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On a boundary problem for the fourth order equation w ith the third  
derivative w ith respect to  tim e

In this paper, we consider a boundary value problem in a rectangular domain for a fourth-order homogeneous 
partial differential equation containing the th ird  derivative w ith respect to  time. The uniqueness of the 
solution of the sta ted  problem is proved by the m ethod of energy integrals. Using the m ethod of separation 
of variables, the solution of the considered problem is sought as a m ultiplication of two functions X  (x) 
and Y  (y). To determ ine X  (x),we obtain a fourth-order ordinary differential equation w ith four boundary 
conditions at the segment boundary [0,p], and for a Y (y) -  third-order ordinary differential equation 
w ith three boundary conditions at the boundary of the segment [0,q]. Imposing conditions on the given 
functions, we prove the existence theorem  for a regular solution of the problem. The solution of the problem 
is constructed in the form of an infinite series, and the possibility of term -by-term  differentiation of the 
series w ith respect to  all variables is substantiated. W hen substantiating the uniform convergence, it is 
shown th a t the “small denom inator” is different from zero.

Keywords: Initial boundary problem, Fourier m ethod, uniqueness, existence, eigenvalue, eigenfunction, 
functional series, absolute and uniform convergence.

Introduction

Problems about the vibrations of rods, beams and plates, which are of great im portance in structural 
mechanics, lead to  differential equations w ith a higher order than  the string equation.

The study of many problems of gas dynamics, the theory of elasticity, the theory of plates and 
shells comes to  the consideration of differential equations with higher order partial derivatives. From 
the point of view of physical applications, the fourth order differential equations are also of great 
interest (see [1-6 ]).

In the field of m odern science and technology, initial-boundary value problems for fourth-order 
equations are of great im portance. For example, aircraft wings, bridge slabs, floor systems, and window 
panes are modeled as plates w ith various types of end supports, which are successfully described in 
term s of fourth-order equations [7-9 ].

The m onograph by T.D . Dzhuraev, A. Sopuev [10] is devoted to  the classification of differential 
equations w ith partial derivatives of the fourth order, the formulation and solution of boundary value 
problems for such equations.

In the paper [11], a problem with boundary conditions for a non-homogeneous fourth-order equation 
with m ultiple characteristics and one lower term  was considered.

In [12], a boundary value problem for a fourth-order equation of the form

Uxxxx u tt = f  {x , t)

was investigated.
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On a boundary problem

In [13], a problem was solved w ith initial and boundary conditions for the beam  oscillation equation 
of the form

a Uxxxx + u tt =  0 ,

in which a beam  of length l is clamped with ends in a massive vise.
In [14], a boundary value problem for a degenerate higher order equation w ith lower term s was 

studied.
In [15-19], the boundary value problems for a third-order equation w ith m ultiple characteristics 

containing second derivatives w ith respect to tim e were discussed.
The boundary value problems for fourth-order equations with the th ird  derivative in tim e have 

been little studied [20 , 21].

1 Formulation of the problem 

In the dom ain D  = {(x, y) : 0 < x  < p, 0 <  y < q} we consider the equation

d4u d 3u
L[u] =  dX4 -  W  =  °- (1)

where p, q e  R.
Problem A. Find a solution to equation (1) in the domain D  from the class u  (x ,y) e  C t’3  (D) П

3 2 (—\Cx,y (D j such th a t satisfies the following boundary conditions:

u (0 , y ) =  u (p, y) =  Uxx (0 , y) =  Uxx ( p ,y ) =  0 , 0 <  y <  q, (2)

Uy (x, 0) =  фг ( x ) , Uyy (x, 0) =  ^2 ( x ) , Uyy (x, q) = фз ( x ) , 0 <  x <  p, (3)

where фг (x), i =  1,3  are the given sufficiently smooth functions, and

фг (0) =  фг (p) =  ф'1 (0) =  ф'1 (p) =  0, фг (0) =  фг (p) =  0, i =  2, 3. (4)

2 The uniqueness of the solution to the problem A 

Theorem 1. If the problem A  has a solution, then it is unique.
Proof. Let the problem A have two solutions U1 (x ,y) and U2 (x ,y ). Then the function u (x ,y) =  

U1 (x ,y) — u 2 (x ,y) satisfies equation (1) and the uniform boundary conditions. Let us prove th a t 
u  (x, y) =  0 in D .

In the dom ain D  the following identity is valid:

т- r i d .  \ d  /  1 2 \  2 „
uL [u] =  d x  (uuxxx — uxuxx) — dy  ( UUyy — 2 UyJ  +  Uxx =  0.

Integrating the identity over the domain D , we have

q
I  [u  (p , y) uxxx (p,y) — u (0 , y) uxxx (0, y)]dy
0

q
^  [ux (p, y) Uxx (p, y) — Ux (0 , y) Uxx (0 , y)ldy—

0

p
— /  [u (x, q) uyy (x, q) — u (x, 0) uyy (x, 0)]dx+

0
1 p p q

+ -  /  [u2 (x, q) — uy (x, 0)  dx +  /  /  uxxdxdy =  0 .
2 0 0 0
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Taking the homogeneous boundary conditions into consideration we obtain

p p q

1  J  uy q) dx +  J  j  u 2xxdxdy  =  0 .
0 0 0

From the second term  we obtain

Uxx = 0  ^  u (x ,y) =  x ■ f i  (y) +  /2 ( y ) , (x, y) e  D.

Assuming x =  0 we get
u  (0, y) =  f 2 (y) =  0 ^  f 2 (y) =  0,

and supposing x =  p we a tta in

u (p,y) =  p ■ f i  (y) =  0 ^  f i  (y) =  0 .

Hence, u  (x, y) =  0, (x, y) e  D.
Theorem  1 is proved.

3 Existence of a solution to the problem A

In order to  prove the existence of the solution of the problem A, we will first consider the following 
auxiliary problem: find a nontrivial solution of equation (1) such th a t satisfies conditions (2 ) and can 
be represented as

u ( x ,y ) =  X  (x) Y  ( y ) . (5)

Substituting (5) into equation (1) and separating the variables, we find the following ordinary 
differential equations with respect to  the functions X  (x) and Y (y):

X (4) (x) -  A4X  (x) =  0, (6 )

Y ( y )  -  A4Y (y) =  0, (7)

where A4 is the split param eter.
Considering the boundary conditions (2), we generate the following problem for equation (6 ):

X (4) -  A4X  =  0, (8)
X  (0) =  X  (p) =  X " (0) =  X " (p) =  0. ( )

A nontrivial solution to problem (8 ) exists if and only if

АП =  ( ПП) 4, n  = 1, 2 ,3 , . . . .

These numbers are the eigenvalues of problem (8), and their corresponding eigenfunctions have the 
following form:

^  , . [2 n n  . .
X n (x) =  W - s m — x. (9)

p p

A general solution (7) has the form

Yn (y) =  C ie kny +  e 1 кпУ | C 2 cos |  ^ k n y )  +  C 3 sin |  ^23 k n y \  J , (10)
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__ / \ 4/3 ___
where kn = 3  ^n =  \ pr) , n  e  N  and Ci, i =  1,3  are unknown constants for now. 

According to  (9) and (10), it follows from equation (5) th a t the functions

Un (x, y) =  y p  ( c i e fcny +  e- 2 kny ( c
/ V 3 , \  ^  . / V 3, \ \ \  . n n

cos I —  kny I +  C3 sin I —  kny I I  I sin — x

are the particular solutions of equation (1), which satisfy homogeneous conditions (2).
Due to  the linearity and homogeneity of (1), the sum of the particular solutions can also be the 

solution of equation (1). Taking this into account we will seek the solution of problem A in the form

V 3, V 3,
U (x ,y ) = \ j 2 ^  ( C iekny +  e 1 kny ( C2 cos ( ^ ^ y  ) +  C 3 sin ( kny П  ) sin — x. (11

n= 1 2 2 P

Assuming tem porarily th a t the series in (11) and its derivatives converge uniformly and requiring 
the function defined by the series (11) to satisfy the boundary conditions (3) we obtain

, . , , . [2 ^  nn
Uy (x, 0) =  V1 (x) = \ ~ L  V1n sin —  x,

V VPn=1 P
, . , , . [2 ^  nn

Uyy (x, 0) =  V2 (x) = \ ~ ъ  V2n sin —  x, 
VV VP n=1 P

Uyy (x, q) =  V3 (x) =  * -  E  V3n sin ™ x ,
V P n=1 P

where

1 V3
kn C 1 — — knC 2 +--- ^  knC3 =  'фln,

kn C 1 — -  kn C 2 - -  kn C3 =  V2n
1 /  г  X -

knekn qC 1 +  kne 2 q cos ( - - 3  knq — —П j C 2 +  kne 2 ? sin

(12)

V23knq — ^  J C 3 =  V3n.

We can see from (12) th a t the numbers Vin are the Fourier coefficients of the function V  (x) when 
they are expanded into the Fourier series in term s of sines on the interval (0,p ) , i.e.

Г- P^— (’ n n  ___
Vin = \ ~  Vi (£) s in — £d{, i =  1,3. P P

0

Let us calculate the determ inant of the system (12), i.e.

A

kn

kn2

- 1  k 2 n
_ 1  k2- kn

kneknq kn; e 2knq cos ( kn q — 2П-

kn

— V 3 k2kn

kne- 2knq sin ( V 3 knq —

V 3,

3

=  \/3kneknqA , A  =  -  +  e 2knq sin —— knq — — .
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Lemma. For an arb itrary  positive q, the inequality A  >  0 holds . 
Proof. W rite the determ inant in the form

A =  ^3кПeknqA (x n ), A(xn) =  2 +  e- ^ xn sin (xn -  6 )  ,

where, xn =  ^ k n q  =  -^3 {/A^q >  0 , n  e  N .

Find the minimum value of A (xn). To do this, calculate the first order derivative

dA (£ n) =  2e-y3x„ Sin ( n  -  Xr
dxn 3

1) W hen 0 <  xn <  П3 , we have A '(x n) >  0 .This means th a t A (xn ) increases at finite discrete 
values of xn , but it does not reach its maximum value. Then the function A (xn) takes its minimum 
value a t n  =  1 and we have the estim ation

A(xn) >  2  +  e ^ 3xi sin ( x i -  =  5 i>  0 ,

where x i =  ^  {/A^q.
n 4n

2) If xn >  —, then  the function A (xn) takes its first minimum when the argum ent is —  and we
3 3

achieve
A (xn) >  2 ( 1  -  e- 4M n) =  $2 >  0 .

3) For sufficiently large values of x , it is obvious th a t the function A (x) tends to i  . From here we 
find 2

A  > 5 =  min {$i ; 52} >  0 .

Considering the above considerations we conclude th a t An >  0 . The lemma is proved.
Hence, the system of equations (12) has a unique solution.
Below, we determine all unkown numbers Cj, i =  1,3:

^ inkne 2knq sin —  knq -  ^ 2nkne 2 kn» cos —  knq +  7  +  -7Г ^ 3n k 3n

C 2 =  A  ^ inkn  ^ e - 2knq sin ^ k n q  +  3  j  -  ^ e kn»^

-  ^ 2nkn ^ e - 1 kn» sin ^  V 3 knq +  П j  +  V 3 ek"qj  +  V ^ n ^

^ inknekn» 1  -  e - 2kn» cos V 3 knq +  3 ^  +  ^ n k n e kn» f e - 2kn» cos f k n q  +  3 ^ -  2

In w hat follows, the maximum value of all found positive known numbers in estim ates will be 
denoted by M  .

Taking account condition (4), we integrate ^ i (x) by parts four times, and ^  (x), i =  2,3 by parts 
two times we get the following estimates:

Ы <  M , i^ii <  M i - p l , i =  2 , 3, (13)
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where
p p 

Ф1? =  у  ф (4) (e) х ?  ( о  de, Фгга =  у  ф" ( о  х ?  ( о  de, i =  2 , з. 
0 0

For Сг, i =  1, 3 we can write the following estimations:

|С г| eknq <  M  (  e- 2knq +  1ф2 ?1e- 2knq +  ^^ЗР1 )  <  M  
V k? k? k? /

IC 21 <  M  f ( ^  ^ )  f e - 3knq +  ^ j  +  e-knqj

|Фгп| . |Ф2п| . |Фзп|
16 +  14 +  14

n  3 n  3 П 3

k?

|C3| <  M

16 1 14 1 14
n  3 n  3 n  3

П ф ? 1  f  1  +  e -  2Ч  +  M fd  ( 1 +  e - 2k.M  I <  M
V k? V2

|Фг?| . |Ф2?|
16 +  14 

n  3 n  3

Theorem 2. If ф г^ )  e  C 4 [0,p], фг (x) e  C 2 [0,p], i =  2,3 and the corresponding conditions (4) are 
satisfied, then the solution of the problem A exists and it is represented by the series (11).

Proof. If the series (11) and its derivatives uxxxx, uyyy converge uniformly in the region D , then 
the function u (x, y) defined by this series will be the solution of the problem A.

From (11) we have

те
|u (x ,y )| <  £  ( |C 1| eknq +  IC2I +  |C 3^ |X? (x)|.

?=1
(14)

Then, taking account of (13) it is obtained from (14) th a t

|U ( x ,;</)!< M  f £  ! % i  +  £  I% 1  +  £ |Фз"'__ 16 1 /  y 14 1 /  у 14
i 1 n  3 1 n  3 1 n  3V?=1 ?=1 ?=1

< .

This implies th a t the series (11) converges absolutely and uniformly.
Now let us prove th a t the partial derivatives of the series (11) with respect to  both  variables included 

in the equation also converge absolutely and uniformly in the region D . Calculating the derivatives 
with respect to y, it follows from (11) we obtain

d 3u 
dy3 £  k

?=1
C 1ekny +  e 1 knV I C 2 cos I ^ k ? y  ] +  C3 sin |  -^3 k?y X ? (x) . (15)

From (15) we determ ine the estim ation

d 3u
dy

< £  k? ( I C 1I ek~» +  | C '2 | +  | C 3 | )  | X ? (x) | < M  ( £  ^  +  £  ^  +  £  ^
?=1 v 7 V?=1 n  3 ?=1 n  3 ?=1 n  3 ,

Using the Cauchy-Bunyakovsky and Bessel inequality we a tta in

(16)

д3г
dy3 (т е .  . те /те /те /те \

Е  ^  + , /  Е  |Ф2? |% / Е  -V + , /  Е  |Ф 3 „ |\ /  Е  -V <
?=1 ? 3 у ?=1 у ?=1 ? 3 у ?=1 у ?=1 ? 3 у

<  m (  Е Щ т1 +  ||Ф2?У / Е  Л  +  ||Ф3?И <  ~ ,
\ ?=1 ? 3 у ?=1 ? 3 у ?=1 ? 3 /
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where
^  2 2 

^  |^ 1 n |2 <  v(4)(x) _ , ^  l^ in l2 <  Vi(2)(x)
l 2 [°;p] —r

, i =  2, 3.
L2 [°,p]

Therefore, the series (16) converges absolutely and uniformly. The absolute and uniform convergence
d 4u d3u

of the partial derivative of the fourth order in x series (11) follows from the equality ^ —4 =  -^-3 . 

Theorem  2 is proved.

Conclusion

The article considers an initial boundary value problem for a fourth-order equation containing the 
th ird  tim e derivative w ith m ultiple characteristics. Uniqueness theorems are proved using the m ethod 
of energy integrals. The existence of a solution is shown with the help of conditions imposed on given 
functions constructed as a series by the Fourier m ethod and a regular solution of this series.
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Уак,ыт бойынша ушшш1 туындысы бар тертшш1 ретт1 тецдеу ушш  
шекаралык есеп жайы нда

М акалада уакыт бойынша ушшш1 туындысы бар б1ртект1 тертшш1 ретт1 дербес туындылы диф ф е­
ренциалдык тецдеу ушш тж бурыш ты облыстагы ш екаралык есеп карастырылды. Койылган есептщ 
шеш1мшщ ж алгы зды гы  энергия интегралдары эд1с1мен дэлелденген. Айнымалыларды белу эд1сш 
крлданып, есептщ шеш1м1 X  (x) жэне Y (у ) ею функцияньщ  кебейтшд1с1 туршде 1здест1ршед1. X  (x) 
аньщтау ушш [0,p] кесшд!сшщ шекарасында терт ш екаралык ш арты бар тертшш1 ретт1 карапайым 
дифференциалды к тендеуш, ал Y (у) аныктау ушш [0,q] кесшд!сшщ шекарасында уш ш екаралык 
ш арты бар ушшш1 ретт1 карапайым диф ференциалды к тецдеуд1 аламыз. Берш ген функцияларга 
ш арттарды кою аркылы есептщ туракты  шеш!мшщ бар е к е н д т  туралы теорема дэлелденедь Кой- 
ылган есептщ шеш1м1 ш еказ катар туршде курылып, катардыц барлы к айнымалыларга катысты
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к,атарды мушелеп дифференциалдау м у м ю н д т  аньщталган. Б1рк,алыпты жинак,талуды табу кез1нде 
«юш1 белпш » нелге тен; емес екен1 аньщталды.

К ш т  свздер: бастапк,ы-шетт1к есеп, Фурье эд1с1, шеш1мнщ жалгы зды гы , бар болуы, меншжта мэн, 
менш1кт1 функция, функционалдык, катар, абсолю ти ж эне б1рк,алыпты жинак,талу.

Ю .П . А п ако в1,2, Д .М . М ели кузи ева2

1 И нст ит ут  мат емат ики имени В.И. Романовского Академии наук Республики Узбекистан, Ташкент,
Узбекистан;

2 Наманганский инж енерно-строительный инст ит ут , Наманган, Узбекистан

О граничной задаче для уравнения четвёртого порядка, 
содержащ его третью производную по времени

В статье рассмотрена краевая задача в прямоугольной области для однородного дифференциального 
уравнения в частных производных четвёртого порядка, содержащего третью производную по време­
ни. Единственность решения поставленной задачи доказана методом интегралов энергии. Используя 
метод разделения переменных, решение задачи ищется в виде произведения двух функций X  (x) и
Y  (у). Д ля определения X  (x) получаем обыкновенное дифференциальное уравнение четвёртого по­
рядка с четырьмя граничными условиями на границе сегмента [0,p], а для Y (у) -  обыкновенное 
дифференциальное уравнение третьего порядка с тремя граничными условиями на границе сегмента 
[0,q]. Н алагая определенные условия на заданные функции, доказана теорема существования регу­
лярного решения задачи. Решение поставленной задачи построено в виде бесконечного ряда, обос­
нована возможность почленного дифференцирования ряда по всем переменным. При доказательстве 
равномерной сходимости установлена отличность от нуля «малого знаменателя».

Ключевые слова: начально-краевая задача, метод Фурье, единственность, существование, собственное 
значение, собственная функция, функциональный ряд, абсолютная и равномерная сходимость.
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