About mixed problem ...

References

1 Nakushev A.M. On the theory of boundary value problems for mixed parabolic-hyperbolic equations: Dokl., 1977, 235, 2,
p. 273-276.

2 Yeleyev V.A. Differential equation, 1977, 13, 1, p. 56-63.
3 Yeleyev V.A Differential equations, 1980, 16, 1, p. 59-73.

4 Dzhurayev T.D., Sopuev A., Mamazhenov M. Boundary value problems for parabolic-hyperbolic type equations, Tashkent:
FAN, 1986, p. 220.

5 Kapustin N.Yu. Differential equations, 1988, 24, 8, p. 1379-1386.

Mamazhanov M., Holmuradov D. Differential equations, 1989, 25, 2, p. 271-275.

Sabitov K.B. Differential equations, 1989, 25, 1, p. 117-126.

Sadybekov M.A., Toyzhanova G.D. Differential equations, 1992, 28, 1, p. 176-179.

Salakhitdinov M.S., Urinov A.K. Izvestiya AN Uz.SSR. Ser. fiz.-mat. sciences, 1984, 3, p. 29-36.

10 Berdyshev A.S. In. Boundary value problems for non-classical equations of mathematical physics, Novosibirsk, 1989, p. 86=89.
11 Berdyshev A.S., Sadybekov M.A. Uzbek. Mat. Magazine, 1991, 6, p. 14-19.

12 Berdyshev A.S. Reports of the Republic of Uzbekistan, 1994, 10, p. 5-7.

13 Berdyshev A.S., Toyzhanova G.D. Boundary value problem with a directional derivative for parabolic-hyperbolic equation
in an area with deviation from the characteristics. Reports of National Academy of Sciences of Kazakhstan. Ser. fiz.-mat, 1995, 5,
p. 13-20.

14 Berdyshev A.S. Reports of the Republic of Uzbekistan, 1999, 366, 1, p. 7-9.

15 Levitan B.M., Sargsyan P.S. Introduction to the spectral theory, Moscow: Nauka, 1970, 672 p.

16 Levitan B.M. Inverse Sturm-Liouville problems, Moscow: Nauka, 1984, 240 p.

17 Marchenko V.A. Spectral theory of Sturm-Liouville operators, Kiev: Naukova Dumka, 1972, 220 p.
18 Kamke E. Handbook of Common Differential equations, Moscow: Nauka, 1971, 576 p.

19 Yeldesbaiy T.Zh. One-dimensional inverse problems for degenerate evolution equations and equations of mixed type,
Almaty: Gylym, 2003, 209 p.

20 Tungatarov A., Akhmed-Zaki D.K. Int. Journal of Math. Analysis, 2012, 6, 14, p. 695-699.
21 Tungatarov A., Akhmed-Zaki D.K. Int. Journal of Inequalities and Special functions, 2012, 3, 4, p. 42-49.

22 Koshlyakov N.S., Gliper E.V., Smirnov M.M. Partial differential equations of mathematical physics, Moscow: Vyshaya
shkola, 1970, 712 p.

O 00 39

UDC 517.95

M.T.Dzhenaliyevl, V.K.Kalantarovz, M.T.Kosmakova3, M.LRamazanov*

!Institute of mathematics and mathematical modeling, MES CS RK, Almaty;
’Kog¢ University, Istanbul, Turkey;
SAl-Farabi Kazakh National University, Almaty;
“Ye.A.Buketov Karaganda State University
(E-mail: muvasharkhan@gmail.com)

On the second boundary value problem for the equation of heat conduction
in an unbounded plane angle

In_the article, the second homogeneous boundary value problem is considered in an infinite angular domain.
Solution of the problem is reduced to solving the singular Volterra integral equations of the second kind with
kernel whose norm is equal to unity. By the method of Carleman-Vekua, solving the integral equation is re-
duced to solving the inhomogeneous equation of Abel. The theorem on the existence of a non-trivial solution
of the second homogeneous boundary value problem in a non-cylindrical domain is proved. The solution of
the given problem is obtained in an explicit form.

Key words: singular Volterra integral equation, Abel equation, non-cylindrical domain, non-trivial solution.

The need to study boundary value problems of heat conduction (diffusion) in the domain with moving
boundaries is dictated by numerous practical applications in modeling the processes of electrocontact appa-
ratuses in a related field of designing the plasma torches, the creation of new technologies, production of
crystals, laser technology and other industries. Mathematical modeling these processes allows to carry out
the optimal choice of parameters and operating modes of technological equipment and maximize economic
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and ecological benefits. Actuality of studies of parabolic boundary value problems in non-cylindrical do-
mains is conditioned by this aspect.

The complexity in finding analytical solutions of heat conduction problems (diffusion) in domains with
moving boundaries is determined by the fact that classical methods of differential equations of mathematical
physics are not applicable to this type of problems directly. Staying within these methods, the solutions can
not be reconciled with the movement of the domain boundary. The last proposition is equally characteristic
for boundary value problems of non-stationary and stationary transfer with diverse boundary conditions on
the lines.

Constructive methods for solving thermal problems for parabolic equations based on using thermal po-
tentials and the reducing the initial boundary value problems to integral equations were developed by
E.LKim [1].

To find the analytical solutions to these classes of transfer problems the special techniques or modifica-
tion of known approaches are needed. Presentation of the results accumulated in the field of analytical theory
of heat conductivity of solids is given in Refs [2, 3].

The most of researchers [4, 5] consider such problems in-mainly in non-cylindrical domains without
singular point. In paper [6] it is established the asymptotically exponential convergence of solutions to the
solution of the elliptic problem defined in the spatial domain, independent of time. In [7] some inverse prob-
lems for the heat conduction equation in non-cylindrical domain are studied. In [8] space-time Brownian mo-
tion and the heat conduction equation in non-cylindrical domains are studied. In-[9] for the study of the prob-
lem the authors go on to a weak formulation and then prove the existence and uniqueness of the solution.

In spite of numerous studies conducted by many authors for boundary value problems of heat conduc-
tion in non-cylindrical degenerating domains to date efficient numerical algorithms for their solution do not
exist, mainly because of the lack of the mathematical theory of these problems. This has determined the
theme for this work, its actuality and content.

1 Statement of the problem

We consider the boundary value problem of heat conduction in the degenerating domain (domain with a
moving boundary).

In the domain G = {(x; t): t>0, 0<x<t} it 1S required to find a solution the heat conduction

equation
ou o’u
E =a’ ?9 )]
satisfying the boundary conditions:
oo @
29 x=0
Z—Z =0. 3)

2 Reduction of the problem to an integral equation

We are looking for solution of the boundary problem (1)—(2) as the sum of the heat potentials of the
simple layer:
2

1 ¢ 1 by
m}[—: exp{—m} V(’C)dT+

2
1 ¢ 1 (x—1)
+ expq — o(t)dT.
2a\/E'([(t_T)% { 4a2(t—’t)}
It is known that function (4) satisfies the equation (1) for any v(¢) and (7).
Since the:

u(x,t)=

(4)
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ou 2

1 ¢ x X
5__46!%!@_1)% eXp{——4a2(t_T)}v(r)dr_

1 ¢ x—1 (x—r)2
B 4a3\/5£(t_r)% eXp{_ 4a2(t—r)} o

then from the properties of heat potentials, we have:

ouf v, 1

oxl, 24 4a3fjt 7U_)/ p{ pyr )}(p(r)dr. )
ou P 2

ax:t__4a3\/z'([ t—r)% exp{_m}v(ﬂdwr

(6)
()

r—7
+ ex 1)dT.
2a° 4a3fI f—1 p{ 4a 2}@()
Using conditions (2)—(3) and the properties of heat potentials, we have:the following system of integral
equations for the unknown densities v(¢) and ¢(¢):

v(t) T _
24’ 4a3\/_'[ f—1 {4a2(t—r)}(p(r)dr_0’
t £
_4a3\/E-([ t_T)% xp{——4a2(t_l_)}v(t)dt+ (7)

o(?)

b
+2az 403\/—1 . ) exp{ rp 2}([)(1?)0’1:_0,

We express from the first equation of system (7) function v(¢):

,CZ
V(1) _Za(j N Xp{—m}(p(’t)d‘c. (®)

We substitute (8) into the second equation of system (7):
2 2

1 t t P 0 0
_%Jg—(i_ﬂ% exp{—4a2(t_r)}£(r_e)% exp{—m}m(e)dedwr

o)

-7
+2a2 4a3f'[ exp{ 1 2}(p(r)a’ﬂ:zo

We introduce the following notation:

0ot t £0 0’
JO)=|—— - ——— 0(0)d0dr.
K I[(t—r)% exp{ 4az(t—f)}'([(r—9)% exp{ 4a2(r—9)}(p() '

The integral J(¢)has the property commute, in the sense of Dirichlet formula, if

©

J(@)eM,(h)= { o(t): 1irrg$;) =h=const, h# 0}, B>-1. Then we change the order of integration and
1—> t
equation (9) can be rewritten as

1 t—1 1
(1) - a\/_j(t 7 exp{ » 2}(p(r)dr—4a2n-([(p(6)](t,9)d6—0, (10)

where
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o 10 7
I(t’e)_I(t_r)%(T_e)% eXp{ 4a*(t 1) 4a2(t—r)}dr' (1)

0

For integral (11) we make the substitution of the form:
-7
z= .

Vt-0

2 200 _ _ _
T:t+226; _z( 26); ot 62; dr— 2z (¢ ?)dz.
1+z 1+z 1+z (1+ZZ)

Then

After substituting the integral /(z,0) takes the form

2 2 o 2 2.2
I(t,B)zLezexp —tz;e J‘(iz+ljexp -— ! 5= 292 dz.
(t-90) 4a (t-0) o\ z 4a”(t—0)z" 4a (1—-0)

Using the known equality

Iexp{_“xz —%}dx :%%exp{—z\/ﬁ}’

. . . 1
we reach the result (for the first integral we have previously introduced a replacement x =—):
z

_2a\/E(t+6) ~ (1f+6)2
1(t,0) = T exp{ el (12)

Expression (12) we substitute into equation (10):
1 ¢ 1 1—1
o(1) - eXp{— } o(t)dt -
Za\/;'([(t_T)% 4a2

1 [ t+71 (t+T)2 B
_2a\/E-([ (t_T)% exp{—4a2(t_r)}(p(r)dr—0.

Introducing the notation

1 1 (-1, 41 (1)
K(t’r)2a\/g{(tr)% exp( 4a2j+(t_r)% exp[ —4a2(t1:)}}’ (13)

we obtain
o(t) — [ K(2,7) p(v)dT=0. (14)

We note that the kernel K(z,7) has the following properties:
1) K(¢,7) 20 and continuously at 0 <t<¢<1;

2) limfK(t,0)dt=0, 1,>&>0;

3) linole(t,t)dt =1, lim [K(t, t)dv=1.
0 0

Properties 1) and 2) are obvious. We prove property 3) for the kernel (13), that is, we show that

1imt ! e exp| — (t+r)2 + ! exp(—t_rj dt=1.
=04 21 (,_T)% 4a’ (1 1) (t_T)% 4a°

We make the substitution:

X=~It—T7.
Then we obtain
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2

‘ 20t 2 VN
J.K(t,r)a'rzie“2 jexp —(LJriJ LZ—L dx + ! Ie 4a’ lx =
0 o 0 ax 2a ax" 2a a\/E 0

ax 2a 2a
Hear
erf J.e szz; erfc j “dz.
G Nt
That means

lim j K(t,0)dt=1, limJK(t,r)dt =1.
0 0

3 Investigating the integral equation

Feature of the investigated equation consists in property 3) of the kernel K(#,7) and expressed in the

fact that the corresponding inhomogeneous equation can not be solved by the method of successive approxi-
mations. Equations of this type were first considered in the works of S.N. Kharin,/in which the asymptotics
of integrals of potential type was studied and approximate solutions of some applied problems are constructed
[10, 11]. He proposed and justified the method in which the solution of the integral equation is represented in
the form of an asymptotic expansion in half-integer powers of the variable ¢ And later, integral equation
(14) has been the subject of research by many authors. In the general case the integral equations whose ker-
nels have the property 3), (such equations are called by us Volterra integral equations with «incompressible»
kernel) are considered in [12].

It should be noted that to this kind of singular integral equations also boundary value problems for spec-
trally loaded parabolic equations are reduced when thelead line moves by law x =a(z) [13, 14].

We consider homogeneous equation (14):

- (t+r)2 1 {_t—r} ~
90 2a\/g'|‘ ! { da’ (¢t —1) +(l‘—1:)% exp 44 ¢(1)dt=0, (15)

(t > 0)

Using the relations:
(t+1)° 1 t—1

:2— — =
P S B 4a2(t—r) az(t—r)+4a2’

we obtain

(p(t)_“[ 1 21 exp{_ t }_ 1 exp{_ r }+ L
w2aVx |(0)" | @] (gt L 0] ()

X exp{—t_:}(p(r)dr =0.
a
It is known that if the solution of the integral equation

Y+ [ K (x0) p(0)de = £ (),

(16)

is given by formula y(x)= f(x)+ IR(x,t) f(¢)dt, then the solution of the equation [15; 183]
Y+ [ K (x,0) e p(0)di = £ (x);

has the form
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y(x) = f(x)+ jR(x,t) O£ (1) dt.
Therefore it is sufficient to find a solution of «simplified» equation

o) = [ k(t. (1) de=0, (17)

k(t,T)= ! 2 exp{— i }-I— ! (l—exp{—t—r}j
’ 2an (t—r)% a’(t-1) (t—r)% at-1)) )|

4 Solving the characteristic equation

where

To investigate complete equation (17) we distinguish its characteristic part, namely:

(1) = [k, (D) @(D) dT= £,(0), (18)
where
t [0
ka (t’ T) = —36Xp {_2—}’
a\/;(t_r)é a*(t—r)
S0 = [k (6,7 p(r)ds, (19)
where

1 T
k@t t)=—— | I= {— 5 }J
' zaﬁ(t—r)é( T

Equation (18) is characteristic equation for (16), as:
ltl_r)rolj;ko(t,r)dtzl; ltg{)l‘([kh(t,r)drzo.

Indeed
t

zZ =
aNt—71

0 1 0t 1T
lim |k, (¢,t)dt= lim exps————dt= =
t—)O-([ a\/Et_)OO(t—T)% p{ az(t—’t)}

- & &N —(ZZ—LZJ dz =lim{e? -erfs Jel_y.
\/E l~>0\/7 a t—0 a

a

The validity of equality
13%1!/(,1 (t,t)dt =0,

follows from the estimate

k(1) = 1 [1 exp{ It }J < 1 T T
h by - = 17 - - — : = ’
2a\/E(t—T)% a*(t=1) 2a\/;(t—r)% a’(t=1) 2a3\/E(t—r)%

i.e., the function £, (¢,7) has a weak singularity.

Assuming that the right side of equation (18) is known, we find its solution, i.e. solution of the charac-
teristic equation (18).

Similarly, [16; 174], we reduce the integral equation (18) to an equation with a difference kernel. To do
this, we will make in it replacements:

1 1

1 1 1 1
=—, :—, = — —, P = — = 20
! S Ty v(y) \/;tp(y] L) \/;f[yJ (20)
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Then we obtain the equation of the form

V) exp{— —

¥ a\/E(x—y)2 a(x—y)
The solution of equation (21) can be found by an operational method [16] or by reducing it to the Rie-

mann boundary value problem [16]. The index of boundary value problem in this case is equal to 1 and the

function y(y)=C (C —const) is a solution of the homogeneous equation

}\u(x)dx =f2(y). (y>0) (21)

0

1 1
y(y)-| ————exps——y(x)dx =0,
] e v
corresponding (21).
The solution of inhomogeneous equation (21) has the form
Y = £,(0)+ [ (y=x) fi(x)dx+C, (C—const) (22)
%
where

r(y)= \/_( Z { sz)}

Making reverse substitution (20) to (22), we obtaln the solution of inhomogeneous equation (18):
‘ C
o(t) = f;(t)+ [ (t,7) A®dg . (23)
0

where

1t
r(t,1t)= n: exp{ } (24)
an (t— ) Z:;

We will obtain an estimate for the resolvent Since

R T e e e

|r(t,r)| < L-;exp{—t—r}
2n wWi-t a’ (t -1)
Then a necessary condition for the function f,(¢) is
|| <Mt e>0.

then

5 Reducing the initial «simplified» equation to Abel equation

We will now proceed to solving equation (17), i.e. «simplified» version of initial equation (15).
Using the formula for the solution of characteristic equation (23), taking into account relations (19) for
the function f(#), we obtain

N P (e ]
+ir(t,r)[f(0+§[#m[l—exp{ e 1)}}p(1)dq}dt+\% |

Changing the order of integration in the right-hand side of obtained equation and interchanging the roles
of © and 1, we have

o(t)dt+
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o= {m[l—exp{—ﬁ}j+@r(t,rl)ﬁmx

T C
x[l—exp{ T )}Jdtl}(p(r)dwrj

Calculating the inner integral into (25) and taking into account formula (24), after simple transfor-
mations we obtain [17]

(25)

dt=

1 ¢ ot C
O T &
Thus, initial «simplifiedy integral equation (17) was reduced to equation (26) that'is Abel integral
equation of the second kind.
6 Solving the Abel equation
The solution of the Abel equation of the second kind [15; 117]

Y() 42 j jidz - /(%)

has the form
y(x)=F(x)+ nxzfexp[nxz (x<) |[F(t)dt,

where

F(x) = f(x)—xf QN

Therefore, the solution of equation (26) can be written as

> ;exp[;;;}F(r)dr,
where
1 Jr
F C: —+—".
0= {J 2(1\/;'[«%(1‘— } {ﬁ+2a}
Then

\/; 1§ r—1 1 \/;
o) =C- {$+Z+4a2z‘)‘exp|:4az :l(ﬁ“‘g]d’t}z

\/;261 4arzp4a2 Op 4a2\/; Zaop 4a®

Aftersimplifications, we obtain

ot)=C- {— + ﬁe“l?erf (ﬁJ + ﬁeﬁ } (27)

Jt o 2a 2a 2a
(27) is the solution of Abel equation (26), i.e. the solution of «simplified» equation (17).

We note that after multiplying equality (27) by exp(—%), we obtain the solution of original equa-
a

tion (15) (in virtue of the foregoing)

L AN
<P(f)=C'{\/; —ef( J 2a} (28)

54 BecTHuk KaparaHguHckoro yHuBepcuTeTa
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Thus, the eigenfunction of equation (15) has the form ¢,(#)=C- Le_E +£erf ﬁ +£ .
\/; a 2a 2a

7 The solution of the initial boundary value problem

Thus, we have found the solution of second problem (1)—(3) for homogeneous equation of heat conduc-
tion in the degenerating domain G = {(x; f): t>0, O<x< t} with homogeneous boundary conditions.

We write it in an explicit form.

1 ¢ 1 x’
u(x,t)— zaﬁJ?eXP{_M}V(T)dPr
1 j- L (x—1)

Ta ) o(r)dr,

where

1 ¢ = 7’
v(t) = exps ————r o(1)d1
2a\/;'([(t—r)% { 4612(t—’t)}(P
and the function ¢(¢) is determined by formula (28).

This study was financially supported by Committee of Science of the Ministry of Education and Sciences
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M.T.dxenanues, B.K.Kanantapos, M.T.KocmakoBa, M.bl.Pamazanos

HlexkTesMereH xa3plK OYPbIITAFbI )KbUTYOTKI3IIIITIK TeHAEY]
YIIiH eKiHIII HIeTTiK ecen KalbIHAA

Makanana MIeKTeIMereH OYpPBINTHIK OONBICTAarbl OIpTEKTI eKiHII INeTTIK ecel KapacTeIpsuiabl. Ecentiy
IIeIiMi, HopMachl Oipre TeH, epekile HHTerpaiasl Boabreppa TeHaeyiHiH memimine kenripiani. Kapiaeman-
Bekya omici apKpUIbl MHTErpaiibl TEHASYAIH Iiemimi OipTekci3 AOenb TeHACYiHIH LICHIMiHE Kelesi.
Hunuanpiik emec obipicta GipTekTi ekiHmm merTik ecenTiH 0-Aik emec miemiMmiHiH 6ap OOJybl Typajbl
Teopema janenieHreH. KolbuiraH ecenTiH meliMi alKpIH TYp/e ajlbIHFaH.

M.T.Ixxenanues, B.K.Kanaurapos, M.T.Kocmakosa, M. .Pama3zanos

0] BTOpOﬁ KpaeBoﬁ 3ajiavde AJidd YPAaBHCHHUSA TEIJIONPOBOAHOCTH
B HECOTPAHUYIECHHOM IIJTOCKOM YIJIYy

B cratbe paccMoTpeHa BTOpasi OZHOPOJHAsI KpaeBas 3aada B HEOIPaHUUCHHOH YIiIoBo#l obnacTr. Pemenue
3a1aud peayLHpyeTcs K PelleHHI0 0cO00ro MHTErpalbHOTO ypaBHEHUs BonbTeppa BTOPOro poja C siIpoM,
HOpMa KoToporo paBHa enunuie. Meronom Kapnemana-Bekya perenne HHTErpajabHOTO YpaBHEHUS! CBOAUT-
csl K PELICHUI0 HEOHOPOJHOTO ypaBHeHHs AOens. /lokazaHa Teopema O CYIIECTBOBAHUH HETPUBUAIHLHOTO
peleHus: BTOPOH OJHOPOIHOW KpaeBOW 3aJauil B HEIWJIMHIPUIECKON 00IacT. Pemenne mocTapneHHon 3a-
Jla4u4 MIOJTyYEHO B IBHOM BHUJIE.
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