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On the boundedness of solution of the second order ordinary
differential equation with damping term and invelution

In the present paper the initial value problem for the second order ordinary differential equation with
damping term and involution is investigated. We obtain equivalent initial value problem for the fourth order
ordinary differential equations to the initial value problem for second order linear differential equations with
damping term and involution. Theorem on stability estimates for the solution of thednitial value problem for
the second order ordinary linear differential equation with damping term and involution is proved. Theorem
on existence and uniqueness of bounded solution of initial value problem for second order ordinary nonlinear
differential equation with damping term and involution is established:

Keywords: differential equation with damping term and invelution, stability, boundedness, existence and
uniqueness.

Introduction

Differential equations with involution appear in mathematical models of ecology, biology, and population
dynamics (see, e.g, [1-6] and the reference given therein).

Our goal in this paper is to investigate the boundedness of the solution of the initial value problem for the
second order ordinary differential equation with damping term and involution

y//(t) = f(tvy(t)a y/(t)7y(u(t))7 tel= <_OO’OO)’ y(tO) = Yo, y/(tO) = yé (1)

Here and in future u(t) is involution function, that is u(u(t)) = ¢, and ¢y is a fixed point of u. Problem (1)
does not seem to yield directly to any techniques that can be used for ordinary differential equations without
involution term [1, 2]. Therefore, we consider the second order linear differential equations with damping term
and involution. We obtain equivalent initial value problem for the fourth order ordinary differential equations
to the initial value problem for second order linear differential equations with damping term and involution.
Theorem on stability estimates for the solution of the initial value problem for the second order ordinary linear
differential.equation with damping term and involution is proved. Finally, theorem on existence and uniqueness
of bounded solution-of initial value problem for the second order nonlinear ordinary differential equation with
damping term and involution is established. Note that some of the results of this work was presented, without
proof, in [7].

Linear ordinary differential equation with damping term and involution

Let C°°[I] be the set of all differentiable functions for all degrees.
Theorem 1. Let a(t), b(t), a(t) be functions of class C* on I, such that b(t) does not vanish on the interval
I, then the problem

’

Y (8) + a(t)y' (1) = a(t)y(t) + b()y(—t) + f (1), t € T, y(0) = ¢, y (0) = ¢
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is equivalent to the following problem for the fourth order ordinary differential equation

"

y W (t) = p(t)y(t ) gty (&) +r(t)y" () + sty () + F(t), t €1,
y(0) = ¢,y (0) =

( ) a(0)p + ( ) a(0)y + f(0),
[ (0 b(m (0)+b(0)}
(0)

)la
[ o+a2<> <o> b(0)] v+ £'(0) = a(0)£(0).

where

"

a’ (t) + b(—t)b(t) — [2b’ (t) + b(t)a (ft)} d ()

!

—~
~

=

- {b" (t) + b(t)a (—t) — [%’(t) +b(t)a (—t)} b (1)
a(t) = —a’ (t) + 2d'(t) + [Qb' (t) + b(t)a (—t)} 7ol [a’ (t) — a(t)}
= [b”(t) +b(t)a () — |20 (1) + b(t)e (1) %b' (t)] %a(t),

r(t) = —2a'(t) + alt) + [zb' (t) +b(t)a (—t)} 2L

- [b”u) +b(B)a (=0) = [26 () + blt)a () 7o “)] Wlﬂ

and

F(t) = — {b”(t) +b(t)a(—t) — [21)’ ()4 b(t)x (*t)} bib’ (t)} bi £(1)

~[26'(0) + bty % () + b F(—t) + £ (2).

The proof of Theorem 1 is based on approaches of proof of Theorem 1 of paper [1] on the first order linear

differential equation with involution.
Now, we consider the initial.value problem

y' () Fay (t) = by(—t) +ay(t) + f(t), t€ I, y(0) =, y'(0) = (2)

for the second order involutery ordinary differential equation with damping term. We are interested in studying
the stability of problem (2) on I. In general cases of «, a and b the solution of (2) is not bounded on I. Applying
Theorem 1, we-get the equivalent initial value problem

@ (1) + (a® = b)y(t) — (2a+a?) y" (t) = F(1),
F) = —of() +b1(1) ~ af )+ £ 1), 1€ T 5
y(0) = ¢,y (0) =9,y (0) = (b+a)p —ay + f(0),
y (0)=—a(b+a)e+ (=b+a+a?)+ f'(0) —af(0)
for the fourth order ordinary differential equation. We will obtain the solution of problem (3). Assume that

|b] < la|, a € (— (%2 + ﬁ) ,——) Then, it is easy to see that

a2

d*y (t)
it

— @ata?) DO 4 (2 g2y
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Therefore problem (3) can be written as initial value problem
a2 o? 2 at 2 _
= le+ 5 +yJaa? + 5+ b y(t) = v(t),
y(0) =, y'(0) =,
(;; - (a+ o\ Jaa? + 2 +b2>) u(t) = F(t),

F(t) = ~af(t) + bf(~1) ~af' () + (1), t€ 1
o) = (3= 5 — yfoor £ 518 ) - au -+ £(0),

U/(O)_—a(b+a)gp+<—b+a;— aa2+°§f+b2>¢

+/(0) — af(0)

for the system of second order differential equations. Applying the d’Alembert’s formula, we get

y (t) = cos (mt) ¢ + sinr(nmt)¢ + / S—imlg—_s)‘)v(s)ds, (4)
0

v (t) = cos (nt) l(b—O;—\/aa2+%4+b2><p—a1/)—|—f(0)
+w [—a(b+a)cp+ (—b+0;2—\/aoﬂ—l—oj+b2>1/1+f/(0)—af(0)]

t

+/ sin (n (t — 8))F(s)d3,

n

0

where

Since F(t) = —af(t) bf(=t).— af'(t) + f (t) and

0 0

we can write

2
<b—0;— aa2+0j14+52>50—04¢1 (5)
n 2 4
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0 t
+b / Wﬂs)ds ~a / cos (n (t — 5)) f(s)ds
—t 0

+f(t) - /nsin (n(t—s)) f(s)ds.
0

Applying formulas (4) and (5), we get

sin (mt)

y (t) = cos (mt)  + ¢ (6)

m

2
4008 (nt)z— cos (mt) [(b Y P %4 + b2> o —aip

m2 —n? 9
Lgin — Lgin
1 n® (n;)Q_,:l; (mt) l_a(b—ka)cp—k(—b—koi—\/m)w]
1 t
to [ s =) £ min e )] S)as
0

R — /0 [—i sin(n(t+s)) + %sin (m(t+ S)):l f(s)ds.

2 b2

Theorem 2. Assume that [b| < |a],a € (— (O‘T + ?> ,—%2). Then problem (2) is stable and the following
stability estimate holds

stWSMw@M\MHM+/U@Ms
tel .

The proof'is based on formula (6) and the triangle inequality.
Nonlinear ordinary differential equation with involution

We consider the initial value problem

"

Y (6) +ay (t) = by(=t) + ay(t) + [ty (1), ¥'(1), t€ I, y(0) = o,4'(0) = ¢ (7)

for the second order nonlinear involutory ordinary differential equation. We are interested in studying the
existence and uniqueness of bounded solution of problem (7) on I. In general cases of «, @ and b the solution of
(7) is not bounded on I. We will apply a fixed point theorem.
Let C(I) be the metric space of all continuously differentiable functions defined on the interval I with
the metric d defined by
dz (1) @@‘

dt dt

d(z,y) = sup |z(t) — y(t)| + sup
tel tel
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Note that C(M(I) is the complete space. This is first condition of a fixed point theorem in metric space
(see [9]).
Theorem 3. Assume that |b] < |a|, a € (— (0‘72 + bz) ,—%2) ,and f is continuous and bounded function

a?
on the region
P:{(tvxay):*oo<t<ooa |:17790|<M7 ‘y7¢|<M}'

Suppose that f satisfies a Lipschitz condition on P with respect to its second and third arguments, that is,
there is a constant [ such that for (¢,z,u), (¢,y,v) € P

Then, initial value problem (7) has a unique solution y € C(\)(I).

Proof. The procedure of proving theorem on the existence and uniqueness of a bounded solution of problem (7)
is based on reducing this problem to an integral equation

y(t) = Ty(t), 9)

where
i t
Ty (t) = cos (mt) p + sin (m?)

m
2
+cos(nt)*COS(mt) ba\/m ¢ —ayp
m2 — n? 2 4
Jrnsm(n) =~ sin (mt) —a(b+a)p— b,a_Jr aa2+a7+b2 ()
m?2 —n? 2 !

t

T2 1_ nZ / [—nsin (n (t —s)) +msin(m (t — s))] f(s,y(s),y'(s))ds
0
T2 O: n2 / [cos (nit — s)) — cos (m (t — 5))] f(5,y(s),y'(s))ds

0

—I—L / [—nsin (n(t —s)) +msin (m (¢t — 5))] f(s,y(s),y'(s))ds

m2 L n2

0
b 1 1
NS / {n sin(n (t+s)) + - sin (m (t+5))| f(s,y(s),y'(s))ds.
Zt
The proof of equation (9) is based on the formula (6). Note that integral form is a Volterra type integro-
differential equation of the second kind. Therefore, the recursive formula for the solution of problem (7) is

sin (mt)

yo(t) = cos (mt) ¢ + - )

cos (nt) — cos (mt) a? | oot
+ - b 5 aa? + 1 +b0% | p—ay
Lsin (nt) — L sin (mt) o? / at
+ R ab+a)p b 5 +1/aa +4+b V|,

1

y;(t) =wo(t) + oo S}

(10)
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t

x / [—nsin (. (¢ — ) + msin (m (¢ — )] £(s,95-1(5)), 5} ())ds
0

m20: ) / [cos (n (t — s)) — cos (m (t — 5))] £(s,y;-1(5)), ¥;_1(s))ds
0
ﬁ / [—nsin(n(t —s)) +msin (m (t — s))] f(s,yj-1(5)),¥;_1(s))ds

0

leinQ/O {711 sin (n (t +5)) + %Sin (m (t+s))

—t

X F(5,55-1(3)), )1 (5))ds, j > 1.

According to the method of recursive approximation (10), we get

)+ > [y () =yt (11)
7=0
We have that .
w0 =050 = —— [ [onsinGa(t — )+ msin (¢ - 5))] (12

0

X [f(553(5))s95(5)) = £(s, 97=1(5))s 451 (5))] ds
nz/cos (t—s)) —cos(m(t—s))]
0
% [£ (55 (5))59/5(5) = f(5,55-1(5)), 55 _1(5))] ds
+’——m2_n2/[—nsm( (t —s)) +msin (m (t — s))]
0

< [f(5,55(9)),/5(5)) = f(5,95-1(5)), 451 (5))] ds
0

,%/ {1 sin (n (t + s)) + %Sin (m (t+5))

m2 —n2 n
2

< [f(s,95(5)),y5(5)) = F(s,5-1(5)), 951 (s)] ds, j > 1,
therefore, applying the triangle inequality, formula (12) and Lipschitz condition (8), we get
yi+1(t) =5 (O] [9541 (1) — y5(1)]

I¢]

< M(a,b,0)l / [l (5) — w3—(8)] + [9(5) — w1 (s)][] ds (13)
—|t|

for any ¢t € I and j > 1. Moreover, applying the triangle inequality, we get

lyo(t)]+ lyo(t)] < Mi(a, b, a, p,),
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ly1(t) — o), [y1(t) — vo(t)| < Ma(a,b,a) [t], (14)
for any ¢ € I. Applying estimates (13) and (14), we can prove that
. |t‘j+1
15:1(0) = 35O 5420 = 50| < M0, 0) Mo b ) (15)

for any t € I and j > 1. Therefore, applying the triangle inequality, formula (11) and estimates (13) and (15),

we get
ly(t) = yn (O], 1y (1) = ¥, (1))
!

< J;l [4M (a,b, a)lMs(a, b, )’ G+

|y(t)‘ ’ ‘yl(t)| S Ml(aa b,Oé, %ﬁ’) + MQ(aa ba Oé) |t‘

— 0, n — o0,

‘t|j+1

for any t € I. Theorem 3 is proved.
Conclusion

In the present paper the initial value problem for the second order différential equation with damping
term and involution is investigated. We obtained equivalent initial value problem for the fourth order ordinary
differential equations to the initial value problem for second oerder.differential equations with damping term
and involution. Theorem on stability estimates for the solution ofthe initial value problem for the second order
ordinary linear differential equation with damping term and_.involution is proved. Theorem on existence and
uniqueness of bounded solution of initial value problem for the second order ordinary nonlinear differential
equation with damping term and involution is established. Moreover, applying this result, the two-step stable
difference schemes for the numerical solution of the initial valuelinear and nonlinear problems (2) and (7) for
the second order linear and nonlinear differential equations with damping term and involution can be presented
and studied.
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A. Amrpansies! =%, M. Ambipansiesa?;, O. Barerposal'®

Y Tasy Hlvievic yrueepcumems, Hukocua, Typrus;
2 Peceti zaavikmap docmuwiew, yrusepcumemi, Mocxkey, Peceti;
3 Mamemamuxa srcone mamemamuraivir modeaviey uncmumymao, Aamamo, Kasaxcman;
* Maxmoumryave amomdazo, Typikmen memaexemmis ynusepcumemi, Awzabad, Typixmencman;
Oevizzan amvmdaev, Typikmencman uHICEHEPATK-TNETHOAOUAABK YHusepcumemi, Awxabad, Typixmencman

HaBomIonusicbl MeH >KOMBLIILINT Oapa »KaTKaH MyIIieci 6ap
eKiHIIIi peTTi KapanaiibiM auddepeHnTnaIIbIK TeHAEY/ iH,
MIEKTEeJITeH IITeNIiMi TypaJibl

MaxkaJiaia 1eMITHITIK MYIIe TIEH WHBOJIIOIUSICHL 6ap KapanaibiM eKiHIm peTTi auddepeHaiIblK TeHIey-
HiH Gactanksl ecebi 3eprresai. Exinmt perTi ChI3BIKTHIK, HuddepeHnraIblK TeHIeyIep YIMH Kapamaibim,
TepPTiHII perTi auddepeHInaIIbIK TeHIeyIep VIIiH OaCTAIIKbI eCerTepre SKBUBAJIEHTTI-€CelITep AJIbIH/IbI.
JleMNUHTTIK MyIlle MEH WHBOJIIOIUSICHI 6ap KapamaibIM €KiHII PeTTi ChI3BIKTHIK, AuddepeHINaTIbIK TeH-
Jey YIMiH OacTamKbl €CEnTi MIENTyaiH, TYPAKThLIBIFBIH Oarajiay TeopeMachl moJesaeHai. UHBOIOIsIChl MEeH
JKOMBLIBIN Oapa »KATKAH MyIeci 6ap eKiHIm peTTi KapanaiibIM ChI3BIKTHI eMec (D depeHNHaIbIK, TeH Y
VIIiH 6aCTAIKbI €CEITI MEKTENNeH MENMHIH 6ap 60yl MEH YKAJFbI3JBIFBI TYPAJIbl TEOPEMA AHBIKTAJIIHI.

Kiam cesdep: »KOUBLIATBHIH MyIIECi »KOHE MHBOJIIONUSCHL Oap anddepeHunaiIbK, TeH ey, TYPAKTHUIbIK,
IIEKTENITeH, 6ap 60OTybl MEH YKAJFBI3IBIFHL.

A. Amrpansies! 3, M. Ampipansiesa?, Q. Barerposal'®

! Bauoicnesocmownuiti ynusepeumemy Huxocus, Typuyus;
2 Poccudickuti ynusepcumem dpyoicouinapodos, Mockea, Poccua;
3 Mnemumym mMamemamuky v Mamemamuieckozo modesuposarus, Armamot, Kazaxcman;
4 Typrmencruti zocydapemeenmiti yrusepcumem ums Mazmymryau, Awzabad, Typkmenucman;
5 Unorcenepro-mexnorozueckuti ynusepcumem Typrmenucmana um. Qzysrana, Awzrabad, Typrmenucman

OO0 orpaHWYEeHHOCTHU peHIeHns OOBIKHOBEHHOTO auddpepeHnnaabHoro
YPaBHEHUs BTOPOTO HOPA/IKA C 3aTyXaIOMUM YJ€HOM U MHBOJIIOIUER

B crarbe nccienosana HagambHas 3aj1ava 11 OOBIKHOBEHHOTO JIuddepeHinaIbHOro ypaBHEHUsT BTOPOTO
OpsiJIKa € JIEMIMHIOBBIM WieHoM ¥ wHBOJionmeil. [losyuensl 3aa4um, SKBUBAJIEHTHBIE HAYAJILHON 3a/1a4e
JJIs1 OOBIKHOBEHHBIX Jn(bMEPEHINAIBHBIX YPABHEHHU €TBEPTOrO MOPsiIKa, HAYaIbHON 3aJate Il JINHEH-
HbIX JnddepeHnnalbHbIX YPABHEHUI BTOPOTO MOPsIJIKA C 3aTyXalOIUM YWICHOM M nHBOoNuei. /Joka3zana
TeopeMa 00 OLEHKaX YCTOWYMHUBOCTH DENIEeHHsI HAavaIbHON 3a/a4K JJisi OOBIKHOBEHHOIO JinHeiHOoro nudde-
PEHINAILHOTO YPABHEHUSI BTOPOT'O HOPSIIKA C AEMIMHIOBBIM WJICHOM M MHBOJIIONNE. YCTaHOBJIEHA TeOpeMa
O CYILIECTBOBAHUN U €IMHCTBEHHOCTU OIPAHUYEHHOIO DEIeHUs] HavaIbHON 3a/a4u il OOLIKHOBEHHOT'O He-
JIHERHOro Mud dEPEeHINAIBHOIO YPABHEHUsST BTOPOIO HOPSIAKA € 3aTyXAaIONUM YJIEHOM W MHBOJIIOIMEH.

Kmouesvie crosa: nuddepeHnpaibHOe ypaBHEHNE C 3aTYXAIONUIM YJIEHOM U MHBOJIIOIMEN, YCTONINBOCTD,
OrPAHUYEHHOCTD, CYIIECTBOBAHUE U €IMHCTBEHHOCTD.
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