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On the boundedness of solution of the second order ordinary
differential equation with damping term and involution

In the present paper the initial value problem for the second order ordinary differential equation with
damping term and involution is investigated. We obtain equivalent initial value problem for the fourth order
ordinary differential equations to the initial value problem for second order linear differential equations with
damping term and involution. Theorem on stability estimates for the solution of the initial value problem for
the second order ordinary linear differential equation with damping term and involution is proved. Theorem
on existence and uniqueness of bounded solution of initial value problem for second order ordinary nonlinear
differential equation with damping term and involution is established.

Keywords: differential equation with damping term and involution, stability, boundedness, existence and
uniqueness.

Introduction

Differential equations with involution appear in mathematical models of ecology, biology, and population
dynamics (see, e.g, [1–6] and the reference given therein).

Our goal in this paper is to investigate the boundedness of the solution of the initial value problem for the
second order ordinary differential equation with damping term and involution

y′′(t) = f(t, y(t), y′(t), y(u(t)), t ∈ I = (−∞,∞), y(t0) = y0, y
′(t0) = y′0. (1)

Here and in future u(t) is involution function, that is u(u(t)) = t, and t0 is a fixed point of u. Problem (1)
does not seem to yield directly to any techniques that can be used for ordinary differential equations without
involution term [1, 2]. Therefore, we consider the second order linear differential equations with damping term
and involution. We obtain equivalent initial value problem for the fourth order ordinary differential equations
to the initial value problem for second order linear differential equations with damping term and involution.
Theorem on stability estimates for the solution of the initial value problem for the second order ordinary linear
differential equation with damping term and involution is proved. Finally, theorem on existence and uniqueness
of bounded solution of initial value problem for the second order nonlinear ordinary differential equation with
damping term and involution is established. Note that some of the results of this work was presented, without
proof, in [7].

Linear ordinary differential equation with damping term and involution

Let C∞[I] be the set of all differentiable functions for all degrees.
Theorem 1. Let a(t), b(t), α(t) be functions of class C∞ on I, such that b(t) does not vanish on the interval

I, then the problem

y
′′
(t) + α(t)y′(t) = a(t)y(t) + b(t)y(−t) + f(t), t ∈ I, y(0) = ϕ, y

′
(0) = ψ
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is equivalent to the following problem for the fourth order ordinary differential equation

y(4)(t) = p(t)y(t) + q(t)y
′
(t) + r(t)y

′′
(t) + s(t)y

′′′
(t) + F (t), t ∈ I,

y(0) = ϕ, y
′
(0) = ψ,

y
′′
(0) = a(0)ϕ+ b(0)ϕ− α(0)ψ + f(0),

y
′′′

(0) =
[
−α(0) [a(0) + b(0)] + a

′
(0) + b

′
(0)
]
ϕ

+
[
−α′(0) + α2(0) + a(0)− b(0)

]
ψ + f

′
(0)− α(0)f(0),

where
p(t) = a

′′
(t) + b(−t)b(t)−

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
a
′
(t)

−
[
b
′′
(t) + b(t)a (−t)−

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
b
′
(t)

]
1

b(t)
a(t),

q(t) = −α
′′
(t) + 2a′(t) +

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)

[
α
′
(t)− a(t)

]
−
[
b
′′
(t) + b(t)a (−t)−

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
b
′
(t)

]
1

b(t)
α(t),

r(t) = −2α
′
(t) + a(t) +

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
α(t)

+

[
b
′′
(t) + b(t)a (−t)−

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
b
′
(t)

]
1

b(t)
,

s(t) = −α(t) +
[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
,

and
F (t) = −

[
b
′′
(t) + b(t)a (−t)−

[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
b
′
(t)

]
1

b(t)
f(t)

−
[
2b
′
(t) + b(t)α (−t)

] 1

b(t)
f
′
(t) + b(t)f(−t) + f

′′
(t).

The proof of Theorem 1 is based on approaches of proof of Theorem 1 of paper [1] on the first order linear
differential equation with involution.

Now, we consider the initial value problem

y
′′
(t) + αy

′
(t) = by(−t) + ay(t) + f(t), t ∈ I, y(0) = ϕ, y′(0) = ψ (2)

for the second order involutory ordinary differential equation with damping term. We are interested in studying
the stability of problem (2) on I. In general cases of α, a and b the solution of (2) is not bounded on I. Applying
Theorem 1, we get the equivalent initial value problem

y(4)(t) + (a2 − b2)y(t)−
(
2a+ α2

)
y
′′
(t) = F (t),

F (t) = −af(t) + bf(−t)− αf ′(t) + f
′′
(t), t ∈ I,

y(0) = ϕ, y
′
(0) = ψ, y

′′
(0) = (b+ a)ϕ− αψ + f(0),

y
′′′

(0) = −α (b+ a)ϕ+
(
−b+ a+ α2

)
ψ + f ′(0)− αf(0)

(3)

for the fourth order ordinary differential equation. We will obtain the solution of problem (3). Assume that
|b| < |a| , a ∈

(
−
(
α2

4 + b2

α2

)
,−α

2

2

)
. Then, it is easy to see that

d4y (t)

dt4
−
(
2a+ α2

) d2y (t)

dt2
+
(
a2 − b2

)
y(t)

=

(
d2

dt2
−

(
a+

α2

2
+

√
aα2 +

α4

4
+ b2

))(
d2

dt2
−

(
a+

α2

2
−
√
aα2 +

α4

4
+ b2

))
y (t) .
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Therefore problem (3) can be written as initial value problem

(
d2

dt2 −
(
a+ α2

2 +
√
aα2 + α4

4 + b2
))

y (t) = v(t),

y(0) = ϕ, y′(0) = ψ,(
d2

dt2 −
(
a+ α2

2 −
√
aα2 + α4

4 + b2
))

v(t) = F (t),

F (t) = −af(t) + bf(−t)− αf ′(t) + f
′′
(t), t ∈ I,

v(0) =

(
b− α2

2 −
√
aα2 + α4

4 + b2
)
ϕ− αψ + f(0),

v′(0) = −α (b+ a)ϕ+

(
−b+ α2

2 −
√
aα2 + α4

4 + b2
)
ψ

+f ′(0)− αf(0)

for the system of second order differential equations. Applying the d’Alembert’s formula, we get

y (t) = cos (mt)ϕ+
sin (mt)

m
ψ +

t∫
0

sin (m (t− s))
m

v(s)ds, (4)

v (t) = cos (nt)

[(
b− α2

2
−
√
aα2 +

α4

4
+ b2

)
ϕ− αψ + f(0)

]

+
sin (nt)

n

[
−α (b+ a)ϕ+

(
−b+

α2

2
−
√
aα2 +

α4

4
+ b2

)
ψ + f ′(0)− αf(0)

]

+

t∫
0

sin (n (t− s))
n

F (s)ds,

where

m =

√√√√−(a+
α2

2
+

√
aα2 +

α4

4
+ b2

)
, n =

√√√√−(a+
α2

2
−
√
aα2 +

α4

4
+ b2

)
.

Since F (t) = −af(t) + bf(−t)− αf ′(t) + f
′′
(t) and

t∫
0

sin (n (t− s))
n

f
′
(s)ds = − sinnt

n
f(0) +

t∫
0

cos (n (t− s)) f(s)ds,

t∫
0

sin (n (t− s))
n

f
′′
(s)ds = − sinnt

n
f ′(0)− cosntf(0) + f(t)−

t∫
0

n sin (n (t− s)) f(s)ds,

we can write

v (t) = cos (nt)

[(
b− α2

2
−
√
aα2 +

α4

4
+ b2

)
ϕ− αψ

]
(5)

+
sin (nt)

n

[
−α (b+ a)ϕ+

(
−b+

α2

2
−
√
aα2 +

α4

4
+ b2

)
ψ

]
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−a
t∫

0

sin (n (t− s))
n

f(s)ds

+b

0∫
−t

sin (n (t+ s))

n
f(s)ds− α

t∫
0

cos (n (t− s)) f(s)ds

+f(t)−
t∫

0

n sin (n (t− s)) f(s)ds.

Applying formulas (4) and (5), we get

y (t) = cos (mt)ϕ+
sin (mt)

m
ψ (6)

+
cos (nt)− cos (mt)

m2 − n2

[(
b− α2

2
−
√
aα2 +

α4

4
+ b2

)
ϕ− αψ

]

+
1
n sin (nt)− 1

m sin (mt)

m2 − n2

[
−α (b+ a)ϕ+

(
−b+

α2

2
−
√
aα2 +

α4

4
+ b2

)
ψ

]

+
1

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s)ds

+
α

m2 − n2

t∫
0

[cos (n (t− s))− cos (m (t− s))] f(s)ds

+
a

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s)ds

− b

m2 − n2

0∫
−t

[
− 1

n
sin (n (t+ s)) +

1

m
sin (m (t+ s))

]
f(s)ds.

Theorem 2. Assume that |b| < |a| , a ∈
(
−
(
α2

4 + b2

α2

)
,−α

2

2

)
. Then problem (2) is stable and the following

stability estimate holds

sup
t∈I
|y(t)| ≤M(a, b, α)

|ϕ|+ |ψ|+ ∞∫
−∞

|f(s)| ds

 .
The proof is based on formula (6) and the triangle inequality.

Nonlinear ordinary differential equation with involution

We consider the initial value problem

y
′′
(t) + αy

′
(t) = by(−t) + ay(t) + f(t, y(t), y′(t)), t ∈ I, y(0) = ϕ, y′(0) = ψ (7)

for the second order nonlinear involutory ordinary differential equation. We are interested in studying the
existence and uniqueness of bounded solution of problem (7) on I. In general cases of α, a and b the solution of
(7) is not bounded on I. We will apply a fixed point theorem.

Let C(1)(I) be the metric space of all continuously differentiable functions defined on the interval I with
the metric d defined by

d(x, y) = sup
t∈I
|x(t)− y(t)|+ sup

t∈I

∣∣∣∣dx (t)

dt
− dy (t)

dt

∣∣∣∣ .
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Note that C(1)(I) is the complete space. This is first condition of a fixed point theorem in metric space
(see [9]).

Theorem 3. Assume that |b| < |a| , a ∈
(
−
(
α2

4 + b2

α2

)
,−α

2

2

)
, and f is continuous and bounded function

on the region
P = {(t, x, y) : −∞ < t <∞, |x− ϕ| < M, |y − ψ| < M} .

Suppose that f satisfies a Lipschitz condition on P with respect to its second and third arguments, that is,
there is a constant l such that for (t, x, u) , (t, y, v) ∈ P

|f(t, x, u)− f(t, y, v)| ≤ l (|x− y|+ |u− v|) . (8)

Then, initial value problem (7) has a unique solution y ∈ C(1)(I).

Proof. The procedure of proving theorem on the existence and uniqueness of a bounded solution of problem (7)
is based on reducing this problem to an integral equation

y(t) = Ty(t), (9)

where

Ty (t) = cos (mt)ϕ+
sin (mt)

m
ψ

+
cos (nt)− cos (mt)

m2 − n2

[(
b− α2

2
−
√
aα2 +

α4

4
+ b2

)
ϕ− αψ

]

+
1
n sin (nt)− 1

m sin (mt)

m2 − n2

[
−α (b+ a)ϕ−

(
b− α2

2
+

√
aα2 +

α4

4
+ b2

)
ψ

]

+
1

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s, y(s), y′(s))ds

+
α

m2 − n2

t∫
0

[cos (n (t− s))− cos (m (t− s))] f(s, y(s), y′(s))ds

+
a

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s, y(s), y′(s))ds

− b

m2 − n2

0∫
−t

[
− 1

n
sin (n (t+ s)) +

1

m
sin (m (t+ s))

]
f(s, y(s), y′(s))ds.

The proof of equation (9) is based on the formula (6). Note that integral form is a Volterra type integro-
differential equation of the second kind. Therefore, the recursive formula for the solution of problem (7) is

y0(t) = cos (mt)ϕ+
sin (mt)

m
ψ

+
cos (nt)− cos (mt)

m2 − n2

[(
b− α2

2
−
√
aα2 +

α4

4
+ b2

)
ϕ− αψ

]

+
1
n sin (nt)− 1

m sin (mt)

m2 − n2

[
−α (b+ a)ϕ−

(
b− α2

2
+

√
aα2 +

α4

4
+ b2

)
ψ

]
,

yj(t) = y0(t) +
1

m2 − n2
(10)
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×
t∫

0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s, yj−1(s)), y′j−1(s))ds

+
α

m2 − n2

t∫
0

[cos (n (t− s))− cos (m (t− s))] f(s, yj−1(s)), y′j−1(s))ds

+
a

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] f(s, yj−1(s)), y′j−1(s))ds

− b

m2 − n2

0∫
−t

[
− 1

n
sin (n (t+ s)) +

1

m
sin (m (t+ s))

]
× f(s, yj−1(s)), y′j−1(s))ds, j ≥ 1.

According to the method of recursive approximation (10), we get

y(t) = y0(t) +

∞∑
j=0

[yj+1(t)− yj(t)] . (11)

We have that

yj+1(t)− yj(t) =
1

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))] (12)

×
[
f(s, yj(s)), y

′
j(s))− f(s, yj−1(s)), y′j−1(s))

]
ds

+
α

m2 − n2

t∫
0

[cos (n (t− s))− cos (m (t− s))]

×
[
f(s, yj(s)), y

′
j(s))− f(s, yj−1(s)), y′j−1(s))

]
ds

+
a

m2 − n2

t∫
0

[−n sin (n (t− s)) +m sin (m (t− s))]

×
[
f(s, yj(s)), y

′
j(s))− f(s, yj−1(s)), y′j−1(s))

]
ds

− b

m2 − n2

0∫
−t

[
− 1

n
sin (n (t+ s)) +

1

m
sin (m (t+ s))

]
×
[
f(s, yj(s)), y

′
j(s))− f(s, yj−1(s)), y′j−1(s))

]
ds, j ≥ 1,

therefore, applying the triangle inequality, formula (12) and Lipschitz condition (8), we get

|yj+1(t)− yj(t)| ,
∣∣y′j+1(t)− y′j(t)

∣∣
≤M(a, b, α)l

|t|∫
−|t|

[
|yj(s)− yj−1(s)|+

∣∣y′j(s)− y′j−1(s)
∣∣] ds (13)

for any t ∈ I and j ≥ 1. Moreover, applying the triangle inequality, we get

|y0(t)| , |y′0(t)| ≤M1(a, b, α, ϕ, ψ),
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|y1(t)− y0(t)| , |y′1(t)− y′0(t)| ≤M2(a, b, α) |t| , (14)
for any t ∈ I. Applying estimates (13) and (14), we can prove that

|yj+1(t)− yj(t)| ,
∣∣y′j+1(t)− y′j(t)

∣∣ ≤ [4M(a, b, α)lM2(a, b, α)]
j |t|j+1

(j + 1)!
(15)

for any t ∈ I and j ≥ 1. Therefore, applying the triangle inequality, formula (11) and estimates (13) and (15),
we get

|y(t)− yn(t)| , |y′(t)− y′n(t)|

≤
∞∑

j=n+1

[4M(a, b, α)lM2(a, b, α)]
j |t|j+1

(j + 1)!
→ 0, n→∞,

|y(t)| , |y′(t)| ≤M1(a, b, α, ϕ, ψ) +M2(a, b, α) |t|

+
∞∑
j=1

[4M(a, b, α)lM2(a, b, α)]
j |t|j+1

(j + 1)!

for any t ∈ I. Theorem 3 is proved.

Conclusion

In the present paper the initial value problem for the second order differential equation with damping
term and involution is investigated. We obtained equivalent initial value problem for the fourth order ordinary
differential equations to the initial value problem for second order differential equations with damping term
and involution. Theorem on stability estimates for the solution of the initial value problem for the second order
ordinary linear differential equation with damping term and involution is proved. Theorem on existence and
uniqueness of bounded solution of initial value problem for the second order ordinary nonlinear differential
equation with damping term and involution is established. Moreover, applying this result, the two-step stable
difference schemes for the numerical solution of the initial value linear and nonlinear problems (2) and (7) for
the second order linear and nonlinear differential equations with damping term and involution can be presented
and studied.

Acknowledgements

We would like to thank the following institutions for their support. The publication has been prepared with
the support of the "RUDN University Program 5-100". This research has been funded by the Science Committee
of the Ministry of Education and Science of the Republic of Kazakhstan (Grant No. AP08855352).

References

1 Falbo C.E. Idempotent differential equations / C.E. Falbo // Journal of Interdisciplinary Mathe- matics.
— 2003. — 6. — No. 3. — P. 279–289.

2 Nesbit R. Delay Differential Equations for Structured Populations, Structured Population Models in
Marine, Terrestrial and Freshwater System / R. Nesbit // Tuljapurkar & Caswell, ITP. — 1997. — P. 89–
118.

3 Przeworska-Rolewicz D. Equations with Transformed Argument. Algebraic Approach / D. Przeworska-
Rolewicz // Amsterdam, Warszawa. — 1973.

4 Wiener J. Generalized Solutions of Functional Differential Equations / J. Wiener // Singapore New Jersey,
London Hong Kong. — 1993.

5 Cabada A. Differential Equations with Involutions / A. Cabada, F. Tojo // Atlantis Press. — 2015.
6 Ashyralyev A. On the boundedness of solution of the second order ordinary differential equation

with involution / A. Ashyralyev, B. Abdalmohammed // Journal of Zankoy Sulaimani Part-A-(Pure and
Applied Sciences). — 2020. — 22. No. 2. — P. 235–243.

7 Ashyralyev A. On the boundedness of solution of the second order ordinary differential equation with
damping term and involution / A. Ashyralyev, M. Ashyralyyeva, O. Batyrova // Abstract book of the
ICAAM. — 2020. — P. 88.

22 Bulletin of the Karaganda University

Buk
eto

v u
niv

ers
ity



On the boundedness of solution ...

А. Ашыралыев1−3, М. Ашыралыева4, О. Батырова1, 5

1Таяу Шығыс университетi, Никосия, Түркия;
2Ресей халықтар достығы университетi, Мәскеу, Ресей;

3Математика және математикалық модельдеу институты, Алматы, Қазақстан;
4Мақтымқұлы атындағы Түрiкмен мемлекеттiк университетi, Ашхабад, Түрiкменстан;

Оғызхан атындағы Түрiкменстан инженерлiк-технологиялық университетi, Ашхабад, Түрiкменстан

Инволюциясы мен жойылып бара жатқан мүшесi бар
екiншi реттi қарапайым дифференциалдық теңдеудiң

шектелген шешiмi туралы
Мақалада демпингтiк мүше пен инволюциясы бар қарапайым екiншi реттi дифференциалдық теңдеу-
дiң бастапқы есебi зерттелдi. Екiншi реттi сызықтық дифференциалдық теңдеулер үшiн қарапайым,
төртiншi реттi дифференциалдық теңдеулер үшiн бастапқы есептерге эквиваленттi есептер алынды.
Демпингтiк мүше мен инволюциясы бар қарапайым екiншi реттi сызықтық дифференциалдық тең-
деу үшiн бастапқы есептi шешудiң тұрақтылығын бағалау теоремасы дәлелдендi. Инволюциясы мен
жойылып бара жатқан мүшесi бар екiншi реттi қарапайым сызықты емес дифференциалдық теңдеу
үшiн бастапқы есептi шектелген шешiмнiң бар болуы мен жалғыздығы туралы теорема анықталды.

Кiлт сөздер: жойылатын мүшесi және инволюциясы бар дифференциалдық теңдеу, тұрақтылық,
шектелген, бар болуы мен жалғыздығы.
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Об ограниченности решения обыкновенного дифференциального
уравнения второго порядка с затухающим членом и инволюцией

В статье исследована начальная задача для обыкновенного дифференциального уравнения второго
порядка с демпинговым членом и инволюцией. Получены задачи, эквивалентные начальной задаче
для обыкновенных дифференциальных уравнений четвертого порядка, начальной задаче для линей-
ных дифференциальных уравнений второго порядка с затухающим членом и инволюцией. Доказана
теорема об оценках устойчивости решения начальной задачи для обыкновенного линейного диффе-
ренциального уравнения второго порядка с демпинговым членом и инволюцией. Установлена теорема
о существовании и единственности ограниченного решения начальной задачи для обыкновенного не-
линейного дифференциального уравнения второго порядка с затухающим членом и инволюцией.

Ключевые слова: дифференциальное уравнение с затухающим членом и инволюцией, устойчивость,
ограниченность, существование и единственность.
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