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Approaching of the solution of a static compressible medium
to the solution of an incompressible medium

A well-known analogy of the flow of viscous incompressible fluid and incompressible elastic medium.
According to this analogy, the solution of the equations of the elasticity theory with the Poisson’s ratio
v = 0,5 and for any fixed shear modulus g can be interpreted as a motion of a viscous incompressible
fluid with viscosity p. Thus, we can consider the usual static linear elasticity task with Hooke’s law at
A — 00, as a mathematical model of approaching to incompressible medium. In thispaper, we obtained the
asymptotic A — oo. Estimation of the proximity of the solution of an elastic static problem with Hooke’s law
to the solution of incompressible medium (Stokes problem). The final estimate allows to use well-known
difference schemes and algorithms for an elastic compressible medium to solve incompressible medium.

In this paper, an estimate of the proximity of the solutions of these problems is proved at A — oo, i.e.

—H f ATy H . . . .
F e ;\\i‘;‘_’ P ¢339 . To substantiate this fact in [1-3], various methods for the first boundary value

problem were investigated. For the static problem of the theory of elasticity, there is currently a whole
series of papers devoted to numerical implementation using difference schemes. In paper [4], the estimate

O(A™%) where k = % was obtained, in the proposed paper the estimate O(A™'), and in further work we

will show that this estimate is best possible in order.
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A well-known analogy of the flow of viscous incompressible fluid and incompressible elastic medium. According
to this analogy, any solution of the equations of the elasticity theory with the Poisson’s ratior = 0,5 (l/ = ﬁ)

to any shear modulus i can be interpreted as a motion of a viscous incompressible fluid with a viscosity u (Stokes
problem) [5].

In a bounded simply connected domain D C R? with a sufficiently smooth boundary v we seek a solution
to the problem of the theory of elasticity for an incompressible medium that satisfies the equilibrium equation

ulNa—Vp+ f=0, x €D, (1)

the condition of incompressibility of medium

divu =0,z € D, (2)
by _the correlation of the displacement-strain
1 (0u;  Oug )
ik = & ) 7k = 17 27 37 3
“ik 2(8xk+8xi> ! ®)
to equations of state of medium
Oik = —0ikD + 2UEik, (4)

where o, is components of the stress tensor, J;; is the Kronecker symbol, p is function of pressure, and to

boundary conditions
3

Za’iknk = 0) T e, (5)
k=1
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the task (1)—(4) with boundary conditions of the first kind, i.e. when
u=0, z €7, (6)

was investigated by various techniques. Its solution was considered as the limit in a certain sense at A — oo
solutions * the problem of the theory of elasticity for a compressible medium.

pANT + (A + p)Vdiva* + f =0,z € D, (7)

where the components of the strain and stress tensors are related to Hooke’s law

045 = 52])\0 + 2/162']'7 Z,] = 1, 2,37 (8)

3

where = > e, A > 0, p > 0 the Lamé constants, the static problem of the theory of elasticity for an
i=1

incompressible material (1)—(4), (6) studied in [6-7]. For it, a difference scheme is constructed from the first

order of accuracy. Let us turn to the study of the behavior of the solution of problem<(3), (5), (7), (8). This

problem is not always solvable [8]. The conditions for its solvability are that the main vector and the main

moment of the bulk forces are zero.
/fd:r:O, /?x?dx:O, (9)
D D

in the case of fulfillment of conditions (9), problems (3), (5), (7), (8) are not uniquely solvable. To single out its
only solution, additional conditions are needed.

/ﬂdm =0, /rot udx =0, (10)

D D

further, we will assume that for solving the problem (3), (5),:(7), (8) the conditions (9), (10) are fulfilled. We
first carry out auxiliary arguments. Let problem be solved.

divvi=pyme D} V=7, x €. (11)

Lemma 1. Following [10, 11], let it be

mal
7 €O p e WD), 9 e W5"TE (), (12)
moreover we suppose that (p,1)p = 0, (@, 1), = [P T ds. Then there exists an additive and homogeneous

Bt
operator v = v(p, u) solving the problem (11), (12) and there is fair estimate

m < Mm m ma 1 .
oy < Mo (Lol + el e )

Lemma 2. Liet conditions (12) be fulfilled, then there exists a homogeneous operator v = v(p,u) that the
evaluation takes place

Ml ) < Mo |l + el e |
where v satisfies the following problem
divv=p- [u(D)"", (,7),, in D,

V=p+ [/1’77«*1(7)}71 : (pa 1)D ‘n, on 7,

1n (D) is n-dimensional Lebesgue measure of the domain D, p,—1(7) is n — 1-dimensional Lebesgue measure of
its boundary.
Proof. Let ¥y - this sequel to D, that the assessment is made

13l o) < Mol ey
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As ¥y, you can take the solution of the following problem:
v, =0, in D,
Uy =¢, on 7.
Let Wy be similar extension of n to D. Finally, let be
U =T+ 1M () - Vo
Then the vector function Z =¥ — V¥ is a solution of problem
divz =p —div¥ + [un(D)] (7,7,
z=0, on .

Thus, for the vector function Z(x), the conditions of the Lemma are already satisfied, as required. Now, for any
scalar function is p(z) € L,(D).
The formula

||PHW*1(D): sup 7|(p,q)p\
2 q€W(D) HQHW;(D)

for all ¢ # 0 defines the norm of a linear functionality over the space WJ(D). A fornula

p,4)D
1Plys = s T2l
: 4€Wa(D) W, (D)
0 -1
defines the norm of a linear functionality over a space W, (D)» Whence it follows that

1Pl < 1ol RSP
Consequence of Lemma 2. Let v be a solution to problem
divv =p, in D. (13)
V= [ I (0, 1) -7, on v, (14)
For an arbitrary function p(z) € Lo(D). Then the estimate is true
¥llwi ) < cllpllzap)-
Let us turn to the problem (3), (5);.(7), (8). The solution of this problem satisfies the integral identity
E(u,v) +A/divﬂ~divvda: = /?'Vdo:. (15)
D D

For all v € W3 (D) where

3
— N 1 au, 6’(1,]‘ 8vi 8Vj
B v) = 5“/ ) (axj + ax) (azj + 317,;) de.
D
Let'in (15 ) v =, then
E(u,7) + A dival]? = /Tﬂdm, (16)
D

Consistently evaluating the right-hand side of equality (16) we will have

/ Fuda| < Tl oy - lullw o) < SlullBva oy + call 132 )
D

Cepust «Maremarukas. Ne 3(95)/2019 21



M.M. Bukenov, A.A. Adamov, D.K. Koikelova

d > 0, ¢s > 0 are constants. Further, taking into account the Korn inequality [2], we obtain
ulls oy + M vl < el FI, 1

Let v from (13) be the solution of the problem (13), (14), setting that in (15) divVv = p, we have

A/divﬂ-pdx < ellplloo) + 1wy oy - IPllzao) < €llpllLoo) (17)
D

in (17) we set p = div u, whence it follows that

)\” diVﬂH[Q(D) < c < oo.

Thus, we have obtained the following estimate
[ullwy () + Al diva L, (D) < ¢ < oc. (18)

Let us pass in (15) to the limit A — oco. Since, by virtue of estimate (18), we have the relations @ — u, weakly
in W (D) at A — oo, Adiv — p weakly in La(D) at A — oo. From this we obtain that %, and p satisfy the
integral identity

E(ug,v) — /pdivvdx = /?de.
D D

For an arbitrary vector function ¥ € W3 (D). That is, we will have inthe limit for A = 0o a generalized solution
of the boundary value problem

uNiig —Vp+ f =0, .x €D, (19)
P 8uoi auok .
divig =0, o), = p (8£Uk 0%, ) — Okp, 4, k=1,2,3,

3
0
E opng = 0,7.
k=1

Next, we estimate the rate of convergence of the solution and problem (3), (5), (7), (8) to the solution g, p of
the problem (19).
Denote by W = u — g, p — Adiva = 7. By virtue of (5), (7), (8) and (19) we obtain

E(w,v) — (7,divv)p = 0. (20)

Whence it follows that
Iy < I7llcaoy - 1 divell < e [,y - A7 (21)

Let v be the solution of the following problem
divv=m, z €D, (22)

¥ = s (DI~ (m, V) -7, om 7. (23)

And suppose that in (20) the vector function ¥ satisfies (22), (23), then using the consequence of Lemma 2 we
obtain

I7l* < ellwllwy oy - IFllwz oy < ellwllwg o) - 17l 22 )- (24)

As a result, taking into account (24) there is an assessment
17l 220y < ellwliwg(p)- (25)
Referring to the estimate (21) then to (25) as a result, we obtain
1901203 0y + 171200y < - A2, (26)

so we have proved.
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Theorem. Let f € W, '(D), then the estimate (26) is valid.
Comment. Here, in the course of the argument, the existence and uniqueness of theorem for the generalized
solution of problem (24) is proved. In [11], an estimate of proximity

71l LoDy < e AT

was obtained, here from (26) follows

10

11

7] Loy < e A7
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M.M. Bykenos, O.A. Axamos, /I.K. Koiikemosa

CraTukaJjblK ChIFBLIATBHIH OPTAHBIH, IIEITiMiH
CHIFBLIIMANTBHIH OPTAaHBI IIEIIyTre >KaKbIHIATY

TYTKBIP CHIFBLIMANTHIH CYHBIKTHIKTHIH YKOHE ChIFBLIMAUTHIH CEPITIMII OPTAHBIH AFBIHBIHBIH, YKCACTHIFBI O6€J1-
rii. Byt ykcacTeikka coiikec [Tyaccon koaddunmeHTiHIEr CepIiiMIiIiK TeOPUICHIHBIH, TeHIeYIePiHiH, MIeri-
Mmi v = 0,5 yKoHe Ke3 KeJIPeH TipKeJITeH MOJIYJIHJIE [ TYTKBIPJIBIKIIEH TYTKBIP KbICHIIMANTHIH CYHBIKTHIKTHIH
KO3FaJIBICBL U peTiHge Tyciumipimyi mymkin. Ocbuiaitmra, ['yK 3aHBIMEH CBI3BIKTBHIK, CEPIIMITIKTIH 9I€T-
Teri CTATUKAJBIK €ce0iH A — 0O CBI3BIK KBICBLIMAWTBIH OpTara >KaKbIHJIAY/IbIH MaTeMaTHKAJIBIK, MOJEJT
perinze KapacTeipyfa 60mambl. Makasaia aCUMITOTHKAIBIK A — 0O AJBIHIBL. ['yK 3aHBIMEH TBHIFBI3 CTa-
THKAJIBIK, €CEIITIH, IEeNIMEATIH OPTAHbI eNTyTe KaKbIHABIFbH Garanayra (Ctokc ecebi) meris 6ap. ConFbI
OaraJjiay ChIFBIJIMANATBIH OPTAHbI IIEINIy VIINH CEPIiM/Ii KBICBLIFAH OpTara apHAJFraH Oesiriji afbIpbIMIIBIK
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cxeMaJiap MeH aJIrOPUTMIEP/Il Maiigananyra MyMKIHIIK 6epesi. ABTOp/Iap OChl MiHAETTEP] TIENTy YKaKbIH-
JBIFBIH JRJIENIE A — 00, C. C. “;j@f Jdivim=r e=o Byn daxrini merizaey yrmin [1-3] Gipimmi merrik
ecenTiy opTypJii daicrepiMen 3eprresireHin Kepyre 6osaabl. CepriMaliK TEOPUACHIHBIH, CTATUKAJIBIK, ecebi
VIOH Ka3ipri yakpITTa 9pTYpJi cxeMaJap/blH KOMEriMeH CaHJIbIK, iCKe achbIpyFa apHaJFaH »KYMbBICTaP/IbIH,
TyTac muky 6ap. [4] xxympicta k = % Gosranmarsr O(A %) Garamaysr amsgs, orga O(A 1) Garamays: 6ap,
aJIIarbl yaKbITTa J1a OyJ1 6ara per-peTiMeH »KaKCapThIIMAUTBIHBI KOPCETIIeTi.

Kiam cosdep: KbICBIIMAATBIH opTa, 'YK 3aHbI, KEPHEY, OPBIH aybICTBIPY, JlaMe KoaddunmenTTepi.

M.M. Bykenos, A.A. Anamos, /I.K. Koiikenosa

ITpubamkenune perneHnusi CTATUYIECKON C2KMMAaEMOIl CPeJIbl
K PELIEHUI0 HECXKMMAEMOMN Cpebl

W3BecTHa aHasiorusi TedeHUs BA3KOW HECKMMAEMOW YKUJIKOCTH U HECKUMaeMoil ympyroit cpemnl. Corac-
HO 9TOIl aHAJIOTHH, PEIlleHre YpaBHEHU Teopuu yupyroctu npu kodddunnente [lyaccona v = 0,5 u npu
J11060M (PUKCUPOBAHHOM MOJLyJIe CABUIa [t MOYXKET ObITh MHTEPIPETUPOBAHO KAK JIBUKEHIE BA3KOM HECXKU-
MaeMOi KUJKOCTHU C BI3KOCTBIO 1. TakuM 06pa3oM, MOXKHO PACCMATPUBATH ODBITHYIO CTATUYECKYIO 33149y
JINHEAHOMN YIPYTrOCTU C 3aKOHOM ['yKa mpu A — 00 KaK MaTeMaTHIECKYIO MOJIEIb IPUOJINKEHUsT K HECHKY-
MaeMoit cpezie. B crarbe ObuIa 1Oy YeHa AaCUMIITOTAYECKAs 10 A — 0O OL€HKa, OJIM30CTH PelleHust YIIpyroi
CTATUYECKOH 38714491 ¢ 3aKOHOM |'yKa K permennio neczkumaeMoit ¢peapt (3amada Crokca). Konewanast onenka
[I03BOJISIET UCIIOJIH30BATh U3BECTHBIE PA3HOCTHBIE CXEMbI U AJITOPUTMBIL [IJIsl YIIPYTOil C2KUMAEMOM CpeIbl J1Jist
pellleHnst HeCzKuMaeMoii cpeibl. B pabore jokazana oneHKa GIM30CTH PEMIEHM THX 3a/1a49 IPU A — 0O, T.€.
Kjgf f\‘ii‘;fﬁfp ‘;:gf. st o6ocroBanust sToro dakra B|1-3| Gplin nccIea0BaHbI pA3JIMYHBIE IPUEMBI
JIsl TIepBOil KpaeBoil 3amadu. st craTuaeckoil 3aa4u TEOPUHU. yIIPYTrOCTH B HACTOSIIEE BPEMsI UMEETCS
IeJIbli UK paboT, HOCBAINEHHBIX YUCJIEHHON pean3alii, ¢ MOMOUIbIO Pa3HOCTHBIX cxeM. B [4] monydena
onenka O(A\™%), re k = %, B IIpejijilaraeMoii paboTe MMeeT MeCTO OIEHKA O()\fl) , U B JaJibHeimeM Oyier
MOKA3aHO, 9TO 3TO OIEHKA HEyJIydIIaeMa 110 MOPIIKY.

Kmouesvie crosa: Hec:KknMaeMasi cpefia, 3aK0H ['yka, HampsKeHus, 1edOpMaIini, mepeMereHnsi, Koapdu-
mueHTh! Jlame.

References

Kobelkov, G.M. (1977). Ob ekvivalentnykh normirovkakh podprostranstv [On equivalent normalization
of subspaces|. Analysis mathematica, Vol. 3, 177-186. Budapest [in Russian].

Mikhlin, S.T. (1973). Spektr puchka operatorov teorii upruhosti [The spectrum of the pencil of operators
of the theory of elasticity]. UMN, Vol. 28, 8(171), 43-82 [in Russian].

Babusca, 1., & Aziz, AK. (1972). Lectures on the mathematical foundations of the finite-element method
with applications. N.-Y.

Stepanenkoy, V.M. (1978). Approksimatsiia resheniia zadachi teorii upruhosti dlia neszhimaemoho mate-
riala [Approximation of the solution of the elasticity theory problem for incompressible material]. Vol. 9,
No. 6,136-145. Novosibirsk [in Russian]|.

Goldstein; R.V. (1978). Primenenie intehralnykh uravnenii dlia chislennoho resheniia zadach teorii upru-
hosti i plastichnosti [Application of integral equations for the numerical solution of problems of the
theory of elasticity and plasticity|. Chislennye metody mekhaniki sploshnoi sredy — Numerical methods of
continuum mechanics, Vol. 9, No. 5, 37—69 [in Russian].

Kobelkov, G.M. (1977). Ob odnom iteratsionnom metode resheniia raznostnykh zadach teorii upruhosti
[On an iterative method for solving difference problems in the theory of elasticity]. Doklady AN SSSR -
Reports of the USSR Academy of Sciences, Vol. 233, No. 5, 33-38 [in Russian].

Kuznetsov, Yu.A., & Mazokin, A.M. (1972). Reshenie uravneniia Helmoltsa metodom fiktivnykh oblastei

[Solution of the Helmoltz equation by the method of fictitious domains]. Sbornik Vychislitelnye metody
lineinoi alhebry. VIS SOAN SSS [in Russian].

Becrnuk Kaparanauackoro yHUBEepcuTeTa



Approaching of the solution of a static ...

8 Ficker, G. (1974). Teoremy sushchestvovaniia v teorii upruhosti [The existence theorems in the theory of
elasticity]. Moscow: Mir [in Russian].

9 Ladyzhenskaya, O.A, & Solonnikov, V.A. (1976). O nekotorykh zadachakh vektornoho analiza i obobshch-
ennykh postanovkakh kraevykh zadach dlia uravneniia Nave-Stoksa [On some problems of vector analysis
and generalized formulations of boundary value problems for the Navier-Stokes equation|. Zapiski nauch-
noho seminara LOMI — Notes of the LOMI scientific seminar, Vol. 59, 81-116 [in Russian].

10 Ladyzhenskaya, O.A., & Uraltseva, N.N. (1973). Lineinye kvazilineinye uravneniia ellipticheskoho tipa
[Linear and quasilinear equations of elliptic type]. Moscow: Nauka [in Russian].

11 Bibly, B.A., Eshelby, I.D., & Kundu, A.K. (1975). The change of shape of a viscous ellipsoidal region
embedded in a slowly deforming matrix hawing a different viscosity. Technophisics, Vol. 28, No:4, 265—
274.

Cepust «Maremarukas. Ne 3(95)/2019 25





