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A source inverse problem for the pseudo—parabolic equation
with the fractional Sturm—Liouville operator

A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation with one
fractional Sturm—Liouville operator is considered. In this paper, we prove the existence and uniqueness
results of the solutions using by the variable separation method that is to say the Fourier method. We are
especially interested in proving the existence and uniqueness of the solutions in the abstract setting of
Hilbert spaces. The mentioned results are presented as well as for the Caputo time fractional pseudo-
parabolic equation. There are many cases in which practical needs lead to problems determining the
coefficients or the right side of a differential equation from some available decision data. These are called
inverse problems of mathematical physics. Inverse problems arise'in various areas of human activity, such
as seismology, mineral exploration, biology, medicine, industrial quality control goods, and so on. All these
circumstances put the inverse problems among the important problems of modern mathematics.

Keywords: Pseudo—parabolic equation, inverse problem, fractional Sturm—Liouville operator, Caputo frac-
tional derivative.

Introduction

In this paper we consider pseudo—parabolic equation generated by fractional Sturm—Liouville ope-
rator with Caputo time-fractional derivative. We investigate the equation

Dif[u(t, x) 405 auDp- cult, ©)] + 0%, . Dy ult, x) = f(x), (1)

for (t,z) € Q= {(t,2)| 0 <t £T < 00, a <z < b}, where Df" is the Caputo derivative and 9%, , D',
is the fractional Sturm-Liouville operator which is defined in the next section.

In many physical problems, it'is required to determine the coefficients or the right-hand side (the
original term, in the case of the diffusion equation) in the differential equation from some available
information; These problems are known as inverse problems. Similar problems are poorly formulated
in the sense of Hadamard. A number of papers consider the problem of solvability of inverse problems
for the equations of diffusion and anomalous diffusion (see [1-9] and references therein).

1 Definitions of fractional operators

We begin this paper with a brief introduction of several concepts that are important for the further
studies.
Definition 1 [10]. The Riemann-Liouville fractional integral I* of order a > 0 for an integrable

function is defined by

1f)(t) = F(la) / (t— )2 f(s)ds, 1 € [c,d],

where I' denotes the Euler gamma function.
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Definition 2 [10]. The Riemann-Liouville fractional derivative D of order v € (0, 1) of a continuous

function is defined by
o d o
DefIE) = Z1°1A1(8), ¢ € [e. d].
Definition 8 [10]. The Caputo fractional derivative of order 0 < o < 1 of a differentiable function
is defined by
D[f](t) = D[f'(t)],t € [c,d].

Definition 4 [10]. Let f € L'[a,b], —co < a < t < b < +oo and f x K, o(t) € W a,b],
m = [a], a > 0. The Caputo fractional derivative 0¢, of order « € R (m —1 < o <.m, m € N) is
defined as

(t—a)m7!
(m—=1)"]

(t —a)
1!

0%af () = DS |[f () = f(a) = f'(a) AR )
If f € C™]a,b] then, the Caputo fractional derivative 9%, of order o € R'(m = 1< o < mym € N) is

defined as ,

/ (t — )™ ) (5)ds.

a

1

0%, [f1(t) = Ty f™) (1) = Tm—a)

2 Fractional Sturm~—Liouville operator

We study the operator generated by the integro-differential expression
L(u) = 0%, Diiu, a <z < b, (2)
and the conditions
I,~%ufa) = 0, [, *u(b) =0, (3)
where 0%, is the left Caputo derivative of oxder o € (0,1] of u,

b
Dy~ gy [ (€~ 0 (e

x

is the right Riemann-Liouville derivative of order a € (0,1] of u, and

b
R ule) = o [ €= 0w
x
is the right Riemann-Liouville integral of order a € (0, 1] of u, [10]. The fractional Sturm-Liouville
operator (2)—(3) is self-adjoint and positive in L?(a,b) (see [11-14]). The spectrum of the fractional
Sturm-Liouville operator generated by the equations (2)—(3) is discrete, positive and real valued, and
the system of eigenfunctions is a complete orthogonal basis in L?(a, b).
So we can denote eigenvalues and eigenfunctions accordingly by A¢ and e¢(x). That say us for
e¢(x) € L*(a,b) following identity is hold:

Leg(x) = Aeee(x), e € Ry (4)
Where 7 is a countable set and V¢ € 7.

8 Formulation of the problem
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We aim to find a couple of functions (u(t,x), f(x)) satisfying the equation (1) with an initial
condition

u(0,2) = (), @ € [a,] (5)
and with an additional information
W(T, @) = (x), @ € [a,b]. (6)

By using L-Fourier analysis we obtain existence and uniqueness results for this problem;

We say a solution of the problem (1), (5), (6) is a pair of functions (u(t,x), f(x)) such that
they satisfy equation (1) and conditions (5), (6) where u(t,x) € C*([0,T],H"'), 0¢<.a < 1 and
f(x) € L%(a,b).

Now, to investigate our problem, we need to define the Hilbert space H!.

Definition 5. The Hilbert space H! is defined by

H' = {u € L*(a,b) : Lu € L*(a,b)}.
4 Main results

For problem (1), (5), (6) the following theorem holds.
Theorem. Let ¢, € H'.Then a solution u(t,z) € C¢ ([O,T],Hl), 0<ac<l,f(x) € L*(a,b) of
problem (1), (5), (6) exists, is unique, and can be written in the form

u(x,t) = p(z)+) [(6%@13?_@% eé)”’(avb) - (%MDZ?"‘”(P’ €5> LZ’(a,b)] (1 ~ Faa (_P/:iista)) ce(®)

by Y
= el - P (S T))

] eg ()

> [@ia,ngL% ) 30y~ (PaaDiaprce)
f(@) = 084Dy 2p(z) + By
ceT 1-— Ea,l (—71+§\£ Ta)

Where E, s is the Mittag-Leffler type function [15]:

L2(a,b) L2(a,b)

m

£0s®)= X am+ 5y

m=0

Proof. First of all, we start by proving an existence result. Let us look for functions u(t,z) and
f(z) in the forms:

u(t,z) = ug(t)ee(w), (7)
ez
and
fla) = feee(w), (8)
ez

where wug(t) and fe are unknown. Substituting (7) and (8) into problem (1), (5), (6) and using
relationship (4) we obtain the following problem for the functions u¢(t) and for the constants fe, £ € I:

Do) + 5ol = 75 o)
ug(0) = . (10)
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where ¢¢, 9¢ are L-Fourier coefficients of p(x) and ¥ (x):
ve = (Pr€6) p2(ap)

wf = (wa eﬁ)LQ(a,b) :

General solution of the equation (9):

Je A a

where the constants Cy, f¢ are unknown. By using conditions (10) and (11), we can find they. We first
find Cg:

f
ug(0) = Az + C¢ = o,

Then
e — P

1—-FEqn ( 1_):;;\ TO‘) :

fe is represented as
fe = Aatpe 5 AeCe-

Substituting fe, ug(t) into formula (7), we find

u(@,t) = p(r) +)_ Ce <Ea71 (— : ng ta) - 1) ee (). (12)

€T

Using self-adjoint property of operator £
(LQO’ ef)LQ(a b) — ((pvﬁeﬁ)LQ(a b)
and in respect that (4) we obtain

(Losee) r2(ap)
(s ef)L2(a’b) = /\—5’

and for ¢)(x) we can write analogously. Substituting these equality into formula of C¢ we can get that
(L%eg)m(ab (‘Cwaef)LQ )
X .
(1 Eo (-1357))

Putting this into the formula (12), we have

u(t, = B [ Ly, ee) 2y — (Lo, ei)Lz(a,b)} (1 — Faa <_1iiifta>> (o)
ceT A¢ (1 — a1 (_%TQ)> |

Ce =

(13)
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As the same way as (13), we obtain

{ L), eg) L2(a,b) (E‘Pveﬁ)m(a b)} eg ()
f( + Z >‘§ o °
§eT 1= Ean ( 1+,\5T )
The following Mittag-Leffler function’s estimate is known by [16]:

M
1+ |7

|Ea(2)| < yarg(z) = m,|z] = 0. (15)

Now, we show that u(t,z) € C*([0,T],H'), f(x) € L?(a,b), that is

e oy = oo ) s + mace [P (e, s < o,

and
[l 22@ap) < 0
Where
lu(t, e = lu; )lrz@p) + 1£ud Yz
and
1D u(t, )z = IDFult, )l 2205y + 125 L, )| £2(a,)-

Using by the estimate (15) we get following estimates for w(¢,x), Lu(t,z) and Dfu(t, x):

[[u(t, 95)||20([0,T},L2(a,b)) = llo(z)

_ A g
+€ez; [ (LY, €6) 12(q) (Es<0, €£)L2(a,b)} (Ag fa»( E )) 6€($)||20([0,TLL2(&76))
1+/\

[(‘vaei)LQ(a,b) — (Lo e) 2, b)} (1 ~ Eaa <_1iiiéta>) 2

S ||<P||%2(a p) T max leel|7»
~ , A L?(a,b)
ez 10T Ae (1 — Eaa ( Tr T"‘))

2 2
’(£¢765)L2(ab)’ + ‘(E@’ef)LQ(ab)’
Sl + > 32 < 00,

¢ezT €

”ﬁu(‘r’t)HQC([O,T],H(a,b)) = [[Lp(z)
S €]~ ) e,
Lot S g |[Eran ~ Coreian] (1= Bor ()|
L2(a,b)

tez O] (1 — Eag ( 1+/\5Ta>)

S 1Ll + D “(&/”ef%%a,w’ + e ef)wvbﬂ =
(el

Hef“%Z(a,b)

DR u(, )12 (0.1, 22(ap)
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(20, ¢6) 120y — (£65€€) oy | DF (1= Bt (— 125517 ) ela)

= 526; N (1 a < 1i§\£T°‘>> 1E(0,11.22(a,))
N 2
- tre%}f% [(E% €£)L2(a,b) - (‘Cfv eE)LQ(a b)LE ( 1+€\5 ta) ||ef”%2(a,b)
= (1+2) (1= Bax (—25:72))
_ ‘(ﬁw,eg L2(a ‘ —I—‘ ﬁ%eg)y(a b)‘2 >
~ & (1 +Ae)? ’

and
1D Lu(z, t)H%([o,T],Lz(a,b))

{ L), eg) L2(a,b) (E(P7e§)L2(a,b)} Dy (1 — Eaa ( 1+>\ )) Leg(x) 9

= 526; )\5 (1 b, ( 1i§£ Ta)> IE (t0.77,L2(a0))
. trer[lg}zg] A¢ [(£¢a 6§)L2(a,b) — (Lo, GE)LQ(a b)} Ean ( 1—t):§>\§ ta) 2 H‘%H%Q(a,b)
teg telo, (14 Ae) (1 — B ( 1+Aga))

<> “(ﬁw, eg)Lz(&b))Q + ’(ﬁ@,eg)p(a,b)ﬂ
el
’(ﬁw, eﬁ)LQ(a,b)r + ‘(QP, eé)LQ(a,b)‘Q
(T )?

< 00.

2

el

Similarly for f(x) we have the estimate

[£¢>€§ L2(a,b) — (Lo, €£)L2( )] eg(x) 9
) HL2(a,b)

1012200 =1Ll Z
= 1—Ea,1( el

2
(LY, €) 120y = (£Pr€e) 12(0)

A
1= o (~135.7)

S 1L 20 + D legl 72 0

£el

g Hﬁﬁp”%z(a’b) + Z “(Ew,eé)L%a,b)’ + ’(£<P; €£)L2(a,b)‘2:| < 0.
(el

Where, L < @ denotes L < CQ for some positive constant C' independent of L and (). Existence of

the solution of problem (1), (5), (6) is proved.

Now, we start proving the uniqueness of the solution.

Let us suppose that {u1(z,t), fi(x)} and {ua(z,t), fo(x)} are solution of problem (1), (5), (6). Then
u(z,t) = ui(x,t) —ug(x,t) and f(x) = fi(x) — fa(z) are solution of following problem:

Dilu(w,t) + 054 o Dy yule, )] + 0%, . Dy yu(z, t) = f(x), (16)

u(z,0) =0, (17)
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u(z,T) =0. (18)

By using (13) and (14) for (16)—(18) we easily see u(z,t) = 0, f(x) = 0. Unigness of the solution of
problem (1), (5), (6) is proved.

Discussion on further generalisations. Note that the results are derived here can be generalised
by using the non—harmonic analysis developed in the papers [17,18] with the general setting settled
in [19,20]. Moreover, the reader is referred to [21-25] for interesting applications of the non-harmonic
analysis to the different branches of partial differential equations.
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J1. Cepukbaen, H. Tokmaramberon

Irypm-JInyBuiiab 0eJeK TybIHAbI OIepPaTOPJIbI
IceBJIoNapadoJIadbIK TeHJeyl VIMiH
KaliHap Ke3/li aHbIKTayIbIH Kepi ecebi

Maxkanaga Iltypm-Jlnysumte Gesirek TYBIHIBI ONMEpaTOPJIbI MICEBAOMAPAOOIAIBIK TEHIEYIIH OH YKAFbIH
KAJIIBIHA KeJITIPY Kepi ecenTep Kachl KAPACTBIPBUIALI. ABTOpP/Iap aflHBIMAJIBLIADILI aXKbIPATY 9JIICIH, sF-
Hu Pypbe oJiCiH KOJIJaHa OTBIPHII, IIENIMHIH 6ap »KoHEe XKaJFLI3ALIFBIH JoJenaeni. CoHbIMeH KaTap ab-
cTpakThl ['mabbepT KeHICTIriHIe TeniMHIH 6ap *KoHe YKaJFBI3bIFI Ty PaJIbl HOTUXKEIEPA aaasl. Kepceris-
reH HOTHXKeJIep YaKbIT Ooitbiaima KamyTo Gesek TybIHABLIBI ICEBAONAPAOOJIATIbIK, TEHIEY YIINIH AJbIHIbI.
HuddepeHruaaablK TeHIEYIiH MenriMiepiHne KaTbICThl KeHOip KOChIMINA aKIapaTTap apKbLIbl TEHICY/IiH,
OH, >KaFblH aHBIKTAy HEMECE TeHJEYiH KOI(MMUITMEHTTEPIH aHBIKTAY €CENTepi MPAKTUKAJIBIK, YKYMbBICTAPIAH
TYBIHJAIl OTBIP. Bysl MaTeMaTukaJblk (usukanbil, Kepi ecenrrepi. Ojiap ajjaM KbI3METiHIH, opTYpJI cajia-
JIApBIHA Taiaa 00Ja/bl, MBICAJIbI, CECMOJIOTUsI, MUHEDAJIIbI OapJsiay, ONOJIOrusl, MeIUIMHA, OHEPKICIIITIK
camaHbl Oakpuiay eHiMepi xkoHe T.6. Ocbl KarmaiiapIblH OapJIbIFbl Ka3ipri MaTeMaTUKAHBIH MAaHbBI3/IbI
MOceJIeJIepiHiH KaTapbliHa KEPi eCenTep CaJlaChblH €HTi3il OThIP.

Kiam cesdep: ncesnonapabosiajiblk, TeHey, Kepi ecer, 6esiek Tybiaiabl ITypm-JlnyBuiuis omneparopsl,
KamyTo Gesek TyBIHIBICHL.
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J1. Cepukbaen, H. Tokmaramberon

Oo6parHas 3agad4a olpeaejJeHnsd NCTOYHNKA
JJId TICEBOOIIApad0IMYIECKOro ypaBHEHU
c apoboubiM oneparopom IITtypma-JInyBusis

B crarre paccmoTpen kitacc 06paTHBIX 38719 BOCCTAHOBJIEHUS TPABOI YACTH IICEBIONAPAOOITIECKOTO YPaB-
HeHus ¢ ApobubiM oneparopoM [IIrypma-JluyBusis. ABropaMu j10Ka3aHbl Pe3yJIbTATHI CYIIECTBOBAHUS U
€JINHCTBEHHOCTHU PEIIeHUH, C UCIOJb30BaHUEM METOJIa Pa3lesleHus IIepeMeHHBIX, TO ecTb MeTogoM Dypee.
Kpowme Toro, ocobennast 3anHTEpECOBAHHOCTD HAOIIOMAETCS B OKA3aTEIBCTBE CYIIIECTBOBAHNSI U €/ TMHCTBEH-
HOCTHU peleHnit B abCTPAKTHON ITOCTAHOBKE I'MJIBOEPTOBBIX IPOCTPAHCTB. YKa3aHHbIE DPE3YJIbTATHI IIPE/I-
CTaBJIeHBI ISl JPOOHOTO IceBHo-apaboudeckoro ypasaenns: Kamyro o Bpemenu. Ects MHOTO ciiydaes,
B KOTOPBIX MPAKTUIECKUE MOTPEOHOCTH MPUBOIAT K 3aJadaM OIMpPEeIeHusT KOIMMUINEHTOB UIN IPABOt
vacTu AuddepeHaIbHOr0 ypaBHeHHs 110 HEKOTOPBIM JOCTYIHBIM JaHHBIM DElIeHUs. DTO Tak Ha3bIBae-
Mble OOpaTHBIE 33adu MaTeMaTudeckoil ¢pusnku. OHM BO3ZHUKAIOT B PA3JIMIHBIX OOJIACTSIX HeJIOBEYECKON
IesATEeIbHOCTH, TAKUX KaK CEACMOJIOTHsI, pa3BeIKa MOJE3HBIX NCKOMTAEMBIX, OMOJIOT s, MEAUIINHA; TPOMBIIII-
JIEHHbIE TOBApbl KOHTPOJISI KadeCcTBa U T.J. Bce 3Tum 0bOCTOSATENHCTBA CTABAT OOpATHBIE 3afla4M B HUHCJIO
Ba’KHBIX TTPOOJIEM COBPEMEHHON MATEMATUKU.

Kaouesvie caosa: tnceBnomnapabosindeckoe ypaBHeHUe, obpaTHas 3afiada, JIpoOHBIH omneparop ITypma-
JInyBuisa, npounsBoguas KarmyTo.
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