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1 Preliminaries

Algebras of binary formulas are a tooldor describing relationships between elements of the sets of
realizations of a type at the binary levelWith Tespect to the superposition of binary definable sets. A
binary isolating formula is a formulagofigheform ¢(x,y) such that for some parameter a the formula
¢(a,y) isolates a complete type =S (fap). The concepts and notations related to these algebras can
be found in the papers [1,2]. Iy régénf years, algebras of binary formulas have been studied intensively
and have been continued in théaworks [3-7].

Let L be a countable firgt-osder language. Throughout we consider L-structures and assume that
L contains a ternagfTelational symbol K, interpreted as a circular order in these structures (unless
otherwise stated).

Let M = (M, <) he¢fa linearly ordered set. If we connect two endpoints of M (possibly, —oo and
+00), then we obtain a circular order. More formally, the circular order is described by a ternary
relation K satisfying the following conditions:

(col) VaVyVz(K(x,y,z) = K(y, z,x));

(co2) VaVyVz(K(z,y,z) N K(y,z,2) ©x=yVy=2zVz=ux),

(co3) VaVyVz(K (x,y, z) = Vt[K(z,y,t) V K(t,y, 2)]);

(cod) VaVyVz(K (z,y,2) V K(y,x, 2)).

Sometimes we will identify M and the universe M if a linear/circular order is fixed.
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The notion of weak circular minimality was studied initially in [8]. Let A C M, where M is a
circularly ordered structure. The set A is called convez if for any a,b € A the following property is
satisfied: for any ¢ € M with K(a,c,b), ¢ € A holds, or for any ¢ € M with K(b,c,a), ¢ € A holds.
A weakly circularly minimal structure is a circularly ordered structure M = (M, K, ...) such that any
definable (with parameters) subset of M is a union of finitely many convex sets in M. Recall 9] that
such a structure M is called circularly minimal if any definable (with parameters) of M is a union
of finitely many intervals and points in M. Clearly, the weak circular minimality is a generalization
of circular minimality. Notice also that any weakly o-minimal structure is weakly circular minimal.
The converse, in general, fails. The study of weakly circularly minimal structures was continued in the
papers [10-16].

Let M be an Ry-categorical weakly circularly minimal structure, G := Aut(M). Following the
standard group theory terminology, the group G is called k-transitive if for any pairwise distinct
a,az,...,ar € M and pairwise distinct by, be, ..., by € M there exists g € G such that g(ay) = by,
g(a2) =ba,...,g(ar) = bk. A congruence on M is an arbitrary G-invariant equivalence relation on M.
The group G is called primitive if G is 1-transitive and there are no nonstriyialy proper congruences
on M.

Let M, N be circularly ordered structures. The 2-reduct of M isgaw clacularly ordered structure
with the same universe of M and consisting of predicates for each (Jedefinable relation on M of arity
< 2 as well as of the ternary predicate K for the circular order, but,does not have other predicates
of arities more than two. We say that the structure M is isomerphic to N up to binarity or binarily
isomorphic to N if the 2-reduct of M is isomorphic to the 2-réduét’of N .

Notation. (1) Ko(z,y,2) := K(x,y,2) Ny # x Ny £/ # 2.

(2) K(uy,...,uy) denotes a formula saying that, all,subtuples of the tuple (uy,...,u,) having the
length 3 (in ascending order) satisfy K; similargnotatignrare used for Kj.

(3) Let A, B, C be disjoint convex subsets of a‘@ircudarly ordered structure M. We write K (A, B, C)
if for any a,b,c € M with a € A, b € B, ¢ € € we have K (a,b,c). We extend naturally that notation
using, for instance, the notation Ko(A,d, Ba¢\if d ¢ AUBUC and Ky(A,d, B) A Ko(d, B, C) holds.

Let f: M — M be an (-definable,function with Dom(f) = I C M, where I is an open convex set.
We say that f is monotonic-to-right Weft) on I if it preserves (reverses) the relation Ky, i.e. for any
a,b,c € I such that Ko(a,b,c) wé bave Ko(f(a), f(b), f(c)) (Ko(f(c), f(b), f(a))).

The following definition%¢an_be%sed in a circular ordered structure as well.

Definition 1. [17,18] Let¥L be a weakly o-minimal theory, M be a sufficiently saturated model of
T, AC M. The ragk of comyerity of the set A (RC(A)) is defined as follows:

1) RC(A) = —INf'A = 0.

2) RC(A) = 0 if ANS finite and non-empty.

3) RC(A) > 1 if A is infinite.

4) RC(A) > a + 1 if there exists a parametrically definable equivalence relation E(z,y) and an
infinite sequence of elements b; € A,i € w such that:

e For every i,j € w whenever i # j we have M = —E(b;, b;);

e For every i € w, RC(E(z,b;)) > « and E(M,b;) is a convex subset of A.

5) RC(A) > § if RC(A) > a for all @ < §, where § is a limit ordinal.

If RC(A) = a for some «, we say that RC(A) is defined. Otherwise (i.e. if RC(A)) > « for all «),
we put RC(A) = oc.

The rank of convezity of a formula ¢(x,a), where a € M, is defined as the rank of convexity of the
set (M, a), i.e. RC(¢(z,a)) = RC(p(M,a)).

The rank of convexity of an 1-type p is defined as the rank of convexity of the set p(M), i.e.
RC(p) := RC(p(M)).
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In particular, a theory has convexity rank 1 if there are no definable (with parameters) equivalence
relations with infinitely many infinite convex classes.

The following theorem characterizes Np—categorical 1-transitive non-primitive weakly circularly
minimal structures of convexity rank greater than 1 having a non-trivial strictly monotonic function
up to binarity:

Theorem 1. |11] (monotonic case) Let M be an Ng—categorical 1-transitive non-primitive weakly
circularly minimal structure of convexity rank greater than 1 having a non-trivial strictly monotonic
function so that dcl(a) # {a} for some a € M. Then M is isomorphic up to binarity to M ., 1 := (M,
K, fl, E?, ...,EE,E§+1>, where
e M is a circularly ordered structure, M is densely ordered, s > 1, k > 2, m = 1 or k divides m;
e F. . is an equivalence relation partitioning M into m infinite convex classes without endpoints,
for every 1 < ¢ < s the relation FE; is an equivalence relation partitioning every Fj;;1—class into
infinitely many infinite convex E;—subclasses without endpoints so that the induced order on
FE;—subclasses is dense without endpoints;

e f is a bijection on M so that f*(a) = a for any a € M, for everyel £i <"s\+ 1 f(E;(M,a)) =
Ei(M, f(a)) and —FE;(a, f(a)), and either f is monotonic-to-right on M 0¥f 45 monotonic-to-left
on M (and in this case k = m = 2).

In [19] algebras of binary isolating formulas are described feor Wo-categorical weakly circularly
minimal theories with a primitive automorphism group. In [20] algebr@s of binary isolating formulas are
described for Ny-categorical weakly circularly minimal theogiesVof convexity rank 1 with a 1-transitive
non-primitive automorphism group and a non-trivial definable closure. Here we describe algebras
of binary isolating formulas are described for Ngzcatégorical weakly circularly minimal theories of
convexity rank greater than 1 with a 1-transitive nen-primitive automorphism group and having a
non-trivial strictly monotonic function.

2  Results

Ezample 1. Consider the structuse,My 1 9):= (M, K3, f', E?) from Theorem 1, where f is monotonic-
to-right on M, FE is an equivalencegelation partitioning M into infinitely many infinite convex classes.
We assert that Th(M; ;1 2) has eight Binary isolating formulas:

o, ¥):= = =y, 01(2,y) == Ko(z,y, f(z)) A E(z,y),
036, y) == Ko(z,y, f(x)) N ~E(z,y) A ~E(f(2),y),
03(x,y) := Ko(z,y, f()) N E(f(x),y),

04(z,y) == f(2) = y,05(z,y) == Ko(f(z),y,2) N E(f(2),y),
O6(z,y) == Ko(f(2),y,x) A =E(z,y) A ~E(f(z),y),
O7(2,y) == Ko(f(2),y, ) N E(z,y),

and
K()(Q()(a, M), 91(&, M), 92(@, M),Hg(a, M), 04((],, M), 95(@, M), 06(a, M), 97((1, M))

holds for any a € M.
Define labels for these formulas as follows:

label k for 6y (x,y) where 0 < k < 7.

It is easy to check that for the algebra Py, , , the Cayley table has the following form:
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1o 1 2 3 4 5 6 7
0] {0y | {1} {2} 3y |[{4] {5} {6} {7}
Ly {1y {2} 3,45} | {5} | {5} {6} {7,0,1}
2 | {2} {2} {2,3,4,5} {6} {6} {6} {6,7,0,1,2} {2}
31 {3} | {3,4,5} {6} {7y {7 | {70,1} {2} {3}
41 {4 {5} {6} {7y {0y | {1} {2} {3}
51 {50 | {5} {6} {r.0,1} | {1} | {1} {2} {3,4,5}
6| {6} {6} {6,7,0,1,2} {2} {2} {2} {2,3,4,5,6} {6}
71 {7} [{7,0,1} {2} {3y [ {3} {345} {6} {7}

By the Cayley table the algebra By, |, is commutative.

Theorem 2. The algebra By, , , of binary isolating formulas having a monotonic-to-right function
on M has 2k(s + 1) labels and is commutative.

Proof of Theorem 2. Indeed, since f*(a) = a, we have the following isolating formulas:
fl(z) =y forevery 0<1<k—1.

Since for every 1 < ¢ < s the relation E; is an equivalence relation partitioning every FE;i—class
into infinitely many infinite convex F;—subclasses without endp6intsyso that the induced order on
FE;—subclasses is dense without endpoints, we obtain the following binary isolating formulas:

Ko(f'(),y, [ (2) A By (f1 (), g Shere 0 <1<k —1,

Ko(f'(x),y, (@) A=E;(f'(),y) A Ej1 (4 MNy), where 0 <1<k —1,1<j<s—1,
Ko(f!(@),y, 7 (2)) A Es(f (), y) Mgl (f (), y), where 0 <1<k —1,
Ko(f'(x),y, fH1 (@) A B (fF (@), y)ed By 1 (f T (2),y), where 0 <1<k —1,1<j<s—1,
Ko(f'(x),y, f1TL (&) MEL(fH (), y), where 0 <1<k —1.

Thus, we obtain 4k + 2k(s — == (s + 1) binary isolating formulas.
Now we establish commutativigy of this algebra. Since for any binary isolating formula 6(x,y) the
following holds:
Jtlz =6 6(t,y)] = 0(z,y) and Ft[0(x,t) Nt =y|] = 0(x,y),

we obtain that 0 -d=J=Q =4[} for any label | with the condition 0 <[ < 2k(s+ 1) — 1.
Obviously,
both 3t[f (z) =t A f2(t) = y], and J[f2(x) =t A fI(t) = ],

uniquely determine the formula fl1+2(mod &) (z) — o
Further, since Ko(a, f(a), f2(a), ..., f*"'(a)) holds for any a € M,

1 () = t A E(F2(8), ) A Ko(f2(2),y, f2 T (1)),
where 1 <4 < s, uniquely determines the formula
Ey(f1 0004 R) () ) A Kg(f1 MO0 B )y, phortrtmod ) g

independently from behaviour of the function f. On the other hand, since f is monotonic-to-right
on M,

B (2 (), y) A Ko(f=(2),y, [ (@) A S (1) = ]
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also uniquely determines the formula

By(frhmod ) gy 4y A o (flattimod k) gy, plathibrmod k) gy

Further it is also easy to understand that the formulas
Ko (f" (@), t, 1 (2)) A Ex(f* (2),8) A Ko(£2(8),y, F271 (1)) A Ea(f2(1), )] and
3t[Ko(f= (@), t, [27 () A Ea(f2(2),t) A Ko(f1 (8),y, f1TH0) A Ea(f (1), )]

uniquely determine the formula

Ko(fll+lg(mod k) (x)7y7 fll+lg+1(m0d k) (.’17)) A El(flﬁ-lg(mod k)(x),y)

Now if we consider the formulas
Ko (f" (@), S (@) A Br (£ (), 1) A Ko(F2(8), 9, 271 (1) 1) (t),9)] and
H[Ko(f2(x),t, f2 (2) A B (f2H (@), ) A Ko(f1 (8), . fllJ@ (7)),

there is no uniqueness, but both these formulas are compatible wit

Ko(fll+l2(mod k) (z),y fl1+lz+1 (mod k) (z) Q@H(mod k ),

le+12+1 (mod &)
Ko(fl1+lg+1(mod k) (x), v, fll+l2+2( Iﬁ\ El(fl1+l2+1(mod k)(m),y).

Further, we consider the following formulas:

3t[Ko(f" (). t, fll“(xﬂ&ﬂfh(fﬂ)a t) A Ko(f2(t).y, f2H1 (1)

/\& ) y) A Ejra(f2(1),9)] (%)
and 3t[Ko(f! T @) A =B (£ (2),1) A Bjia(f2 (). t)

(t), 5, FH ) A EA(f1(2), )], ()
i1(fi(z),t), the formula

FEL(f1 (), 6) A =Ej(f2(1),9) A Ejea (F2(2), )]

is compatible with the formula Ej+1(fl1+12(m0d ) (x),y) A —|Ej(fll+12(m0d k)(z),y). Consequently, the
formulas (x) and (x%) uniquely determine the formula

ulas

_

Since Ey(f"(x),t).i

Ko(frtmmod B gy, phtlat 1 mod k) )y oy (phitlzmod &) ) o)

/\Ej+1(fl1+lg(mod k) (l‘), y).
Similarly we can show that

3t[Ko(f1 (@), t, [ (2)) A EBa(f (2),8) A Ko(f2(8),y, f27H(1))

A=Es(f2(1).y) A=Es(f2F1(2), )]
and 3t[Ko(f*(x), b, 24 () A =Bo(f2(2),8) A ~Eo(f2F (@), 1)
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NEo(f1 (1), y, [ (1) A B (f2 (1), )]

uniquely determine the formula

Ko(frtmod k) gy phtletlmod k) )y g (phitlzmod &) ) o))

/\_|Es(fll+l2+1(m0d k) (SC), y)
Further, considering the following formulas
Ko (1 (@), t, f11 (@) A =B (f7 (@), 8) A Epsa (f (), 8) A Ko(f2(1),y, [ (2))

N=Es(F2(t),y) A =Es(f21(1), y)]
and EIIS[I{O(JM2 (l‘), 2 fl2+1(w)) A _‘Es(fl2 (33), t) A _‘Es(fl2+1(l‘)7 t)
AEo(f11 (), y, S () A=Ej (F1(8),9) A B (F1 (1), )],

KO(fl1+l2(mOd *) (LE), Y, fl1+12+1(m0d k) /\ _\E f@

/\_|Es(fl1+l2+1(m0d k) (.’E), y®

we also obtain that they uniquely determine the formula

Consider now the following formulas: *
F[Ko(f" (@), t, f1 () A =By, (7 (@), A B U (@), 8) A Ko(f2(1), y, F27(1))

/\_'Ej2 (fl2 (t)a A +1(fl2 (t)ay)]
and Jt[Ko(f(x),t, 2T (x) A - jz(ﬁQ (2),0) A Ejpra (f2(2),8) A Ko(f7 (), y, f17(1))
A=E; ) A Ej1(f (), ).
Let 7 = max{j1,j2}. Then it is e ablish that these formulas uniquely determine the formula

fll—l-lg (mod E)® fl1+l2+1(mod k) () A—E; (fll+l2 (mod k) ( ), y)

fl1+l2 InOd k)( )7y)‘

At last, consi mg formulas:
(@YWL, FoH (@) A —Eo(f1(2),8) A —Eo(f5 (), 8) A Ko(£2(t),y, 24 (1)
N=E(f2(t),y) A ~Es(f2(t), y)]
and 3t[Ko(f*(2), 8, f27 (2)) A =Bs(f2(2), ) A =B (£ (@), 8) A Ko(F (1), 9, S (2)
A-Ey(f (1), ) A —Es(f1(2),y)].

Here we loss the uniqueness: these formulas are compatible with the formula Ky fhtt (x), vy,
flitl2+2(2)) which is in its turn compatible with the following 2s + 3 formulas:

l1

fl1+l2+1 (x) =y,

Ko(f1H2 (), y, 11 @) A Ba (S22 (), y),
Ko(f142 (), y, f1 1 (@) A—E (14 (@), y) A Ba(f1 1 (), y),
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Ko(f142(2),y, [ (@) A =Ea (172 (@), y) A By (f1H27 (2), ),
Ko(f' 24 (@), y, 1212 (2)) A=Boa (f1H2 1 (2),y) A B (f1H2H (2), ),

Ko(f 424 @), y, [ 02 (2) A=EL(f17E (@), y) A Bo(f172H (), ),
Ko(f1rH @), y, fAHEH22 () A By (12 (2), ).

Definition 2. [1] Let p € S1(0) be non-algebraic. The algebra P, is said to be deterministic if
uy - ug is a singleton for any labels uy, ug € p, ().

Generalizing the last definition, we say that the algebra P, is m-deterministic if the product
uy - ug consists of at most m elements for any labels u1, u2 € p, (). We also say that an m-deterministic
algebra P, (,) is strictly m-deterministic if it is not (m — 1)-deterministic.

Corollary. The algebra Py, |, of binary isolating formulas having a mofietonic-to-right function

on M is strictly (2s + 3)-deterministic.

Example 2. Consider the structure Mj 29 = (M, K3,f1,E127E22> frem®Theorem 1, where f is
monotonic-to-right on M, F; is an equivalence relation partitioning Meinto infinitely many infinite
convex classes, Es is an equivalence relation partitioning M intogWe mfinite convex classes. We assert
that Th(M; 22) has ten binary isolating formulas:

Oo(x,y) = x =y, 01(x,y) := Koz, %, [(2)) N Er(z,y),

O2(z,y) == Ko(z,y, f(x) N EL(Z,y) A E2(z,y),
03(z,y) :== Ko(z,y, f(x)N 8o (2, y) A —E1(f(2),y),
04(z,y) == Koz, y, f(z)) A E1(f(2),y),

05(z,y) == f(x) = #0(x7y) == Ko(f(2),y,2) N E1(f(2),y),
07(z,y) == Ko(f )y, ) A ~E1(f(z),y) A Ea(f(7),9),
Os(z, y) SAH(f(2), y, 2) A ~Ea(f(z),y) A ~Er(z,y),
bg(x,y) :== Ko(f(2),y,2) AN Er(z,y),

and

Ko(ﬂg(a,M),Ql(a, M), 92(@, M),Hg(a, M), 04((],, M), 05(@, M), 96((1, M), 07(a, M))
and K0(07(a, M), Qg(a, M), 99(&, M), 90(&, M))

holds for any a € M.
Define labels for these formulas as follows:

label & for 6y (x,y), where 0 < k <9.

It is easy to check that for the algebra Py, ,, the Cayley table has the following form:

0 T 2 3 1 5 6 7 B 9
0 0 1 2 {3} {4} 5 6 7 {8} {9}
1 T T 2 {3} {4,5,6] 6 6 7 {8} {9,0,1}
2 2 2 2 {3,4,5,6,7} 7 7 7 7 {8,9,0, 1,2} 2
3 3 37 {3,4,5,6,7} 3 3 3 N {8,9,0,1,27} 3 3
1 1 {4,5,6) 7 8 9 9 {9,0,1} 27 3 1
5 5 6 7 B 9 0 T 2 3 1
6 6 6 7 3 {9,0,17} 1 1 2 3 {4,5,6]
7 7 7 7 {8,9,0, 1,2} 2 2 2 2 {3,4,5,6,7} 7
3 B 3 {8,9,0, 1,2} {3} 3 3 3 {3,4,5,6,7} {8} 3
9 9 {9,0,1} 2} {3} 1 1 {4,5,6} {7} {8} 9
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By the Cayley table the algebra By, ,, is commutative.

Theorem 3. The algebra Py, ,, , of binary isolating formulas having a monotonic-to-right function

on M for m # 1 has 2k(s + 1) + m labels, is commutative and strictly (2s + 3)-deterministic.

Proof of Theorem 3. Similarly as in Theorem 2 we have the following binary isolating formulas:
fl(z) =y forevery 0 <1< k—1,
Ko(f'(2),y, f(2)) A Ba(f'(),y), where 0 <1<k —1,
Ko(f'(@),y, /"1 (@) A =Ej(f'(2),9) A Eja(f'(2),), where 0 <1<k —1,1<j<s—1,
Ko(f'(2),y, S (@) A =Ej(f* (@), 9) A Ejpa (7 (2),9), where 0< 1<k —1,1<j<s—1,
Ko(f'(x),y, 1 (@) A Ea (S (2), ), where 0 <1<k —1.

z)
z)

Since in this structure there exists additionally the equivalence relation Esiy(z,y) partitioning M
into m infinite convex classes, instead of the formulas

Ko(f!(2),y, /(@) A=Es(f! (2),y) A ~Eo(f(2),y), whert) ¢ <k — 1,
additionally the following binary isolating formulas appear:
Ko(f'(x),y, () A =Eo(f'(2),9) A Esir (f (2, fhere 0 <1 <k —1,

Ko(f'(x), y, fT1 () A =Es (1 (2), y) A Borr (F™®), y), where 0 <1<k — 1.

Also, the formulas 6%(z,y) containing the comjurétivééterm Ko(f!(z),y, f1(x)) and extracting
the i-th Fy i-class to the right of F, i-class contaifiingdf!(x) for some 1 < i < m/k — 1 (here also
0 <1< k— 1) will be binary isolating formulas.or example, the formula 6! (z,y) has the following
form:

0" (2,y) := Ko(f%a)y, I (2)) A ~Esi1(f (), y)A
Vt[KO(fl(w)v t, y) A — s+1(t7 y) — E$+1(fl(x)7 t)]

Thus, we obtain k + k + 2k(s #)+%#+ 2k + k(m/k — 1) = 2k(s+ 1) +m binary isolating formulas.
Take arbitrary labels l1,lo andéshow that [y - lo =1y - 1.
It is easy to establish that,theformulas

SN (), 1, [ (2)) A EL(f" (2),8) A Ko(F2(t),y, f27(1)

AEs(f2(1),y) A Bsya (f2(1),9)]
and H[Ko(f2(2),t, f2 (2)) A ~E(f2(2),8) A Egyr (f2(2), 1)

AEo(f5 (1), y, [ (1) A B (f1 (1), )]

uniquely determine the formula
Ko(fl1+l2(mod k) (), y, fll+12+1(mod k) (z)) A _|Es(fll+lg(m0d k) (z),y)

NBEgpq (fet1mod &)y )

Similarly, the formulas
Ft[Ko(f (), t, f17 (2)) A B (f1 (@), ) A Ko(F2(8),y, f24(2))

/\_‘Es(fl2+1(t)> y) A Es+1(fl2+1(t)7 y)]
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and Elt[Ko(fl2 (z),t, fl2+1(x)) A ﬂEs(fZZH(a:), t) A ES+1(fl2+1(ac), t)
N (F1 (1), y, FHH () A EL(f1(8), )]

uniquely determine the formula

Ko(fl1+l2(m0d k) (x)’ v, fl1+l2+1(mod k) (.Z')) A _|Es(fl1+l2+1(m0d k) (.1‘), y)

AEy 1 (farlerimod k) oy

Further, considering the formulas

t[Ko(f" (x),t, [ (@) A Bi(f (2),8) A2 (2, )]
and 3t[0' (x,t) A Ko(f" (), y, f*TH(0) A EL(F7 (1), y),

we establish that they uniquely determine the formula gh-+e(mod k).j (:U,y) for arbitrary 1 < j <

m/k — 1.
Similarly, the formulas
Ko (f1 (@), t, 17 (@) A —Es(f1 (2),8) A Espa (f .@ 07 (t,y)]

and 302 (2, t) A Ko(f1' (1), y, 1 (1)) A = Bop1 (F1 (1), )]
uniquely determine the formula ph+iz-+1(mod k) (z,y) fot 1 <j<m/k—1.
On the other hand, the formulas
Ko (f" (x), £ f17 (@) A =B (f Eor (f17 1 (2),1) A0 (8, y)]

and 3t[0™7 (z, t) A Ko(f (), y, FET EPA =B (f1H (1), 9) A Es+1(fl1+1(t), y)l

uniquely determine the formula g +2(mo ,y) for arbitrary 1 < j < m/k — 1.
Also observe that the formulas

Ko (f1 (x), 8, f17 (= \g'(fl1 (@), 8) A B (f7 (), ) A Ko(f2(8),y, f27(2))
_‘ES(flz ), y) A E8+1(fl2 t),y)]
2(x),t, [N (@)) A —Es(f2(2),1) A Eepr (£ (), 1)
(f7 ),y FHHE) A=E (£ (1), 9) A B (F1(1), )],

uniquely determine the formula

Ko(fll+l2(mod k) (LE), n le—lg—I—l(HlOd k) (.’L‘)) A _\Es(fh—l—lz(mod k) (Ib), y)

R COR
If we consider the following formulas:
3t[Ko(f1 (), 8, f171 (@) A E(f (2),8) A Ko(f2(8),y, F2H1 () A B (F27 (1), )] and
3t[Ko(f" (), t, f2H () A EL(F2 (@), 8) A Ko(f7 (1), F171 (1) A EL(F1(8), )],

there is no uniqueness, but both these formulas are compatible with the formulas

Ko(fit2mod k) gy o plitllmod k) () oy (phtlmod k) g 4y
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fll+lg+1(mod k) (z) = y,

Ko(fll+12+1(mod k) (z),, fll+l2+2(m0d k) (z)) A El(fl1+l2+1(m0d k)(m),y).

Consider now the formulas 6" (z,y) and 67 (z,y) for arbitrary 1 < i,j < m/k — 1. If i 4 j
(mod m/k) # 0, it is easy to check that the formulas
[N (2, 1) A 629 (¢, y)] and 3029 (x, 1) A 61 (¢, )]

uniquely determine the formula ghi+iz(mod k),i+j(mod m/k) (x,y).

If i + j (mod m/k) = 0, these formulas are compatible with the following 2s + 3 formulas:

le+lz+1(mod R (z) =y

Ko(fllJrlg(mOd k) (2), v, f11+12+1(mod k) (@) A B fl1+l2+1 (mod k)
Ko (000 Ba) y, gttt (od By p () E&
/\Ej (fll+l2+1(mod k)( ) y ’ 1 <‘7 < \
Ko(le+12+1(mod B (2),y fl1+l2+2(m0d B (2)) A Ex( @od k)
+l2

Ko(fl1+12+1(mod " (z),y fll+l2+2(mod k) +1(mod B (

), y)
, jgs.

,B? E2) from Theorem 1, where f is
artitioning M into infinitely many infinite
M into two infinite convex classes. We assert

L 4
/\Ej+1(fl1+lg+1(m0d k)( )

Ezample 3. Consider the structure Mjo2 =
monotonic-to-left on M, Ej is an equivalence, rela
convex classes, Fo is an equivalence relation partigi

that Th(M; 22) has ten binary isolating formulas:
%) = Ko(z,y, f(z)) A Er(z,y),
2y, [(@)) A—Er(z,y) A Ex(2,y),
0s(z, (@, y, f(2)) N =Eaz(z,y) A —Ei(f(2),y),
%&,y) = Ko(z,y, f(x)) A Ex(f(2),y),
1\& f(@) =y,06(x,y) == Ko(f(2),y,2) N E1(f(x),y),
x),y,x) A —EL(f(x),y) A Ex(f (), ),

) may) = Ko (f( ) Y, T ) _'E2(f($)7y) /\_\El(.ilf,y),
09(‘T7y) = Ko(f((l?),y,(lf) A El(ﬂ?,y),

and both
Ko(e()(a, M)v 91(&, M)792(a7 M)793(G7M)704(aa M)’ 05(0” M)’ 06(0” M)’ 97(0’7 M))

and Ko(07(a,M),0s(a,M),09(a,M),0(a, M))

hold for any a € M.
Define labels for these formulas as follows:

label k for 6y (x,y), where 0 < k <9.

It is easy to check that for the algebra Py, ,, the Cayley table has the following form:
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- 0 T 2 3 1 5 6 7 B 9

0 0 T 2 3 1 5 {6} {7} {8} {9}

1 1 T 2 3 1 1 {4,5,6} {7} {3} {9,0,17}
2 2 2 2 3 3 3 3 {3,4,5,6,7} | {8,9,0,1,2} 2

3 3 3 {3,4,5,6,7} | {8,9,0,1,2} 2 2 2 2 3 3

1 1 {4,5,6} 7 B {9,0,17} 1 T 2 3 1

5 5 6 7 B 9 0 T 2 3 1

6 6 6 7 B 9 9 {9,0,1} 2 3 {4,5,6}
7 7 7 7 B 3 3 3 {8,9,0,1,2} | {3,4,5,6,7} 7

3 3 8 {8,9,0,1,2} | {3,4,5,6,7} 7 7 7 {7} {8} 3

9 9 {9,0,1} {2} {3} {4,5,6} 6 6 {7} {8} 9

By the Cayley table the algebra By, ,, is not commutative.

Theorem 4. The algebra Py, ,, of binary isolating formulas having a monotonic-to-left function
on M has 4s + 6 labels, is strictly (2s 4 3)-deterministic and is not commutative.

Proof of Theorem 4. In this case we have the following binary isolating formulas:

r=y, f(x)=y,

Ko(z,y, f(x)) A Bi(z,y),
Ko(z,y, f(2)) A =Ej(x,y) A +1a:y7léjz\
Y)

Ko(z,y, f(z)) N —E;(f(x), /\EJ+1 'Y ] s,
Ko(z,y, f(x)) N EL(f @(
Ko(f(x).y.x) A Elw ,
Ko(f(2). 9,2) A E5(f(x),5) A \@c Wa<i<s,
Ko(f(x),y,2) N ~Ej(z,y Qx yh1<j<s,
Ko(f (), 1(2,y).
Thus, we obtain 4s + 6 binary isolatin@ulas

The formula
Koot @: £.1) A Kolt,y, £(0) A Br (1)

uniquely determines the formula A Eq(x,y). Further, the formulas
FH[Ko(z, W Ey(z,t) A Ko(t,y, f(£) A —E;(ty) A Eja(t,y)]

and 0 (@) N=Ej(z,t) A Eja(z,t) A Ko(t,y, f(£) A E1(t,y)]

for every 1 < j <s ly determine the formula
Ko(z,y, f(x)) A Ej(z,y) A Ejia(2,y).
Consider now the formulas
Ft[Ko(z,t, f(x)) A Er(z, ) A Kolt,y, f(8) A—~E;(f(t),y) A Eja(£(2), )]
and 3t[Ko(z,t, f(2)) A 2E;(f(x),t) A Eja(f(2), ) A Kol y, f(8) A Ex(t, )],
where 1 < j < s. It is easy to establish that they uniquely determine the formula
Ko(z,y, f(2)) A=E;(f(x),y) A Eja(f(2), y)-

The formula
Jt[Ko(z,t, f(z)) A Er(z,t) A Kolt,y, f(t) AN E1(f(t),y)]
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uniquely determines the formula Ko(z,y, f(z)) A E1(f(x),y). While the formula

Ft[Ko(x, L, f(x)) A Er(f(2), ) A Kolt,y, f(8) A Er(t, y)]

is compatible with the following three formulas:

Ko(m,y,f(m))/\El(f(x),y), f(x) =Y Ko(f(x),y,x)/\El(f(x),y).

Thus, we established that the algebra %y, , , is not commutative.
Further, considering the formulas

Ft[Ko(a,t, f(2)) A Er(z, ) A f(E) = y] and 3t[f(x) =t A Ko(t,y, f(1)) A Ev(t, y)l,

we obtain that they uniquely determine the formulas

Ko(z,y, f(x)) NEL(f(2),y) and Ko(f(2),y, z) A Ex(f
respectively, also confirming non-commutativity of the algebra Py, , ,. \
Similarly, the formulas

FH[Ko(x,t, f(x)) N EL(f(2),8) A f(t) = y] and Tt[f @&% ) NEL(S (), y)],

uniquely determine the formulas g
Ko(z,y, f(z)) A Ey(z,y) and Ko(f (x,y), respectively.
The formula Q
Jt[Ko(z,t, f(z)) A Er(( ) ANEL(f(E), )]
is compatible with the following three form §
Ko(x,y, f(z)) A Ex( =y, Ko(f(2),y,2) N Er(f(2),y)-

While the formula

@ ANE1(f(z), 1) A Ko(t,y, f(1) A Er(t,y)]
uniquely determines the ) A El(f( ), Y)-

Further, the for

3t /\El (@, ) A Ko (f(8), y,1) A=Ej(f(1),y) A Eja(f(8), y)]

and 3t[Ko(f (f(z),t) AN Ejp1(f(x),t) A Ko(t,y, f(t) A E1(t, y)]

forevery 1 < j <s unlquely determine the formula

Ko(f(2),y,2) A=Ej(f(x),y) A Eja(f(2), y)-

Similarly, the formulas

Elt[KO(xvt7 f((l?)) A El(x’t) A KO(f(t)vyvt) A ﬁEj(tv y) A Ej-l—l(t)y)]
and Jt[Ko(f(z),t,z) A _'Ej(wat) A Ej-l-l(a:?t) AN Ko(t,y, f(1) A Ei(t,y)]

for every 1 < j < s uniquely determine the formula

Ko(f(:L‘),y,:E) A _'Ej($7y) A Ej+1(x>y)'
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Further, the formulas
Elt[Ko((E, t, f(fl')) A El(x7 t) A KO(f(t)’ Y, t) N Eq (t7 y)]

and Jt[Ko(f(x),t,z) A E1(z,t) A Ko(t,y, f(t)) A E1(t,y)]

are compatible with the following three formulas:

KO(f('T)aya x)/\El(xay)v =Y, Ko(x,y,f(:v))/\El(ac,y).

The formula

Elt[KO(xata f(x)) A _‘Es(m’t) A Es—l—l(xvt) N KO(f(t)ayat) A _‘Es(f(t)7y) N E3+1(f(t),y)]

is compatible with the following 2s + 3 formulas:

KO(x7y7f($))/\_'Ej(f(x)ay)/\Ej—i-l(f(x)?y)a 1 S&&
2
Ko(z,y, f(z)) AN E1(f(2),y), \

While the formula \
Elt[KO(f(x)v t7 x) A _‘Es(f(x)v t) A Es-i—l( (x)v %ta Y, f(t)) A _'Es(ta y) A E5+1(t7 y)]

uniquely determines the formula

KO(f(J:)aya (f(l‘)vy) /\Eerl(f(x)?y)'
On the other hand, the formula\
[ Ko(z,t, f(x)) A O N Egp1(x,t) ANKo(f(t),y,t) AN=Es(t,y) A Esy1(t,y)]

and Ht[K()(f(CC), t, > S(xv t) N ES-H(J;’ t) A Ko(t, Y, f(t)) N—Es (t’ y) N ES-H(t: y)]

are compatible wi%{ 2s + 3 formulas:
o(f (@), y,2) N =Ej(z,y) A Eja(,y), 1<j<s,

Ko(f(2),y,2) A\ Er(z,y),
x =y,
Ko(z,y, f(z)) A Er(z,y),
Ko(z,y, f(x)) N=Ej(z,y) AN Eja(z,y), 1<j<s.
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N-KaTeropmsiJjbIK, 9JICi3 IUKJIIIK MIHAMAJIgbl=TEopusiap YIIiH
OuHapJbLIK dhopMyJiajiap ajaredpaJjapbl: MOHOTOHIbI XKaFaii

B.I1I. Kymmemos!?, C.B. CygomtaTos*

L Mamemamuxa ocone mamemamuranvs; modeasdly rcmumymot, Aamamst, Kasaxceman;
2 Kasaxcman-Bpuman meznuxaror yHusepeumemi, Aamamot, Kazaxcman;
3 Hosocibip memaexemmix merndgansy Yrudepcumemi, Hoeocibip, Peceti;
4PFA CF C.JI. Coboaes amomdaev. Mamemamura unemumymos, Hosocibip, Pecet

MakaJstazia o-MIHIMAIIBLIBIK, TYKBIPBIMAAMACEIHA KATBICTHI IUKJIIIK PETTEJINeH KYPBIIBIMIAD YIIH HYCKA
6OJIBITT TAOBITIATHIH 9JICI3 IUKJIIIK MUHAMAJIIBWIBIK TYCIHIIT KapacThIpbUIFaH. 1-TPAH3UTUBTIIIK aBTOMOD-
busMIEpIiH TPUMUATUBTIIIK eMeC EPYIIIAchlN:KoHe KYPBLIBIMHBIH HEri3Tl >KUBIHBIHJIA 9PEKeT eTETiH Tpu-
BHAJIBIBI €MeC KaTaH MOHOTOHIBI (DYHKNESALIH eKeyi /e O0ap JOHeCTiK panrici 6ip/ieH YIKeH CaHAJIBIMIbI
KaTErOPUSIBIK, 9JICI3 UKJIIIK MAFTNMAJIABI TeOpUAIaphl YIIIiH ONHAPJIIBI OKIIayIay dopMmysiagap aaredbpaa-
PbI 3epTTereH. 3epTTey HOTUKeEIH 1€ aBTopJIap OChI ajrebpaJsiap/blH, CUIIaTTaMachlH yebiHFaH. Oapabiy
apachlH/Ia KOMMYTATHBTI ¥KoHe KOMMYTATUBTI eMec ajrebpasiap 6ap ekeni kepceriarern. Mynmait anrebpa-
JIApIBIH, KATaH M-I1eTePMHUHATTBLIBIFEI KefibIp m HATypaJsl CaHbl YIIiH /1€ aHBIKTAJIFaH.

Kiam coesdep: KMk PETLICITEH KYPbUIbIM, OMHAPJIBIK, hOpMyJia, OKInayiaay (hopMmysachkl, dopMysiasap
anrebpachl, CAHATBIMIBI KATETOPUSIIBIK, TEOPUSsI, OJICI3 MUKJIIK MUHUMAJIBLIBIK, JOHECTIK paHrici, aBTO-
MOpPGU3M I'PYNIACHI, APAHZUTUBTLIIK, MPUMUTHBTIIIK, M-I€TEPMUHATTHLIBIK.
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AnreOpbl OMHAPHBIX (GOPMYJT A4 Nj-KATerOPUIHBIX CJIA00
MUKJIAYECKN MAHUMAJIbHBIX TE€OPUii: MOHOTOHHBIN CJiy4Yaii

B.I1I. Kymmemos!?, C.B. Cynomraros*

L Mnemumym mamemamusy, U Mamemamuieckozo modeauposanus, Aamamol, Kasaxcman;
2 Kasaxcmancko- Bpumancrut meznuveckuts yrusepcumem, Aamamo, Kazazcman;
3 Hosocubupcruti zocydapemeennuiti mexnuveckut yrusepcumem, Hosocubuperk, Poccus;
4 Inemumym mamemamusu umenu C.JI. Cobonesa CO PAH, Hosocubupck, Poccus

B macrosimeit crarbe paccMOTpPEHO TOHSITHE CJIa0O0U IUKJINYECKOW MUHUMAJBHOCTH, SIBJISIOIIENCS Bapu-
aHTOM O-MUHUMAJIBHOCTH JJIsI IIUKJIMYECKH YIOPSIOUYEHHBIX CTPYKTYD. VlccienoBaubl aaredpbl OMHAPHBIX
U30JIUPYIOMUX (POPMYJT JIjIsi CIETHO KATEMOPUYHBIX CJIa00 IUKIUIECKM MUHUMAJIBHBIX TEOPUil paHra BbI-
MMYKJIOCTH, OOJIBITIETO €UHUIIBI, UMEIOIINX KaK [ -TPAH3UTUBHYIO HEIPUMUTHUBHYIO TPYIIILY aBTOMOP(MU3MOB,
TaK U HETPUBHUAJIBLHYIO CTPOTO MOHOTOHHYIO (PYHKIINIO, JEHCTBYIONIYIO HA OCHOBHOM MHOXKECTBE CTPYKTY-
pel. B pesysbraTe mccienoBaHus aBTOPBI MPEJCTABISIOT onucanue 3Tux ajredp. Ilokaszano, uro cpean
HUX UMEIOTCST KaK KOMMYTaTUBHBIE, TAK U HEKOMMYTATHUBHBIE ajreOpbl. KpoMme TQrogyCcTaHoB/ieHa CTpOrast
M-IeTePMUHUPOBAHHOCTD TAKUX aJIre0p I HEKOTOPOr'o HATYPAJILHOTO UHCJIadM

Karouesvie caro6a: TUKIMIECKH YIIOPsOUeHHAs CTPYKTYpa, OnHapHas (hopMyita, nseupyomas dopMya,
anrebpa popMyJI, CIETHO KATErOPUYIHAS TEOPHsI, CJIa0as IIUKINIECKAsT MUTHAMEAILHOCTD, PAHT BBITYKJIOCTH,
rpymma aBToMOpdU3MOB, TPAH3UTUBHOCTD, IPUMUTUBHOCTD, M-1€T€PMUHRPOBATHOCTD.
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