAH MHTEPIOJISIIUSLIIBIK
TeopeMaJIapbIH KOJIaHa oThIphII, By, Hukomsckuii-Becos kenicririniy mxamnace yimin O’Heiin Teopemacs-
HBIH, aHAJIOIBI AJIBIHJIBI, MYHJA O, P, ¢ — BEKTOPJILIK Hapamerpiep. By, * BTB52 — Bgs Typinziri KaTeiHac
ToJeIIeH/ i, MYH/a KAThIHAC TTapaMeTpJiepiHe coifkecinIe mapTrap KobrraH. OChl 2JKYMBICTa aJIBIHFAH TE€O-
pemasap musorponrbl Hukosbckuit-bBecoB KenicTirinmeri, sFrHn CKaJgp MapaMeTpsi KeHicTtikreri, barbipos
e BypeHKOBTBIH YKCAC ecenTep KapacThIPraH HOTHXKEJEPIH TOJIBIKTHIPAIbI.

Kiam cesdep: yiripTki oneparopsl, aHu30TponTsl becos kenicriri, anuzorpontsl CobosieB KeHiCTiri, HHTEp-
TTOJISIIIHS.
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K.K. Cagsixosa, H.T. Tneyxanosa

OneHKn HOPMBI OolepaTopa CBEPTKN B aHM30TPOMHBIX ITPOCTPAHCTBAX

58

N O Ut

10

11

12

13

14

15

BecoBa ¢ momMmuHMpYyIomieii cMeniaHHoi ITPON3BOHOI

B crarbe ucciiesjoBana orpaHMYEHHOCTH HOPMBI OllepaTopa CBEPTKH B mpocrpancrBax CoboseBa, ¢ JoMu-
HUDYIOIIe!l CMeIIaHHOM NPOM3BOSHON, M aHU30TPONHBIX mpocTpancTtBax Hukomasckoro-Becosa. [ljst mpo-
crparctB CobosieBa ¢ JTOMUHUMPYIOIEH CMEIIaHHONW ITPOU3BOJIHON IOJIydYeH aHaJjor HepaBeHcTBa FHOHra,
a MMEHHO JOKa3aHbl COOTHOmeHus Buga W, * W — W' mpu BBLINOTHEHNH COOTBETCTBYIONIUX YCAOBHIA
na napaMmerpbl. OCHOBHOI I1e/IbI0 PAOOTHI SIBJISIETCS PEIleHne ciaemylomnieil 3agatdu: mycrs f u g~ QyHK-
UM U3 HEKOTOPBIX KJIACCOB IMKaJjbl mpocrpancTB Hukosbckoro-Becosa. HyxkHo ompemennts, K KakoMy
IIPOCTPAHCTBY IPUHAJIEXKUT UX cBeprKa f * g. Vcnoub3ysi coorHomernue (1) u MHTEPHOISIIIMOHHBIE TEO-
pembr HypcynraroBa jijist aHM30TPOITHBIX ITPOCTPAHCTB, MOIydeH aHasor Teopembl O’Heitna mitst mmkasibr
npocrpancts Hukonbsckoro-Becosa By, rie o, p, ¢ — BekTopHble nmapamerpsl. Iloydensl cooTHOMIECHIA
Buna B, * B;BSQ — Bgs,
JAHHOI paboTe TEeOpeMBI JOMOJHSIIOT pe3ybTarThl bareipoBa n BypeHkoBa, rie pacCMaTpUBAJINCEH OO0~
HBlEe 33149 B M30TPOIHBIX IpocTpaHcTBax Hukonabckoro-Becosa, T.e. B mpOCTpaHCTBAX; /€ HapaMeTPhbI
SIBJIIIOTCS CKAJISIPDAMU.

IIpU COOTBETCTBYIOINUX COOTHOIIECHUAX BEKTOPHBIX IIapaMeETpPOB. HOJIy‘—IeHHBIe B

Karoueewie crosa: orepaTop CBEPTKHU, aHU30TPOIIHLIE TPOCTPAHCTBa BecoBa, aHU30TPOIHbIE IPOCTPAHCTBA
CoboJieBa, HHTEPIIOJISIIINS.
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