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On the function approximation by trigonometric polynomials and the
properties of families of function classes over harmonic iintervals

The article is devoted to research on approximation theory. When approximating functions by trigonometric
polynomials, the spectrum is chosen from various sets. In this paper, the spectrum consists ofsharmonic
intervals. Devices, various processes, perception of the senses have a limited range. In thefmathematical
modeling of numerous practical problems and in the further study of such mathematical models, it is
sufficient to find a solution in this range. It is possible to study such models to some extent with the help of
harmonic intervals. To prove the main theorem, an auxiliary lemma was provedjfand elements of the theory
of approximations with respect to harmonic intervals were used. For the constructed families of function
classes associated with the best approximations by trigonometric polynomialgwith a spectrum of harmonic
intervals, their relationship with classical Besov spaces is shown.

Keywords: harmonic interval, spectrum, the best approximation of a function by trigonometric polynomials
with a spectrum of harmonic intervals, Dirichlet kernel, familysof funetion classes.

Introduction

In recent decades, the penetration of ideas and methods of the approximation theory into various
branches of mathematical science has been observed. According to a certain rule, the approximation
of a function is understood as the replacement of one function by another, close to the original in
one sense or another. In the study of periedic functions, trigonometric polynomials occupy a central
position as approximating objectsd Thexfundamental results in this theory were obtained in classical
works [1, 2]. Further development of the theory is connected with the works of [3, 4] and with the
works of other mathematiciansiThe'résults obtained are also described in detail in books [5, 6] and
others.

When choosing an approximating functions, the spectrum is essential. The spectrum of approximating
functions can have the mostadiverse configuration and consist of the most diverse sets. For example,
the spectrum can beya hyperbolic cross |7, 8| or the spectrum is a ball 9], etc.

Devices, various processes, perception of the human senses have a limited finite range. In the
mathematical imodeling of numerous practical and applied problems and in the subsequent study of
the compiled. mathematical models, it is enough to find a solution in this range. The study of such
models [10, 11] can be carried out to some extent using harmonic intervals.

Harmoni¢ intervals are defined as sets [ ,]CV [12] of a special form, where the parameter characterizes
the specified limited range to some extent. The definitions of harmonic segments and harmonic intervals
were given by E.D. Nursultanov in [13, 14]. These sets built according to a certain rule, and their
accompanying elements have found wide application in harmonic analysis.

The lemma and the main theorem are presented in the second section. The theorem is proved
using an auxiliary lemma and using the properties of harmonic intervals and the mathematical objects
associated with them.
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As an auxiliary problem, families of function classes {B; q N} connected by the best approximations
over harmonic intervals are introduced. Section 3 is based on the study of the properties of these families

3 T

of function classes {Bp’ a.N

Besov spaces, and this is shown in the third section.

}N. The constructed families of function classes are related to the classical

1 Definitions and auziliary results

Definition 1. [12] If k,v,d, N € N, k < N, then the sets of the following types

d
L= J (~k.k +2vN),
v=—d
N = Ej ([~k,k] +2vN) = D (m+2vN :m € [—k, k)

are called harmonic segment and harmonic interval in Z, respectively.
Let T; év be the set of trigonometric polynomials in the harmonic térval, defined by the formula
[12]

S
TéV:{Za,,-ei”:a,,ZOifl/%],iv,sEN}.
v=—s

We have
ER (fp=inf I~

teTy

where E}Y(f), is the best approximation over the harfonic interval I}Y of the function f € L,[0,2n),
1 < p < oo by trigonometric polynomials from T} of order less than or equal to k [12].

If f e Lp0,2m), 1 < p < oo, then weywill consider the following sums as partial sums of the Fourier
series of the function f over the harmonic segment [ ,iv “* and the harmonic interval T ,iv , respectively [12]

Se MR =T av - S =D an-e

Perl very

Lemma 1. Letythe functiens f and g belong to the space Lok [0, 27), where k € N. If the functions
f and g satisfy the condition

/Ozﬂ fghde =0, (1)

thed we havepan inequality of the form

L L

2 % o 5K
</ (IF1%* + lgl%)daz> <k (/ If + gy%da;> :
0 0

Lemma 2. [14] Let B = [—k, k] be a segment in Z. k,d,h € N, k < h. {Ig,’d}:io be a sequence of

harmonic segments in Z, converging to a harmonic integral [ g, and

oo

I = U (B+vh).

V=—00
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If feLy0,2m),1<p<00,) cza- e™® is its Fourier series, then the sequence of partial sums
of the Fourier series of the function f over the harmonic segment

h,d i
SBy (f) — Z a, - pRIZ
VGIg‘d

converges in Ly[0,27) as d — oo to the function

b 1 27r 27r
Sp(f) = EZf <$+h> Dg <h>’

where

is the Dirichlet kernel corresponding to the segment B from Z, and its Fourier serieswill\be the function
Zuelg ay - eil/:l?.

Theorem 1. [15] Let f € L,[0,27), 1 < p < 0o, m € N, SN(f) be_the pattial sum of the Fourier
series and EN(f) be the best approximation of the function f over thé harmenic interval I'Y, then the
following correspondence is fulfilled

EN ()~ I = SN

p

Let 1 < p,qg <oo,r>0,fe Ly0,2m). Let’s constructia family of function classes {B;’Q'N}N

satisfying the condition

. {f: 1My, 2 oo}, NeN,

where

171

N 7
By, M (Z ke (Eijcv—l(f)p)q>

k=1

2 Properties of partial sums of the Fourier series over harmonic intervals

Lemma 3. Let f be alfunétioh from the space Loi[0,2), where k € N. >/ a, - €™ is its Fourier
series, d € N, (met 1)k <'d—1

n=ti= U (oml+vd).

V=—00

- 0 ffrorl5]

V=—00

o= U {P[5]] 4

are harmonic intervals in Z; S¢ (f) and S[dd_l] (f) are partial sums of the Fourier series of the function
=

f(z) over harmonic intervals I¢, and I [d@ X respectively, then the inequality holds
k

o], <4l o],
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Proof. We introduce the following notation

u(z) = Z an - €™ w(x) = Z ap - e,

nel; nels

The functions u(x) and v(z) are partial sums of the Fourier series of the function f(x) over harmonic
intervals I; and I, respectively, and therefore belongs to the space Lok [0, 27).

Let’s prove that
2
/ ub - oFdr =0
0

[ (Sae) (Saer) ae=o

nel

or

Taking into account the values of the integral ff” e™dxr when n = 0 and*n'% 0 we conclude that
the last condition will be satisfied if there are no identical numbers among the numbers n € I; and
n € Iy when raising the partial sums ) ; ay - e and > nel, On e torthepower of k.

Note that when u(z) is raised to the power of k, the numbers n fall inté the set, which is a harmonic
interval, which we denote by I, and

[e.9]

Ly = U ([0, mk] ).

V=—00

Indeed, by definition, we have
L+DL+..+1.= {nl +not.ay, n; €1, n=1,2, ’l“}

SO
Liy=LH+..+1 = {nl +no+ ..k, n; €L, n=1,2, ]{}
—_——
k

Since n; € I, then n; = ly+wvd; where [; € [0,m], v € Z, i = 1, ..., k. Therefore,

k k
i=1 i=1
Thus,

vd < an < mk 4+ vd.
i=1

It means thalt Zle n; € I;.
Applying the same reasoning, we get that the numbers n, when the partial sum v(x) is raised to
the power k, fall into the harmonic interval Io;, and

L= |J {[(m+1k, d—1] +vd}.

V=—00

It is obvious that
LNy =0.
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This equality ensures the fulfilment of the condition (1) for u(x) and v(z). The fulfilment of this
condition guarantees the application of Lemma 1, namely

27 3 21 ‘L
{/ ‘u‘%dx}% < {/ (‘u‘%—i- |v‘2k>dx}2k < {/ ‘u—l—v‘ dac} ,
0 0 0
27
/

¥~

w
?r""

inx

1
2k 2k o 2k
an - € dx <k / an - " dx
0

ne]‘fdk;l]

s, = sty 0]

(]

neld,

or

%
Lemma 3 is proved.

Theorem 2. Let f € Lp[0,27), 1 <p <00, Y ey - e™® be its trigonometric Fourier series, then
the following inequality

- E )3

is true, where D,,(y) is Dirichlet kernel corresponding togthe segment[—m;m], C' is a constant that
depends only on the parameter p.
Proof. According to Lemma 2, we have

(2)

ch— Sl

P

“ 2N-1

Fay 2 /(e )0 (})H =750

— Z a,f P | Z ay, - et HSQm_H(f)Hpa

VGZ\I,JX v VeQm+1 )
where Q2 | are harmonigsifitervalsdn Z, and
oo
mal = U {[—N7 -m—1]U[m+1, N] +2VN}.
v=—00
Then we have
Hsb%+lp::H5@z+xf-Sm>p

Since SQN+1 (f — Sin) is a partial sum of the Fourier series of the function

F=8alf)= Y a-e™

VvEZ\[—m, m]

then, by the theorem [14] on the boundedness of partial sums of Fourier series over the harmonic
interval, we obtain the necessary inequality

Hf—&ii(f)

(f = Sm)

CHf—Sm(f)

o H m+1
p p
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Thereby, Theorem 2 is proved.
Note 1. According to Theorem 1 and Lemma 9.3 [16] the relation (2) can be presented in the
equivalent form

Ep (o < Em(£)p,

3 Properties of the family of function classes {B;,q,N}N

Definition 2. [12] Let two classes of functions A" and BY depending on the parameter N be given.
We will say that the class of functions A" is embedded in the class of functions BY and denote it by
AN — BN if the following conditions are satisfied:

1) AN c BY;

2) there is a parameter C such that for any f € AV the relation

1l < Cl I ax

is true, moreover, the parameter C' does not depend on f and .
Definition 3. [15] Function classes {AN}N and {BN}N, where N € N, are,equivalent

1 Law ~ Wl
if there are parameters Cy, Cy such that for any f € AV there is"ancorrespondence
Cullfllpn < [ lLan @Il e

moreover, the parameters C7, Co do not depend on fland'/N.
In this case, the families of function classés {AN } N and {BN } y coincide, namely

{AN}N = {BN}N :

Theorem 3 relates families of functiomlasses {Br }N to classical Besov spaces [17].

p,q-N
Theorem 3. Let N € N, 1 < p,fq < oo, r > 0 then the following relationship is performed

oo

T _ T
ﬂ prqJV - prq‘
N=1

Proof By definition, wethave

Fll o< = sup || f
71 5y, = a0l

BT
p,q, N

Singé the following inequality

171

holds for any N € N then we obtain the accordance

<]

™ s
Bp,q,N Bp,q

<41

oo
Bp,q

wlflig,, =I5,

This correspondence follows from the last inequality

(e e}
' '
Bp,q = m Bp,q,N'
N=1
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From other side, for a partial sum Som (), where m € N, we get the ratio

[S2m ()]

sy, = l15201)

q,2m

B SCRGT

<C(p,q,r)

Clp,q,r HfH

p a, N

Further, from the last relation, according to the Banach-Steinhaus theorem [18], we obtain the desired
inequality

or

Clp,q,r HfH

p qa,N

0

s T
ﬂ B/pvq,N = Bp,q'
N=1

Thus, Theorem 3 is proved.

10
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I'.A. Ecen6aesal, O.H. Ec6aes?, H K. Criznnikosal, M.A. Cyvupnosal

! Axademur E.A. Boxemos amwmdaess Kapaeandv yHusepcumems, Kapazandw, Kaszaxcman;
2 . .
Hasapbaes uamxepnir mexmebdi, Acmana, Kazarxcman

(I)YHKI_H/IEI.TIap,Z[bI TPUTOHOMETPUAJIBIK KOIIMYIIIeJiep apKblJ/Ibl 2KYBIKTAy

188

2KOHE TapMOHUSJIbIK AHTEePBAJIJIAPFa KATbICTbI (DYHKITAIIAPD
KJIaCTapbIHBIH, YIpJIEepiHiH KacueTTepi TypaJibl

MakaJjia »KybIKTay TEOPHsChl CANACHIHIAFLI 3€epTTEyJIepre apHaJifaH. | pPUTOHOMETPUSIJIBIK KOIIMYIIEIep
aPKBLILI DYHKIUSIAP/IBI 2KYBIKTay KE3IHIE CIIEKTP OPTYPJIi *KUBIHIAPIAH TaH aJIaIbl. Byl XKyMbIcTa CIIEKTP
TapMOHUKAJIBIK, MHTEpBAIapaan Typaasl. Kypeuirsutap, spTypsii mporectep, ce3iMaepai KabbLimgay MyIie-
Jiepi mekTeydi, ayKbIMra Hesd{ornTereH mpakTUKAJIBIK eCelTeP/i MaTeMaTUKAJIBIK, MOJIEbIEY KEe3iH/Ie KoHe
GepisireH MaTeMATUKaJIBIK, MOIEIbIEPIl OJaH 9Pl 3ePTTEY KEe3iHIe OCHIHIAM AMana30HIa MIenriM Taby *KeT-
Kimikri. MyHmait Mogenbaepai 3eprrey Genrisi 6ip moperkesie TapMOHUKAJIBIK, HHTEPBAJIAPIbIH KOMEriMeH
MYMKiH OoJia by Herisri TeopeMaHnbl fgojiesjiey YINiH KOMEKII JieMMa JIDJIeJIEH Il YKOHEe TapMOHUKAJIBIK,
MHTEpBaIap GOUBIHINA XKYBIKTAY TEOPUSICHIHBIH, 3JIEMEHTTEDP] KOJIIAHBLIIbI. [ apMOHUKAJIBIK, MHTEPBAJIIAD-
JIbIH, CIIEKTPI 6ap TPUTOHOMETPHUSIIBIK, KOMIMYIIETIKTEPMEH (DYHKITUSHBIH €H YKAKChl KYbIKTaybIMEH Oaiira-
HblCKAH PYHKIUSIIAP KJIACTAPBIHBIH KYPBUIFAH YHIpl YIIIH OJIap/blH KIACCHKAJBIK BecoB KeHicTikTepi MeH
Gail1aHbIChl KOPCETIIreH.

Kiam: ceadep: TapMOHUKAJIBIK, MHTEPBAJI, CIIEKTP, TAPMOHUKAJIBIK WHTEPBAJIIAP/BIH, CIIEKTPi 6ap TPUTOHO-
METPUSAIBIK KOIMYIIETiKTepMeH PYHKIMSHBIH, €H YKAKChI )KYBbIKTaybl, Jlupuxie e3eri, QyHKINs KIaCTAPbI-
HBIH YHipi.
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IA. Ecenbaesal, A.H. Ecbaes?, H.K. Crznpikosal, M.A. Cmupnosa'

1 .
Kapazandunckut ynusepcumem umenu axademura E.A. Byxemosa, Kapaeanda, Kazaxcman;
2 Hasapbaes Hnmearexmyanvhas wrora, Acmana, Kazaxeman

O npubamxkeHnu pyHKIN TPUTOHOMETPUIECKUMU TIOJIMHOMAMU U
CBOIICTBaX ceMeicTB KJiaccoB (pyHKIIHIT MO TAPMOHUYIECKUM
WHTEepBaJIaM

CraTbst OCBSIIEHA UCCIEIOBAHUIO IO Teopuu npubsmkennit. [Ipun npubankennn GyHKIHI TPUTOHOMETPH-
YEeCKUMU [TOJIMHOMAMHU CIIEKTD BBIOMPAETCs M3 PA3JIUIHBIX MHOXKeCTB. B pabore CIIEKTD COCTOMT M8pEapMO-
HUYECKUX MHTEPBaJIOB. [[pubophl, pasjimdHbie MPOIECChl, BOCIPUSITHE OPraHOB YYBCTB MMEIOT OrPAHITIEH-
HBI quana3oH. [Ipu MareMaTndecKoM MOIETUPOBAHNN MHOTOYUCIEHHBIX MPAKTUIECKUX 33/1a9 1 HabHei-
[IeM MCCJIEOBAHUY TAKMX MATEMaTUYECKUX MOJIEJel JOCTATOYHO HAWTY PEIleHre B 33/ IaHHOM JUATa30He:
[TpoBenenue uccaenoBaHMii TAKUX MOJIEJIE BO3SMOYKHO B HEKOTOPOM CTEIEHM C MOMOIBI0 TapMOHKYECKUX
uHTEPBAJIOB. [l MOKa3aTeIbCTBA OCHOBHON TE€OPEMBI ObLIa TPUBEIEHA BCIIOMOTaTe/IbHASWIEMMA 1 MCIIOJIb-
30BAJINCH JIEMEHTHI T€OPUU MPUOJIMKEHMIT 110 TADMOHUYECKUM MHTepBajiaM. g MoCTPOEHHBIX ceMeiicTB
KJIACCOB (DYHKIUM, CBSA3AHHBIX C HAWIYYIIAMY MPUOCTUZKEHUSIMA TPUTOHOMETPUYECKUMU TOJIMHOMAaMU CO
CIIEKTPOM M3 TAPMOHUYIECKNX MHTEPBAJIOB, TOKA3aHA UX CBA3b C KJIACCHIECKUMU MPOCTPaHCTBaMu becosa.

Karouesvie caro6a: TapMOHUYIECKUN MHTEPBAJI, CIIEKTD, HANIydIllee TpUO/iKeHne MYHKIINN TPUTOHOMETPH-
YeCKUMH TOJTMHOMAMU CO CIEKTPOM M3 T'apMOHMYECKUX WHTEPBAJIOB, AP0 lupuxiie, ceMeiicTBO Kj1accoB

DYHKIAH.
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