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On a boundary problem for the fourth order equation with thetthird
derivative with respect to time

In this paper, we consider a boundary value problem in a rectangular domain for a fourth-order‘homogeng€ous
partial differential equation containing the third derivative with respect to time. Thefuniqueness of the
solution of the stated problem is proved by the method of energy integrals. Using the, meth©d of separation
of variables, the solution of the considered problem is sought as a multiplicationp\of two_ fua€tions X (x)
and Y (y). To determine X (x),we obtain a fourth-order ordinary differential equation with four boundary
conditions at the segment boundary [0,p], and for a Y (y) - third-order sordinary “differential equation
with three boundary conditions at the boundary of the segment [0,q]. Imposifig ¢onditions on the given
functions, we prove the existence theorem for a regular solution of the problem., I hefsolution of the problem
is constructed in the form of an infinite series, and the possibility,of term-by-term differentiation of the
series with respect to all variables is substantiated. When subsgantiating the uniform convergence, it is
shown that the “small denominator” is different from zero.

Keywords: Initial boundary problem, Fourier methed, ufigueness, existence, eigenvalue, eigenfunction,
functional series, absolute and uniform convergence.

Introduction

Problems about the vibrations of rods, beams and plates, which are of great importance in structural
mechanics, lead to differential equationsWith\a higher order than the string equation.

The study of many problems ©f gasydynamics, the theory of elasticity, the theory of plates and
shells comes to the consideration ‘of differential equations with higher order partial derivatives. From
the point of view of physical applications, the fourth order differential equations are also of great
interest (see [1-6]).

In the field of moderngScCience and technology, initial-boundary value problems for fourth-order
equations are of gkeat importance. For example, aircraft wings, bridge slabs, floor systems, and window
panes are modeled “as plates with various types of end supports, which are successfully described in
terms of fourth-order equations [7-9].

Thegmonograph|by T.D. Dzhuraev, A. Sopuev [10] is devoted to the classification of differential
equations Mgith partial derivatives of the fourth order, the formulation and solution of boundary value
problemé for such equations.

In theypaper [11], a problem with boundary conditions for a non-homogeneous fourth-order equation
with multiple characteristics and one lower term was considered.

In [12], a boundary value problem for a fourth-order equation of the form

Uxxxx utt = f {x,t)

was investigated.
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On a boundary problem

In [13], a problem was solved with initial and boundary conditions for the beam oscillation equation
of the form

a Uxxxx + utt = 0,

in which a beam of length | is clamped with ends in a massive vise.

In [14], a boundary value problem for a degenerate higher order equation with lower terms was
studied.

In [15-19], the boundary value problems for a third-order equation with multiple characteristics
containing second derivatives with respect to time were discussed.

The boundary value problems for fourth-order equations with the third derivative in tilme have
been little studied [20,21].

1 Formulation of the problem

In the domain D = {(x,y) :0 <x <p,0 <y <qg} we consider the equation
dd4u d3u
L[u] = dX4 - W = °- 1

where p,ge R.
Problem A. Find a solution to equation (1) in the dom@in4®, from the class u (x,y) e Ct3 (D) N
CXy Eﬁj such that satisfies the following boundary conditions:

uy)=u(py =Ux0yeg UX(py)g 0 0<y<aqg ()
Uy (x, 0) = dr (x), Uyy(x, 0) g2 (x),"QUyyx, q) = d3 (x), 0<x<p, ®3)
where ¢r(x), i = 1,3 are the given sufficiently smooth functions, and
or (0) = dr (p) = P1(0) = L (p) = O, ¢r(0) = dr(p) =0, =23 (4)
2 The uniqueness of the solution to the problem A

Theorem 1. If the problem A has,a solution, then it is unique.

Proof. Let the problem A have two solutions Ul(x,y) and U2(x,y). Then the function u (x,y) =
Ul(x,y) —u2(x,y) satisfiesgequation (1) and the uniform boundary conditions. Let us prove that
u(x,y) = 0in D,

In the domain“B, the following identity is valid:

Fproiod . \'d / 1 2\ 2 ”
wl [u] = dx (uuxxx —uxuxx) —dy (UUyy —2UyJ + Uxx = 0.

lategratingi\the identity over the domain D, we have
q
B U (p,y)uxxx(py) —u (0,y) uxxx (0, y)]ldy

q
A 0 [ux (p, y) Uxx (p, y) —Ux (0,y) Uxx (0,y)ldy—

—/p [u(x,q)uyy (x, q) —u (X, 0) uyy (x, 0)]dx+
0

Ip pq
+-/ [u2(x,q) —uy (x,0) dx + / / uxxdxdy = 0.
20 00
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Taking the homogeneous boundary conditions into consideration we obtain

p pq
1J uy q@g)dx+J j uxdxdy = 0.
0 00

From the second term we obtain
Uxx =0 n u(x,y) = x mfi (y) +/2(y), (x,y) e D.

Assuming x = 0 we get

u@y)=rf2(y)=0 n f2(y) =0 .
and supposing x = p we attain \

u(py) =pmfi(yy=0 "~ fi(y)=0.

Hence, u (x,y) = 0, (x,y) e D.

Theorem 1 is proved. é

3 Existence of a solution to me prob

In order to prove the existence of the solution of the problem,A, will first consider the following
auxiliary problem: find a nontrivial solution of equation chthat satisfies conditions (2) and can

be represented as

©®)
Substituting (5) into equation (1) and sep e variables, we find the following ordinary
differential equations with respect to the functions
H) - AX (x) =0, (6)
(y) - MY (y) =0, ()
where A4 is the split paramet
Considering the boun onditions (2), we generate the following problem for equation (6):
X @ - AX =0, ®)
X (0) =X (p) = X" (0) = X"(p) = 0. 0

A nontrivial selution to problem (8) exists if and only if
Al= (Mn) 4, n=1,23,....

These"numbers are the eigenvalues of problem (8), and their corresponding eigenfunctions have the

following form:
nn

N ] 2 9
Xn(x) = -sm — X. 9)
pp
A general solution (7) has the form

Yn(y) = Ciekny + e 1y |C 2cos | “*kny) + C3sin | ~23kny\ J, (10)
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/[ \4/3
where kn =3 “n =\ pr) ,ne N and Ci, i = 1,3 are unknown constants for now.

According to (9) and (10), it follows from equation (5) that the functions
N
Un(x,y) = yp (ciefoy+ e-2kny (c cos { XSkny\l + C3sin {XBkny\l\I\ 1sin 20 x

are the particular solutions of equation (1), which satisfy homogeneous conditions (2).
Due to the linearity and homogeneity of (1), the sum of the particular solutions can also be the

solution of equation (1). Taking this into account we will seek the solution of problem A in form
V3, ., V3
U(x,y) =\j2~ (Ciekny+ e 1kny (C2cos (" y )+ C3sin ( ) kny M (11
n=1
Assuming temporarily that the series in (11) and its derivatives converg i and requiring
the function defined by the series (11) to satisfy the boundary conditions we n
%(x 0) = Vi(x) = \ ~ L Vinsin ©
/\
U&/l(x 0) = V2(x) —\ ~ 'b
Uyy (x, @) = V3(x) = _*
where
1 V3
knC1——knC2 +—-" knC3 = 'gln,
knC1l—- knC2 --knC3= V2 (12)
1 / -
knekngqC1+ kne 2 ¢ @ —1j C2+ kne 2 ?sin Vv23kng —* JC3= V3.
We can see from (12) numbers Vin are the Fourier coefficients of the function V (x) when

they are expanded into t ourier series in terms of sines on the interval (0,p) , i.e

k-

— nn _
Vin = \~P Vi (ﬁ) sin— £d{, i=1,
0
Let the determinant of the system (12), i.e.
kn -Lk, kn
A ka - kA —V3kq

knekng knje 2kngcos ( kng —2I kne- 2kngsin ( V3knq — 3

= \/3knekngA, A = - + e 2kngsin Eknq——
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Lemma. For an arbitrary positive g, the inequality A > 0 holds .
Proof. Write the determinant in the form

A = "3kMekngA(xn), A(xn) = 2 + e-~ xnsin(xn- 6) ,

where, xn = *knq = -3 {/A”q > 0,n e N.
Find the minimum value of A(xn). To do this, calculate the first order derivative

dA(En) = 2e-y3x, Sin (n - Xr
dxn 3

. @ e, Y
1) When 0 < xn < 3, we have A'(xn) > 0 .This means that A(xn) increases finite\discrete
values of xn , but it does not reach its maximum value. Then the function A( a it infmum
value at n = 1 and we have the estimation

A(xn) > 2 + e "3xisin (Xi - = 5i> 0

where xi =~ {/A"q.
n * 4n
2) If xn > 7 then the function A(xn) takes its flrst mi n the argument is — and we
achieve
A (xn) > 2(1 -

3) For sufficiently large values of x , it is the function A(x) tends to i . From here we
find 2

;52} > 0.

Considering the above considerations conclude that An > 0. The lemma is proved.

Hence, the system of equations h nique solution.
Below, we determine all unko ers Cj, i = 1,3:
~Ninkne i kng - ~2nkne 2km»wcos — kng+ 7 + -7 *3nkA

Ninkn Me- 2kngsin 'k ng + 3j - N e k!

A2nkn Me- 1lkn»sin AV 3kng + Mj + V3ek'gp + V AnA

nknekn» 1 - e-2kn»cos V3kng+ 3 ~ + ~nknekn» fe-2kn»cos fkng +3"- 2
In what follows, the maximum value of all found positive known numbers in estimates will be
denoted by M .
Taking account condition (4), we integrate ~i (x) by parts four times, and * (x), i = 2,3 by parts

two times we get the following estimates:

bl < M , iNi< Mi-pl, Q= 2,3 (13)
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where
p p
P12 =y dh@ (e) x? (o de, dm=y ¢" (o x? (o de, i= 2,3
0 0
For Cr, i = 1,3 we can write the following estimations:
@rn| |P2n| |P3n|
ICriekng < M (- 2kng + 1h22%e- 2kng + Aap1) < M 1PREL 12 . [®3n
V k? k? k? / n 3 n3
cCa<M™Mf (), n ) fe-3kng+ N j + e-knqgj B 1
K n3 "@ n

C3 <M Md?2L fl+e-24 +Mfd (L+e-2kM I <M [Pf
V k2 V2 n

Theorem 2. If pr™) e C4[0,p], dr(x) e C2[0,p], i = 2,3 and the correSpendi nditions (4) are

satisfied, then the solution of the problem A exists and it is represent t eries (11).

Proof. If the series (11) and its derivatives uxxxx, uyyy converg y in the region D, then
the function u (X, y) defined by this series will be the solution of th A

From (11) we have L 2

Te
lu(x,y) < £ ([C1le Q\xo ). (14)
7=1

+
Then, taking account of (13) it is obtaine m (14)\that

U(Xx,;<N'<« M f£ ! i Po D3l <
U (x,;<N)!< ¥ 'ﬁiﬁlnlgf tfﬁlln%

This implies that the series (11) ¢

Now let us prove that the ia a
in the equation also conve ely and uniformly in the region D. Calculating the derivatives
with respect to vy, it foll ) we obtain

d3u

dy3 kny + e 1knvV I C2cos I *k?y ] + C3sin | -~3k?y X? (X) . (15)
From e ermine the estimation
k? (ICllek=» + |C2 + |C3|) X? (X)| <M (£ A~ + £ A + £ A (16)
dy ?7=1 v 7 V?=1 n3 ?=1 n3 ?=1 n3 ,

Using the Cauchy-Bunyakovsky and Bessel inequality we attain

T e. . ™ /Te /Te /Te \
v EA +,)E |P2|%/E -V+,/E |[®3,\VE -V <
=1 23 yo=1 y?=123  yo=1 y2=123y

<m (E W+ o2y E [+ 03 <
7=1 73 y?=123 y?2=123/
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where
N 2 2
M2 < v(4)(x) ;N IMinl2< VIR L =23
F2fel” — L2["p]
Therefore, the series (16) converges absolutely and uniformly. The absolute and uniform convergence

d4u  d3u
of the partial derivative of the fourth order in x series (11) follows from the equality ~—4 = -7~-3 .

Theorem 2 is proved.

Conclusion

The article considers an initial boundary value problem for a fourth-order equationgontaining the
third time derivative with multiple characteristics. Uniqueness theorems are provedgsingythe method
of energy integrals. The existence of a solution is shown with the help of conditions imposed on“given
functions constructed as a series by the Fourier method and a regular solution (of thiSyseries.
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O .M. AnaKOBi2, .M. Menukysunesa?2

1 B36ekcTaH Pecnybnukachl IbiNbIM aKagemMuaChiHbIL
B.M3) PoMaHoBCKMI aTbiHAarbl MaTemaTWKa MHCTUTYThbl, TalWkKeHT, B36eKCTaH;
2HamaHraH n,H>KeHepn'lk LypbINbIC MHCTUTYTbI, HamaHraH, B36ekcTaH

YaKybld 00MblHLW A ywwwl TyblHAbICHI 6ap TepTwiwl peTTl Teugey yLiLw

LeKapanblK ecen XanblHAaa

Makanaga yakblT 60iblHWa ywwiwl TybiHAbICE 6ap 61pTekTl TepTwwl peTTl gepbec TyblHAbINLI audde-
peHUuManablK Teugey ywi TXOYpbIWThl 06AbICTarbl WeKapaablK ecen KapacTbipbligbl. KobinraH ecentiy
Wwewimwuy Xanrbi3gblirbl 3HEPrMa MHTerpangapsl 3glclveH ganenfeHreH. AHbiManbinapabl 6eny sglcw
KpngaHbin, ecentuwy, wewlml X (x) xaHe Y (y) et0o dyHKumMaHbL, kebeiTwalcl Typwpae 13gectlpwegl. X (x)
aHblTay yww [0,p] Kecwalcwu, wekapacbiHha TepT WeKapanbikK wWapTel 6ap TepTwiwl peTTl Kapanaiibim
anddepeHumanblk TeHgeyw, an Y (y) aHbikTay ywuw [0,q] Kecwalcwuy, wekapacbiHAa YW wWeKapanbik
WwapThl 6ap ywwwl pettl kapanadbim guddepeHunangblk Teufeyal anambi3. bepwreH ¢yHKuusnapra
WwapTTapibl KO apKbinbl ecenTl, TypakTbl wWew!Mwu, 6ap eKeHAT Typanbl Teopema ganengeHeab Koi-
blNraH ecentuw, wewlml wekas Katap Typwfie Kypbiabin, KatapAbll 6apnbiK aiHbiManblfnapra KaTblCTbl
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K,aTapfbl Mywenen gugdepeHynangay MyMIOHAT aHblWTanraH. B1pK,anbinTsl XUHaK,Tany4bl Taby KeslHge
«iowWl Genni» Henre TeH; eMec ekeHl aHbUiTanfbl.

KwT cB3gep: 6actank,bl-lieTT1K ecen, ®ypbe 9alcl, WewlMHLY Xanrbi3fbirbl, 6ap 601ybl, MEHLKTA M3H,
MEHW1KTL PYHKLMA, PYHKLMOHANALIK, KaTap, abCoNoTH XaHe 61pK,anbiNTbl XUHAK,Tany.

IO .M. Anakosl2, .M. Menuky3uesa2

IMHCTUTYT MmaTemaTukn umenn B.M. PomaHosckoro Akagemun Hayk Pecny6nnku YsbekncTaH, TawKeHT,

Y36eKncTaH;
2HamaHraHCKUA MHXKEHEPHO-CTPOUTEbHbIA MHCTUTYT, HamaHraH, Y36ekncTaH

O rpaHW4YHOI 3afauve ANs ypaBHEHUS UYeTBEPTOro Nopsaka;
COAEepXXalllero TPeTbi MPOU3BOAHY MO BPeMeH

B cTaTbe paccMOTpeHa KpaeBas 3ajayva B NpAMOYronbHOW o6nactn 4nsa o4HOPOAHOFOM AN PepeHLnanbHOro
YpPaBHEHWA B YACTHbIX MPOU3BOAHbLIX YETBEPTOro Nopsgka, cojepxallero TpeFstaRIpOUSBOAHYIO MO Bpeme-
HU. EAMHCTBEHHOCTb peLleHns NOCTaBNEHHOW 3aj4ayun foKa3aHa MeToAOM MHTerpaneB aHepruu. Vicnonbsys
MeTOZ pas3feneHns nepemMeHHbIX, pelleHne 3afjadn unwetcs B Buae nNpoudBeAeHNA ABYX QYHKUMA X (X) 1
Y (y). Ana onpegenenuns X (x) nonyvyaem 06bIKHOBEHHOe audepeHunanbHoe YPaBHEHWEe YETBEPTOro mno-
pafKa C YeTblpbMSA TPAHUYHBIMW YCNOBUAMU Ha rpaHuue cermedTa “[Qplina ana Y (y) - 0ObIKHOBEHHOE
andepeHynanbHOe ypaBHeHWe TPETLEro NOpAAKa C TPeMa rpaHudHbIMy YCAIOBUAMM Ha rpaHuLe CermeHTa
[0,q]. Hanarasa onpegeneHHble yCNOBUA Ha 3afaHHble DYHKUWMJgoKa3aHa TeopeMa CyL,ecTBOBaHMA pery-
NAPHOro pelleHnsa 3agayun. PelleHne nocTaBneHHON Zafayl \nocTPOeHO B BuAe 6ecKoHeuyHoOro psga, oboc-
HOBaHa BO3MOXHOCTb MOYNEHHOTO AU depeHULMPOBAHUMPALANI0 BCEM NepeMeHHbIM. Mpu foKa3aTenbCcTBe
paBHOMEPHO CXOAUMOCTW YCTaHOBMEHA OTNIMYHOCTb OT HYJA «Manoro 3HaMeHaTens».

KntoueBble cnoBa: HayanbHO-Kpaesas 3agaya, MeTOmP ypbes EANHCTBEHHOCTb, CYLLEeCTBOBaHME, COBCTBEHHOE
3HayeHMe, CO6CTBEHHAA (YHKLUMSA, OYHKUMOHANbHbIA PSR, a6CONOTHAs N paBHOMEpPHAas CXOAMMOCTb.
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