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Integro-differential equations with bounded operators

in Banach spaces
L 4
The paper investigates integro-differential equations in Banach spaces with operators, which a Si-
tion of convolution and differentiation operators. Depending on the order of action of thes operators, we
talk about integro-differential operators of the Riemann—Liouville type, when the convy erator acts
first, and integro-differential operators of the Gerasimov type otherwise. Special cas tors under
consideration are the fractional derivatives of Riemann—Liouville and Gerasimov,Téspecti . The classes
of integro-differential operators under study also include those in which t volution has an integral
kernel without singularities. The conditions of the unique solvability of the e problem for a linear
integro-differential equation of the Riemann—Liouville type and the Cagich oblem for a linear integro-
differential equation of the Gerasimov type with a bounded operator at the,un function are obtained.
These results are used in the study of similar equations with a (ﬁge rator at an integro-differential

operator under the condition of relative boundedness of the pair per from the equation. Abstract
results are applied to the study of initial boundary value p S partial differential equations with
an integro-differential operator, the convolution in which is,gi the Mittag-Leffler function multiplied

erator, convolution, Cauchy problem, Cauchy
ion, initial boundary value problem.

solving both theoretical and i ems in many areas of mathematical modeling: In continuum
mechanics, in mathematical aefinance theory, etc. [1-4]. At the same time, over the past few
years, works have appeared

but unlike classi

[5, 6].

This paper
convolution 4nd an|integer order differentiation and equations in Banach spaces with them. Using
the ns aplace transform theory, we investigate the initial problems for such equations are
for the issues of the unique solvability of such problems are investigated. If m — 1 < a <
m € N rnel in the convolution is a power function s~ /T'(«) at the differentiation operator

of the order m, the integro-differential operator is the Riemann—Liouville or Gerasimov fractional
derivative, depending on the order of action of the convolution and the integer order differentiation.
In other cases, we obtain other integro-differential operators of Riemann—Liouville or Gerasimov type.
Note also that the kernel in the convolution is supposed to be operator-valued. This makes it possible
to study some systems of equations within the framework of the studied equations in Banach spaces,
for example, with fractional derivatives of various orders.
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The first section contains the Cauchy type problem for the linear equation in a Banach space with
an integro-differential operator of Riemann—Liouville type, when the convolution operator acts on the
function first, and with a bounded operator at the unknown function. A unique solvability theorem
was proved for the problem, the solution is presented in the form of a sum of the Dunford—Taylor
integrals. In the second section, the Cauchy problem is studied for the equation with an integro-
differential operator of Gerasimov type, when the convolution operator acts after the differentiation
operator. We show that there exists a unique solution to such problem, and present the solution in the
similar form as in the previous section. In the third and fourth sections, initial problems for analogous
linear equations with a degenerate operator at an integro-differential operator are studied under the

application of abstract results to initial boundary value problems with an integro-di
of Atangana-Baleanu type [6] with singular kernel (with the Mittag-Leffler fuifeti
a negative power as the kernel of the convolution) with respect to time and with
operators in spatial variables.

Note that, by similar methods, various fractional differential equations i aces, including
degenerate ones, were researched in the works [7-10], see the references the also™In this sense, it is
necessary to mention the monograph by J. Priiss [11] on evolution inte uations in Banach spaces.

1 Integro-differential equation of Rz’eﬁann— U pe

Let X be a Banach space, £(X) be the Banach space all Tinear bounded operators on X,
Ac LX), Ry ={acR:a>0}, Ry :={0}UR,, K € )). Define the convolution

(T 2)(t) :

and integro-differential operator of the Riemann— ille type
t
(D™ Ez)(t) := x)(t) := Dm/ K(t — s)z(s)ds,
0
where D™ is a usual derivati @ er m. Consider the Cauchy type problem
0=z, X, k=0,1,...,m—1, (1)
for the equation
(D™ 2)(t) = Az(t), t > 0. (2)

i0 problem (1), (2) is called a function z : Ry — X, such that J¥z € C" 1 (R,;X) N
condifions (1) and equality (2) for ¢ € Ry are satisfied.
on h: Ry — X we denote its Laplace transform by h, or £[h], if the expression for h

Suppose that Kisa single-valued analytic operator-function in the region
Qr, :={p € C:|u|l > Ry, |argpu| < 7}

for some Rg > 0 and define the operators

1 N
Xi(t) = 5 /(AmK(A) AT RN £50, k=01, m—1,
Y
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where v := YR Uyr4+ U~gr_ is a positively oriented contour, ~yg := {Re®” : p € (—m,m)},
YR+ = {re™ :r € [R,00)}, yr,— = {re”™ :r € [R,00)}, R > Ry.

Theorem 1. Let A € L(X), K € C(Ry;L(X)), there exist K, which be single-valued analytic
operator-function in Qp, for some Ry > 0, and

>0 >0 YAEQm, KON gy > AN (3)

Suppose that for all A € Qp, there exists K(\)~! € £(X). Then for all zg,z1,...,Zm_1 € X there
exists an unique solution to problem (1), (2). It has the form

m—

Xk (t)wg. L 2
k=0

(g

Proof. Due to condition (3) there exists 6 > Ry > 0 such that for all A €
cTHAPTXT™ < (2]|All£a)) 7" Hence, there exists the inverse operator (A™

JPRO) — A o = 3 DR (x 1||®m<
n=0

<Z n1|)\|1xmn+1”A

||,C ) |X 1+m*
Here we obtain the inequality ||(I — A™™AK (A < 2"also. Besides,
AT

A)— and

I ) = ANy = (1T - )TN gy < 2T AITEX

and there exists the Laplace transfor — 1 and for k =0, if x > 1. For k = 0,
X € (0,1) we have by the definitio

R1 Xelt Q 2RI~xef! N 2T (1 — x)tx 1

1 Xo(t)]| € ——— Xe Mdr = < optel
c me
for k=0, x = 11 obtaln
2 2 2T (1/2)t71/2
I — e tdr = =€ + (1/2) < Ct 126l ¢ > 0.
7r c e
Ther Laplace transform XO

Take 0 in the definition of 7. We have for [ € {0,1,...,m — 1}

TEX,(A) = KOXI(A) = EO)AE(A) — A)~Iam=1=l = \=1=U 1 \=m AR (3)~1)~L,

consequently,

1
JEX(t) = 2—/)\ U= AT AK(A) DTN, >0,
Y
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1

(JEX)®) () = —,/A’H—l(f XA (AT eMdN, ¢ >0,

21
v

for k,1=0,1,...,m—1. Forevery k =0,1,...,1 —1

e A B 2
NN = ATAR ) ) gz < B

hence, (JXX;)*)(0) = 0. For k =1
1

()00 = o / AT = ATMAR () LeMdn =
Y
_ L -1 S —mn 7> n At s -1 mn )\t
=5 [ ;A (AK(\) " HreMdr =1+ 27” ZA & ),

v
< A ; c A @‘Wc (x) =
£(X) n=
|

At i AT AR (M)

n=1

AT All £ AHL(X
T NA = T ) |m+x
Therefore, (JXX;)O(0) = 1.
Now let k=1+1,14+2,...,m —1, then
1 ~ ~
(JEX) W (1) = 7 / M= X AK(V)THTTAKR (V) T LeMdN, >0,
gl
-~ 2[|All £(x)
AT KX\ H AR (W) <——
[ @xm) N M <
due to (3). Hence, (JXX, nd all conditions (1) are satisfied.
We have
1 N
X)) = 5 [ AT A AR ) e
T

Y

2%, / A2 (A (AR (A) — A)~leMdh = AXy(t), t>0,
T

hence, e y (2) holds.

If there exist two solutions y; and y, to problem (1), (2), then y := y; —y2 is a solution to the same
problem with xg = 21 = --- = = Tm-1 = = 0. Define y on (7', +o0) at some T" > 0 by zero. Then there
exists 7, and due to (1), (2) (A™EK(X) — A)7(A) = 0 for ReA > 0. Under the conditions of this theorem
y(A) =0, therefore, y(t) = 0 for t € (0,T). Since we can choose an arbitrary 7" > 0, then y(¢) = 0 and
y1(t) = ya(t) for all ¢ > 0.

Consider the inhomogeneous equation

(D™ R a)(t) = Ax(t) + f(1), t € (0,T], (4)
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with f:(0,7] — X.

Lemma 1. Let A € L£(X), K € C(Ry;L(X)), there exist K, which be single-valued analytic
operator-function in 2g, for some Ry > 0, and condition (3) hold. Suppose that for all A € Qg, there
exists K(A\)~! € £(X), f € C((0, T); X)NL1(0,7; X). Then there exists an unique solution to problem
(1), (4) with g = 21 = ... = zyp—1 = 0. It has the form

zf(t) = /Xm_l(t —s)f(s)ds.
0

Proof. We have Z¢(\) = X1 N FA) = AWK (N) —

~

TKzp(\) = RO E(N) — A) 7 ),
where
X(t) = QLM / KWK\ — A)~teMa = 5 / A

Hence, ||X(k)(t)||L(X) < Ctm k= lforallt € (0,T), k =
and

t
(JEz ) ( /X
0

t
1(J52 ) B ()| pxy < Ch / I17(5) Ng(x)ds,
0

Finally,
2[(JK$f )] ) = AQTE M) = AT+ FO,

therefore, equality (4 . Hence, xf is a solution to problem (1), (4). The uniqueness of a
solution can be e way, as for the homogeneous equation.
The assertion: 1ately from Theorem 1 and Lemma 1 due to the linearity of equation (4).
Theorem 2. X), K € C(Ry;L(X)), there exist K, which be single-valued analytic
i for some Ry > 0, and condition (3) hold. Suppose that for all A € Qp, there
, fe€C((0,T);X)N Ly1(0,7; X). Then for all xg,x1,...,2m—1 € X there exists

—_

o ¢
X (t)zy, —l—/Xm 1(t—s)f(s)ds.

2 Integro-differential equation of Gerasimov type

Consider the integro-differential operator of Gerasimov type

(DE™a) () == JE(D™z)(t) == / K(t — s)z'™(s)ds.
0
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Consider the Cauchy problem
c®0) =z e X, k=0,1,...,m—1, (5)

for the equation
(DE™g)(t) = Ax(t), t > 0. (6)

A solution to problem (5), (6) is called a function x € C™ 1(Ry;X) N C™(Ry; X), such that
JEz(m) ¢ C(R; X), conditions (5) and equality (6) for t € R are satisfied.

Theorem 3. Let A € L(X), K € C(Ry4;L(X)), there exist K, which be single-valuedganalytic
operator-function in g, for some Ry > 0, and condition (3) hold. Suppose that for all A € there

exists K(A\)™! € £(X). Then for all zg,21,...,Zm_1 € X there exists an unique solfiii blem
(5), (6). It has the form *

—_

m—
Y. (t)fl:k,
k=0

Yilt) = zim / (AMR(A) — A) TR (WA 1Rty k@
v

The contour ~ is defined as in the previous section. ¢
Proof. We have

where

I () = )T K O™ |y = (I(L

So, there exists the Laplace transform }/}k for

ST e AT A R g =
l:(X) n=1

AT A 2 2||All £ (x)
|(L= A Al gay) AT

Thus, there exists e transform XO
For large eno 0 in the definition of v, k,1 € {0,1,...,m — 1}

2 z Ak T = AR\ A) " eMdn, > 0.
T

y repeating the reasoning from Theorem 1, we get the fulfillment of conditions (5) with arbitrary
x EX, z =0 for every k € {0,1,...,m —1}\{[}.
Further, we have

— —

TEY () = Ky, ™ (V) = KO) A1) — A1),

JEY ™ (1) = = /)\mllK()\)[(I AR (A)TLA) L — TeMd) =
v
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A /Alll ATME (W) LA LM = AY(t), t>0.
™

The uniqueness of a solution can be proved in the same way as in Theorem 1.
Consider the inhomogeneous equation with f: [0,7] — X

(DE™)(t) = Ax(t) + f(t), t € [0,T). (7)

Lemma 2. Let A € L(X), K € C(Ry;L(X)), there exist K, which be single-valued analytic
operator- function in Qp, for some Ry > 0, and condition (3) hold. Suppose that for all A € Qp, there
exists K(A\)~! € £(X), f € C([0,T); X). Then there exists an unique solution to proble , (1) with
To=o1=...= Tm_1 = 0. It has the form ’S

t
/Xm 1(t —s)f(s)ds. \
0
Proof. For k =0,1,...,m — 2 we have X,S’:ll(()) =0, hence, @

(1) = / X® (¢ — s)f(s)ds, k’\ m—1.
0

Since

2

IR = A e = INTEOWS I =R AR ™) een < e

we have ||X7(7]f11(t)||£(x) < Ct™=k=24X congequently,

12 ()l < Crl | ke a0y =0, k=0,1,...,m 1.
Further,

e[ = JAPE(N) — A)7LF () = AWK (V) — A) LT + FN),

hence, z ¢ is a solugion to préblem (5), (7). The proof of the uniqueness of a solution is the same as in
Theorem 1.

L(X), K € C(Ry;L(X)), there exist K, which be single-valued analytic

operate in N, for some Ry > 0, and condition (3) hold. Suppose that for all A € Qg, there
exist® X), f € C([0,T];X). Then for all zg,z1,...,Tm—1 € X there exists an unique
solution blem (5), (7). It has the form

m—1 ¢
Y5 (t)xy —l—/Xm 1(t —s)f(s)ds.
Ezxample 1. Take m — 1 < a < m € N, K,(s) := F( )I then JXe := J is the operator of the
fractional Riemann—Liouville integration of the order o, D™®m-a := RLDa i5 the operator of the

fractional Riemann—Liouville differentiation of the order a, DXm-am .= GC D ig the operator of the
fractional Gerasimov—Caputo differentiation of the order c.
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Example 2. Take X = R?, aij, bi; € R, mi; — 1 <y <myj €N, 4,5 =1,2, m:= max m,;,

i,7=1,2

b gm—ai]— 1 b gm—ajg— 1

ailr al12 llr 12p

A= ( ot ) , K(s):= ( y wantt o ant
21 22 211"(m as1) 221"(m @22)

then
mK bllRLDan blzRLDa12
D - b21RLDa21 b22RLDa22 )

for Gerasimov—Caputo derivatives similar construction case is possible in the general, if m1; = mio =

ma1 = maga. So, equation (2) has the form of the system of equations .
bllRLDanxl (t) 4 b12RLDa12:p2 (t) = allxl(t) =+ algmg(t , \

)
bo1 BE D211 (1) 4 boo P D229 (1) = a1 (t) + aewa(t).

Note that

S b AT hg AT

K()‘) = ( by ANY2L=M poo \A22—T
therefore, condition (3) is fulfilled with some x € (0, a + 1 — ), a dltlon of reversibility of
K (X) for large enough |)| is not too restrictive. Indeed, K )\ le, only if the matrix, consisting
of b;;, does not contain zero rows and zero columns, and « 1 75 12091, Or bi1boo # bioboy in the
case o102 = 12021 .

3 Degenerate equation of Liouwille type
Assume that X and ) are Banach spaces, L , it is a linear bounded operator from

X to Y, M € Cl(X;)), ie., it is a linearfelosed operator w1th a dense domain Dj; in X, acting to
Y. Introduce the denotations pF(M) = {u'€ C: (uL — M)~t € L(Y; X))}, Rﬁ(M) = (uL — M)71L,
LL = L(uL — M)~*. We will suppose

An operator M is called (L,o

L # {0}, in other words, the operator L is degenerate.
d, if

u €C (lul>a)= (nep(M)).

In [12; 89, 90], it was h t if an operator M is (L,o)-bounded, v, := {u € C : |u| = r > a},
then the operato
! /RL(M)d c LX), Q= ! /LL(M)d c L)
2mi K ’ 27i a
Yr r
are p . Put X0 := ker P, X! := imP, )¥ := ker@Q, Y! := imQ. Denote by L; (M) the
restricti the operator L (M) on X* (Dag, = Dy N XF), k=0,1.

Theorem 5 |12; 91]. Let an operator M be (L, o)-bounded. Then

(i) My € L(X; Y1), Mo € CL(X0;)°), Ly € L(X%VF), k=0,1;

(ii) there exist operators MO_1 € .c(yo; XO), L1_1 € .c(yl; Xl).

Denote G := M, ' Lo. For p € Ny := NU {0} operator M is called (L, p)-bounded, if it is (L, o)-
bounded, GP # 0, GPT! = 0.

Consider the initial problem

DFE(P)(0) =, k=0,1,...,m—1, (8)
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for a linear inhomogeneous integro-differential equation of Riemann—Liouville type
LD™Ra(t) = Mx(t) + g(t), € (0,T], (9)

in which g € C((0,77;Y). This equation is called degenerate, since it contains degenerate operator L
at the integro-differential operator.

A solution to problem (8), (9) is called a function z : (0,7] — Dy, for which Mz € C((0,7];)),
JE Pz € C1([0,T);Y), J5x € C™((0,T]; ), equality (9) is valid for all ¢ € (0, 7] and conditions
(8) are true.

Lemma 3. Let K € C(R4;L(X)), H € L(X) be a nilpotent operator with a power Ny, a
function h : (0,7] — X be such that for I = 0,1,...,p (D™F H)'h € C((0,T]; &), D™ (D™RH)!h €

C((0,T]; X). Then there exists a unique solution to the equation * \
DK Ha(t) = o(t) + ht). \ (10)
It has the form ) 6
2(t) = - (D™FH)'h (11)
1=0

derivative D™ for the the right-hand side of this equahty K on the both parts of this

Proof. Let z = z(t) be a solution of (10). Act by the operator H parts of (10) and obtain
the equality HD"™ X Hz(t) = Hz(t) + Hh(t). Under the t ore it there ex1sts a continuous
equality, we will get

(D™EH)? 2 = D™ K H2 4 =2 h + D™E Hh.

Continuing such arguing, we obtain that

p

Z(Dva H)'h =

due to the contlnulty and nilpoten rator H. The existence of a solution can be checked by
u

5= (Dm,K)eralJrlz =0

the substitution of (11) into (10).
The difference of two solu tion of equation (10) with 2 = 0, then (11) implies that the

difference is identically e
Define
Ug(t yIam kAN >0, k=0,1,...,m—1.

et Jah operator M be (L,p)-bounded, K € C(Ry;L£(X)), there exist K, which be
1c operator- function in Qp, for some Ry > 0, and condition (3) hold. Suppose that
there exists K(\)~! € L(X), g € C((0,T);Y) N L1(0,T;Y), (D™EG) My (I - Q)g,
'MyMI - Q)g € C((0,T); X) for I = 0,1,...,p, 21, € Xl, kE=0,1,...,m — 1. Then
there exists a unique solution to problem (8), (9), it has the form

() =) Ut xk—i—/Um 1(t = $)L7'Qg(s)ds — Y (D™FG) My (I - Q)g(t).
=0

Proof. Acting on the both sides of (9) by L7'Q € L(Y'; X1), obtain

D™ty = LT Myu(t) + LT Qg(t), (12)
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where v(t) = Pz(t). Act by the operator My (I — Q) € L£(Y°; x°) on (9) and get
D™ R Gu(t) = w(t) + My (I - Q)g(t), (13)

w(t) = (I — P)x(t). Here we use the evident equalities LP = QL, MP = QM and Theorem 5.
Conditions (8) can be rewritten in the form

DFEY(0) = ap, k=0,1,...,m —1. (14)

By Theorem 2, problem (12), (14) has an unique solution, and it has the form

—_

v(t) = ) Uk(t)zk +/Um—1(t — 5)L; ' Qg(s)ds. ¢ \

3

B
Il

Due to Lemma 3, equation (13) has an unique solution

p

w(t) = = S (™K Gy Mg (I - Q>g<t®
=0

Remark 1. It is not difficult to make sure that for p = ®w o = 0, hence, initial conditions

(8) are equivalent to the conditions \

D™ E L2 (0) =y, -1, (15)

where y, = Lzy, or xp = Lflyk, k=0,1,...
Remark 2. 1t follows from the proof of The

D™ K0y S 2, k=0,1,...,m—1,

for equation (9), we obtain the necessi ditions

(I— P)ay = G MG (I = Q)g0), k=0,1,...,m—1,

for the problem solva '11@

4 Degenerate equation of Gerasimouv type
No nsider thedinitial problem
(Pz)®(0) = 2, k=0,1,...,m—1, (16)
for a deg ate linear inhomogeneous integro-differential equation of Gerasimov type
LDEmay(t) = Mx(t) 4+ g(t), te0,T], (17)
in which g € C(]0,T]; ).
A solution to problem (16), (17) is called a function x : [0,T] — Dy, for which Mz € C([0,T];)),
Pz c C™1([0,T);Y), Li¥z™ € C([0,T];Y), equality (17) is valid for all ¢ € [0, 7] and conditions

(16) are fulfilled.
Analogously to Lemma 3 the next assertion can be proved.
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Lemma 4. Let K € C(R4;L(X)), H € L(X) be a nilpotent operator with a power p € Ny, a
function A : [0,T] — X be such that for I = 0,1,...,p (DX™H)'h € C([0,T); X), DE™(DE™H)h €
C(]0,T]; X). Then there exists an unique solution to the equation

DEM™Hx(t) = x(t) 4+ h(t).

And it has the form

p
Z (DEm )

=0
Define
L 2
1 ~ ~
Vilt) = 5 /()\mK(A) — L7 M) TEE )N RM N >0, k=0 \ ,
i
¥
Theorem 7. Let an operator M be (L,p)-bounded, K € C(R4; L , Ghere exist K which be
single-valued analytic operator-function in g, for some RO > 0 and ) hold. Suppose that

there exists an unique solution to problem (16), (17), it has

t

for all A € Qp, there exists K(A\)™! € L(X), g € C([0,T); (I — Q g€ C([0,T]; X),
DEm(DEmGY My NI - Q)g € C([0,T); X) for I = 0,1,. =0,1,...,m — 1. Then

() = 3 Vilt)ay + / Unr (¢ — 5)L; Do (DX G My (I — Q)g(t):
Proof. As in the proof of Theorem 6, reduce em to the system

DEmy(t) = Ll—le(t) +L7'Qg(t), DE™Guw(t) = w(t) + My (I - Q)g(t),

where v(t) = =({I-P ed by the initial conditions
=x, k=0,1,...,m—1.

By Theorem 4 and Lem get the required.
Remark 8. F 1a, ondltlons (16) are equivalent to the conditions

D™ ELx(0) =y, k=0,1,...,m—1,

where
Cauchy problem

e® )=z, k=0,1,....,m—1,

to equation (17) the conditions

P

(I-P)ap=—> (DG My (I-Q)g(0), k=0,1,...,m—1,
=0

are necessary for the problem solvability.
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5 Application to initial boundary value problems

Take a € R, a >0, B € (0,1), K(s) = s PE,1_p(as®)I, then

. NotB-1
K() = A¥ —a

satisfies condition (3) with y € (0, ), and it is invertible for all |\| > a'/®. Here E, s is the Mittag-
Leffler function. Note that the kernel K (s) is singular at zero.

) _ 0 .
Let Py(A) = > N, Qp(N) = > djN, ¢5,dj € C, j = 0,1,...,0 € N, ¢, # 0. Suppese that
3=0

j=0
Q c R? is a bounded region with a smooth boundary 9, L 2
Alalu(s) . \
(Mu)(s) = Y ayls) 5o ag € CF(@)
lal<2r Lrme i
dlaly(s)
(Bu)(s) == Z big(s) 5T a2 ( 50 by € C*°(0 Ve, T
lg|<ry Lom2 e hd

q=(q1,92,---,4q4) €N&, |¢| = q1 + -+ + qa, the operator p& i 2, ..., B, is regularly elliptical
[13]. Define an operator Ay € Cl(L2(£2)), acting on the do m\

Dy, = Hfgl}(Q) = {ve H*"(Q): 1,2,...,7, s € 00}

is real, discrete, with finite multiplicity [13]. Sup
from the right and does not contain zero ¢k : k € N} an orthonormal in Ly(€2) system
of eigenfunctions of the operator Aj, numhbered in the order of non-increasing of the corresponding

S)Q)’U,(g, S)d8|t=0 = uk(é)v k=0,1,....m—1,§ €, (18)

BA =0, k=0,1,...,0—1, I=1,2,...,r, (§1t)€0Qx(0,T], (19)

(t— s)*BEa,l_g(a(t —8)Mu(E, s)ds = Qo(A)u(&,t) + h(&,t) (20)

>

Q

~

3
o .

in QX ere
t
TEu(e 1) = / (t = 8) P Eanr_plalt — 5)*)u(€, s)ds
0

is the Atangana—Baleanu type integral [6], but with a singular kernel, h : Q x [0,7] — R. Take
X={ve H?(Q): BA*v(s) =0,k =0,1,...,0-1,1=1,2,...,7, s € 0N}, Y = La(Q), L = P,(A),
M = Q,(A) € L(X;)).

Let P,(\) # 0 for all k € N, then there exists an inverse operator L=! € £(); X) and problem (18)-
(20) is representable as problem (1), (4), where A = L™'M € L(Z), vy = ux(-), k =0,1,...,m — 1,
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f(t) = L7'h(-,t). By Theorem 2 there exists a unique solution to problem (18)-(20) for any u; € X,
k=0,1,....,m—1,if h € C((0,T]; L2(2)) N L1(0,T; X).

Now assume that P,(Ax) = 0 for some k € N. If the polynomials P, and @, have no common roots
on the set {\;}, the operator M is (L,0)-bounded (see [14]), the projectors have the form

P = Z ('790k>90k7 Q: Z <'790k>90k7

Po(Ae)#0 Po(Ar)#0

where (-, @) is the inner product in Ly(€2). The initial conditions, taking into account Remark 1, can
be given in the form

¢
oF _ o
PQ(A)ﬁ /(t - 3) ﬁEa,l—,@(a(t - 8) )u(£7 S)ds‘tzo = yk( ) k= 07 17 s ’m )
0
Then problem (19)—(21) is represented as (9), (15) with the spaces X, Y perators L, M
selected above. Theorem 6 1mphes the unique solvablhty of problem (19)— ([0,T]; L2(2))
and yx € Lo(R2), k=0,1,...,m — 1, such that (yg, ;) =0 for all [ € Pg()\l =0.
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B.E. ®enopost, A.JI. Tonosal, B.T. Kuen?

Y Yepabunck memaexemmix yrusepcumemi, Yeasbunck, Peced; L 3
2 Boemmam eblavim scane mernonoeus axademuacoimomy, Mamemamura uncmumymao, Xaw

By M
Banax KeHICTIKTepiH/Eri MEeKTeJreH oIepaTo ap
nHTEerpo-anddepeHnnaaabIK TeHIe

1 GOJIBITT TAOBLIATHIH OITe-
e rresren. Ocel eki ome-
opeker erkense Puman-JIuyBuiab tu-
ITi HHTErpo-TuddepeHITnaIbIK,
JIAPIBbIH, Jlepbec >Kargaiaapbl Coi-
0J1BME TaObLIa (bI. 3€PTTEJIeTIH NHTErpo-
PJIBIKCBI3 WHTETPAJIIIBIK, IPOCHT Hap-
epeHIaJIbIK TeH ey yiria Ko tunrec
p I'epacumoB THITI CBIBBIKTHIK MHTErPO-

Maxkanazna xkoHe quddepeHnumanigay KoHe YiipTKi omepaTop/IapblHbIH K;
paropaapMmen Banax kenicririneri nHTErpasIibIK- U dePeHITAIIHIK, T
PaTOP/IbIH OPEKET eTy peTiHe OalIaHbICThI YHIPTKI ollepaTophbl %)iH i
miggeri uaTerpo-auddepeHInuaIbK orepaTopaap, aja dbackalia
orepaTopJiap TypaJjbl afTbhlIabl. KapacThIpbLIbIl OTHIpFaH
keciumme Puman-JInyBuns xxone ['epacuMoB 6eJIIIIEK TYBIH b
nuddepeHnnaIbIK, OllepaToOPIaPAbIH KIacTapblHa, V#lipT
stap ja Kipegi. Puman-JInyBriiib TUIIT] CHI3BIKTBIK UHT
€CeINTiH XKoHe i3/1e/iHAl (PYHKIMS YITiH IIEKT
muddepeHmaNIbK, TeHaey yirin Ko ecebini iMiH Taby mapTTapbl aJablHIbL. By HOTHXKe-
Jiep TEHJIEYIEH OIepaTopap KYObIHBIH CAJIBICTHID TeJlyi MapThIHIAA UHTErPO-TuddepeHIaIIbIK,
oIepaTop YIIiH e3relre oreparopbl 6ap YKGAC TEHJEYIIEP/Il 3epTTeyie KOJNIAHbUIIb. AGCTpaKTLII HOTHKe-
nep Mutrar-Jleddimep dyHKIMICHIMEH OEPUIreH, SIFHU €PEKINETIKTEP] KOK, HHTErPO-AnddepeHITHAIBIK,
YiiipTKi oneparopsbt 6ap 1epbec TybIHT TEHyIeyJIep YIIMiH OACTAIKBI-IIIEKTIK eCenTep/ii 3epTreyie maiia-
JIAHBLIIJIBL.

Kiam ce3dep: mHTErpo-/Ii
ecebi, Komm Turnrec ecern, o

TeHJIEY, HHTErPO-auddepeHINaIIBIK orlepaTop, yitiprki, Korru
00-ndhepeHnnaIIbIK TeHIEY, OACTANKbBI-IIIEKAPAJIBIK, €CETl.

. ®eyiopost, A JI. Tonosa!, B.T. Kuen?

AAOuUHCKUT 20cydapemsennul yrnusepcumem, easburnck, Poccus;
mu amemamury Bvemnamckol axademuu nayku u mexHosozuu, Xanol, Bvemmam

Nuarerpo-anddepenrmanbiubie ypaBHEHUS
HUYEeHHbIMI OllepaTopaMu B 0aHAXOBBIX HPOCTPAaHCTBaX

B crarbe uccnenosans naTerpaabHo-gudGepeHInaIbHbIe YPABHEHIS B 0AHAXOBBIX IPOCTPAHCTBAX C OIle-
paTopaMH, IPEeJICTABIISIONUMI CODOO KOMIIO3UIMIO OIIepaTOpPOB CBepTKHU U nuddepennrpoBanus. B 3aBu-
CAMOCTH OT TIOPSITKA JIEWCTBUST STUX IBYX OMEPATOPOB TOBOPHUTCsS 00 MHTErpo-andpepeHnaaIbHbIX OIle-
paropax tuna Pumana-JlmyBuiuisa, Korma mepBbIM J€HCTBYeT OIEpaToOp CBEPTKH, W HHTErpo-anddepen-
IUaJIbHBIX ollepaTropax Tuia l'epacnMoBa B NPOTHBHOM ciy4ae. JacTHBIME CIIydasiMUi PacCMaTpPUBAEMbIX
OIEPATOPOB SIBJISIIOTCST ApOoOHBIE Mpon3Boauble Pumana—J/IunyBumas u 'epacumosa coorBercTBerHo. B mc-
ciieflyeMble KJIACChl NHTErpo-aud depeHIualbHBIX OIePaTOPOB BXOJAT U TAKNAE, B KOTOPBIX CBEPTKA NMEET
WHTErpaJibHOe s1po 6e3 cuHryisipHocTeil. [losydeHbl ycioBusl OIHO3HAYHON Pa3peInMOCTH 33/1a91 TUIA
Kot gst munetinoro waTerpo-auddepeHnuaabHOro ypapHeHus tuna Pumana-Jluysuiis u 3amagan Ko
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JUIsl JIMHEHOTO WHTErpo-anddepeHnajbHOro ypaBHeHnusl Tulia [epacuMoBa C OMPAHUYEHHBIM OIEPATO-
POM TIPU UCKOMOM (DYHKIMHU. DTU PE3YIBTATHI UCIOJb30BAHbI IPY UCCIEOBAHUY AHAJTOTUIHBIX yPABHEHU
C BBIPOXKIEHHBIM OIEPATOPOM IIPHU MUHTErpo-AudHepeHITnaJIbHOM OepaTope MPU YCJIOBHU OTHOCUTEIBLHOMN
OrpaHMYEHHOCTH HAPbI OIIEPATOPOB U3 ypaBHeHUs. AGCTpaKTHbIE PE3yJIbTAThl UCIIOIbL30BAHBI IIPU UCCJIE 0~
BaHUM HAYAJIHLHO-KPAEBBIX 3384 JIJIsl YPABHEHUI B YaCTHBIX MPOU3BOIHBIX C HHTETPO-aAuddepeHITNATBHBIM
OIEepaToOpoOM, CBEPTKa B KOTOPOM 3agaercs dyukimeit Murrtar-Jledditepa, To ecth HEe nMeeT 0COOEHHOCTEIA.

Kmouesvie carosa: narerpo-auddepeHnnaabHoe ypaBHeHne, THTerpo-auddepeHnuaabHblil 01epaTop, CBEPT-

Ka, 3agada Komm, 3agaga tuna Ko, BeipoxkieHHOE HHTErpO-auddepeHaabHoe ypaBHeHe, HadaIbHO-
KpaeBasd 3a7ad4a.
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