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We present results concerning new notion connected with the study of Jonsson theories. The new notiomis
a Kaiser class of models for arbitrary Jonsson theories. All results are obtained within the framework of the
normality of the considered Jonsson theory. Additionally, we describe the properties of lattices, formed by
perfect fragments of a fixed Jonsson theory and their relationship with the #-companionfof these fragments.
The results we obtained are the model-theoretic properties of the #-companion of a normal‘perfect Jonsson
fragment. Furthermore, we establish necessary and sufficient conditions for a normal Jonssondtheory to be
perfect, expressed in terms of the lattices of existential formulas.
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Introduction

This article investigates the model-theoretic properties of certain subsets within the semantic model
of a fixed normal Jonsson theory. In particular, it considers regular almost Jonsson sets as such subsets.
Previously, in [1] introduced the notions of normality for Jonsson theories and the concept of an almost
Jonsson set. The notion of regularity is agnatural requirement for definable sets, which are Jonsson
sets. The formula that defines the Jonsson'set for a more convenient study must satisfy certain well-
established properties in a model theoretical sense. In this case, the axiomatic formulation of the
regularity property is considered as a set defined by a formula that has Morley rank. Moreover, all
this is determined within theframework of the study of Jonsson theories regarding the Morley rank,
previously it was defined in theywork [2]. In addition, it should be noted that the main results of
this article are related t@ previous results from the works [1,3,4]|. Since the Jonsson theories are
not, generally speaking, ‘complete theories, in the general case we do not have the opportunity to
consider the Lindenbaum—Tarski Boolean algebra of formulas and its corresponding Stone space of
types. Thereforey just as in’[3,4] we consider the lattice of existential formulas and the corresponding
existential types for, which the results are obtained in the framework of the study of almost Jonsson
sets. Theymostyimportant difference and innovation in this work from the previous studies in [3,4] is
theapplication of'double factorization to the class of cosemanticness under consideration. The main
noveltydn this article is the transition from fragments obtained by closing Jonsson sets to fragments
obtained byfclosing almost Jonsson sets. In the future, the class of models whose Kaiser hull forms
the Jonsson theory will be called the Kaiser class of models of the considered Jonsson theory. Thus,
almost Jonsson sets distinguish a special class of models among the class of all models of the considered
Jonsson theory.
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1 Necessary information related to the study of the Jonsson theories

In order to understand the content and nuances of our next consideration we have to recall the
main definitions and statements which are connected with definitions from [1]. Throughout this article,
we will deal with a countable first-order language and all the considered theories will be countable,
respectively.

The central concept of this article is the notion of a Jonsson theory.

Definition 1. [5; 80] A theory T is defined as a Jonsson theory if it satisfies the following conditions:
(i) T has infinite models;

(ii) T is an inductive theory (such that, V3-axiomatizable);

(iii) 7" has the joint embedding property (JEP);

(iv) T has the amalgam property (AP).

The technique reflecting its essence and application in the study of various gonceptsrelated to the
Jonsson theories is described in the following works: [6-19].

Remark 1. We will always work within the framework of a pregeometry |20], which is defined by
the closure operator ¢l on the set of all subsets of the semantic modelfof the given Jonsson theory.

The most important type of considered models in the framework of studying Jonsson theories is a
class of its existentially closed models. Let us recall this important definition.

Definition 2. [5; 105] Let M be a structure and N be am extension of M. We say that M is
existentially closed in N if for any tuple a from M and any quantifier-free formula f(Z,y) in the
language of M, the following holds: if N & (3y) f(a,4), then M+ (3y)f(a,y).

One of the syntactic invariants of a Jonsséon, theory s its center.

Definition 3. |20] The center T™ of a Jonssonitheory T is the elementary theory of its semantic
model C, i.e., T* = Th(C).

Definition 4. |5; 156] Let T be an“awbitrary theory of the language L. We say that 7" is a model
companion of T, if the following conditions hold:

(i) TV, = Ty (i.e. T and T"jare mutually model-consistent, meaning any model of T' can be embedded
into a model of 7" and vice versa),

(ii) 7" is model complete:

The concept of a modelfcompanion is well-known and useful in the study of Jonsson theories. The
following notion generalizes this concept.

Definition 59[5; 1568] Let T be an arbitrary theory. A #-companion T% of T is a theory in the
same signatute that satisfies the following conditions:

WAT™), =Ty

(i) ity =T, then T# = (T")#;

(iil) Lz S T7.

The concept of model completeness is closely connected to the notion of mutual model consistence
for the theory under consideration. It is evident that the model companion is a T#-companion of
theory T.

Remark 2. When we say that T\, = 1%y, we mean precisely that:
(i) any model of theory T is a substructure of a model of T”;
(ii) any model of theory T” is a substructure of a model of T.

It is clear that 7" is a model companion of T' if and only if 7" is a model companion of T,.
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Proposition 1. [5; 159] Let T be an arbitrary theory.

(i) T has a model companion if and only if the class of existentially closed models of Ty is an
elementary class.

(ii) If a model companion of T exists, it is unique and is corresponds to the theory of existentially
closed models of Ty.

In addition to the model companion, other companions are well-known in the study of Jonsson theo-
ries, such as the forcing companion, the existentially closed companion, and the Kaiser hull. Moreover,
the Kaiser hull is closely connected to the companion that characterizes the class of existentially closed
models of the theory being studied, as well as to the companion that defines the class of generiec models
when studying the forcing companion of the given theory.

It is well-known that the natural interpretations of the companion 7% include T# 77 "FM and
T!, where:

(i) T is the center of the Jonsson theory T

(ii) T is the forcing companion of the Jonsson theory T';

(iii) TM is the model companion of the theory T

(iv) T¢ = Th(Er), where E7 denotes the class of existentially closedgmodels of the theory T'.

It is important to note that if Er represents the class of T-existentially elosed models of an inductive
theory T', then Er is always non-empty [20].

A. Robinson introduced the concepts of finite forcing, and the\forcing #-companion in Model
Theory [21]. In [21], it is demonstrated that a theory in<a, countable language that satisfies the
Joint Embedding Property (JEP) has a forcing #-compamien that is complete.

The following theorem establishes that any Jenssen theory T always has a forcing companion,
which is a complete theory.

Theorem 1. |5; 162]

(i) T# is a #-companion of T.

(ii) T# is complete if and only if T satisfies JEP.

Consequently, the simultaneous existence of all interpretations of the #-companion is closely related

to the existence of a model companion:
In the study of Jonsson theories, the class of perfect Jonsson theories holds a significant role.

Definition 6. [20] A Jonsson theery 7 is said to be perfect if every its semantic model is an
wT-saturated model of T

It turns out that the sémantic model of the Jonsson theory under consideration is existentially
closed.

Lemma 1. |20} The semantic model Cr of a Jonsson theory 7' is T-existentially closed.
The_following theerem provides a criterion for perfectness:

Theoremn?. (Criterion of Perfectness). [20] Let T be an arbitrary Jonsson theory. Then the
following conditions are equivalent:

(i) the theory T is perfect;

(ii) the theory T™ is a model companion of theory 7'

In the case of a completely Jonsson theory, the concept of a companion coincides with the center
of the theory for any type of companion.

Corollary 1. For a perfect Jonsson theory T', the #-companion coincides with the center of T

Before studying the concepts of fragments of the theory under consideration, it is important to
note that the definability of a set in models means that the set is a solution to some formula in the
first-order language of the given signature.
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Definition 7. [4] A set A is called A-definable if it can be defined by some formula in the language L.
A set A is said to be Jonsson in the theory T if it satisfies the following conditions:

(i) A is a definable subset of M,

(ii) cl(A) is a carrier of some existentially closed submodel M, where cl(A) is the set of all
A-definable elements a € A such that, for some formula p(x) € L(A), it holds that (M) = {a}.

Let A be a Jonsson set in the theory T', and let IV be an existentially closed submodel of a semantic
model M of the considered Jonsson theory T', where cl(A) = N.

We denote by Thy3(IV) the sets of all V3-sentences in the language that are true in the model N.

The following concept is simply a Jonsson theory obtained by closing a definable subsét that is
Jonsson.

Definition 8. [4] The fragment Fr(X) of the Jonsson set X is a Jonsson theory ebtained as a
V3-sentences true in the model N which is a closure of this set, i.e. F'r(X) = Thy3(N).

Furthermore, we will use the denotation NV for the fragment Fr(X), wherg N issel(X) and some-
times we can say instead of N the Kaiser hull of the model N.

The following definition gives us important notion of Jonsson spectrum, the details of this one can
extract from [1,10,17].

Definition 9. 22| Let K be a class of L-structures. The Jonssonspectrum of K, denoted JSp(K),
is defined as the set of all theories satisfying the following eonditions:

JSp(K) ={T | T is a Jonsson theorysand %A € K A |=T}.

The following definition is an essential generalization of the concept of a Jonsson set.

Definition 10. [1] A set X is called an almest Jonsson if ‘it satisfies the following conditions:

1) X is a definable subset of C7, where Cr isithe semantic model of theory T

2) cl(X) =M e Mod(T).

Furthermore, Thyz(M) = M® = Fr(X)iand M° € JSp(Cr), where cl(X) is the definable closure
of the set X in the frame of given abovéwpregeometry [20].

This concept can be illustrated by am example of an arbitrary abelian group, which turns out to
be the closure of some existential formula defining an almost Jonsson set of this abelian group.

The concept of normality forja Jonsson theory is defined for a class of theories where any fragment
of their semantic models belongs tothe Jonsson spectrum of the given Jonsson theory’s semantic model.

The following definitionfidentifies specific subsets within the semantic model of the given Jonsson
theory.

Definition 11y [1}. The Jonsson theory T is said to be normal if, for any X C Cp such that
(X)) =M &Mod(l), Fr(X) = M° € JSp(Cr) and Cjy0 =3, Cr, where Cpjo is a semantic model
of M%

An example of a normal theory is the universal theory of all unars. This theory is characterized by
the fact shatdit has an empty list of axioms and is Jonsson.

Lemma 2. Let T' be a normal Jonsson theory, K be a subset of Er. Then Thy3(K) is a normal
Jonsson theory.

Proof. Let K C Ep, T be a normal Jonsson theory. Since T is a normal Jonsson theory, it follows
that T has JEP, then according to Theorem 1 VA, B € Er = T°(A) = T°(B).

Theorem 3. |23; 353| Let L be a first-order language and 7" be a theory in L. Suppose that 7" has
JEP, and let A, B be existentially closed models of T. Then each V3-sentence of the language L that
is true in A will also be true in B.
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Let T be a Jonsson theory, Cr be the semantic model of theory T, Er be class of existentially
closed models of theory T', Ep C ModI'. And now let us define the concept of the Kaiser class of
models for the arbitrary of the Jonsson theory. K7 = {A € ModT /Thy3(A) is a Jonsson theory}. It
is clear that Er C K.

1) Kp #0 (if T =T* = Th(Cr) and T is perfect, then Kp = Ep).

2) VM C Kr, Thys(M) is a Jonsson theory.

The Jonsson sets and almost Jonsson sets generate fragments in the case of normality of considered
Jonsson theory from models of the Kaiser class of this theory, and these fragments’ semantic models
are existentially closed submodels of semantic model of considered Jonsson theory.

Definition 12. [20] The Jonsson theory T7 is said to be cosemantic to the Jonsson theory. 75 (denoted
by T > Ty) if their semantic models are identical, i.e. Cr, = Cr,, where Cr, represents the Semantic
models of T; for i =1, 2.

Definition 13. [20| Let T} and T be arbitrary Jonsson theories. We say that 4 and Ty are Jonsson
syntactically similar if there exists a bijection f : E(T1) — E(T%) satisfying the following conditions:

1) Isomorphism of lattices: for each n < w, the restriction of f to E, (7} )%s.an isemorphism between
the lattices E,(T1) and E,(T5).

2) Preservation of Existential Quantifiers: for every ¢ € E, (I)fand n < w, f(Jvptr1p) =

Fvn41f ().
3) Preservation of Equality: the bijection preserves equalityfermulas, i.e., f(v1 = v2) = (v1 = vg).

The examples of syntactic similarities of two Jonsson theories are given in [18].

Definition 14. [20] The structure (C, Aut(C), Sub(@)) is said to be the Jonsson semantic triple,
where C' denotes the domain of the semantic model Clof the theory T', Aut(C) represents the automor-
phism group of C, and Sub(C) is a class of allésubsets of C' that serve as domains of the corresponding
existentially closed submodels of C.

Definition 15. [20] Two Jonsson theories T and T3 are said to be Jonsson semantically similar if
their Jonsson semantic triples are isomorphie as pure triples.

We introduce the following notation:

S
(i) the syntactic similarity of complete theories T} and T% is denoted by 17 > Th;
(ii) the semantic similarity of compléte theories T} and T3 is denoted by T} Dsd T5.

For Jonsson theories 17 and T5:

S
(i) the Jonsson symtacti€ similarity of theories T} and T5 is written as T x Tb;
(ii) the Jonssom, semantic similarity of theories T} and T3 is written as 77 x Tb.
S

The followingxesult, obtained by the first author of this paper, highlights the relationship between
the Jonsson syntactiesimilarity of Jonsson theories and the Jonsson syntactic similarity of their centers.

Theorem. 4. 120] Let T1 and T be F-complete perfect Jonsson theories. The following conditions
are equivalent:

S
1) T1 X Tg;
S
2) T} o Ty, where T} and T4 are the centers of T and T3, respectively.
The following results, concerning the case of two Jonsson theories, were obtained by Yeshkeyev A.R..:

Theorem 5. Let T1 and T be two Jonsson theories. If 77 and 75 are Jonsson syntactically similar,
then they are also Jonsson semantically similar.

Thus, it follows that
S
Ty xTo =T xTh
S
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for any two Jonsson theories 77 and 75. This demonstrates that Jonsson syntactic similarity is a
sufficient condition for Jonsson semantic similarity of theories.

There are also cases where this condition is necessary. In this paper, we explore specific classes
of Jonsson theories for which these two relations are equivalent. We denote this equivalence by the
following notation:

SS
T1 X TQ.
Lemma 3. |18] Any two cosemantic Jonsson theories are also Jonsson semantically similar.

The proof follows from the definition of cosemantic Jonsson theories.
The definitions of Jonsson semantic and syntactic similarity relations were extended.to classes of
Jonsson theories in [18]:

Definition 16. [18] Let A € Modoy, B € Modog, [T]1 € JSp(A)/s, [T]2 € JSp(B)/s» We say

S
that the class [T]; is syntactically similar to the class [T]2, denoted by [T]; X [T']o,-dfsfor every theory
A € [T]; there exists a theory A" € [T such that A and A’ are syntactically similar

Definition 17. [18] The pure triple (C, Aut(C), Ejqy) is referred to the,Jomsson semantic triple for
the class [T] € JSp(A)/w, where C represents the semantic model of [T]¢#AutC" denotes the group of

automorphisms of C'; and E[T} is the class of isomorphically imagés of all existentially closed models
of [T.

Definition 18. [18] Let A € Modoy, B € Modoy, [T]1 € JSP(A) /s, and [Ty € JSp(B)/sa. We say
that the class [T]; is Jonsson semantically similar to class([TJay denoted by [Ty >§ [T2, if their semantic

triples are isomorphic as pure triples.

2 On fragments and its #=compangons for models from K

This paragraph is related to the desctiption of the companions of fragments of Jonsson sets or
almost Jonsson sets. Actually it is equivalent to the following fact: any considered set of this paragraph
belongs to K1, where T is consideredmermaltJonsson theory. The properties of the lattice of existential
formulas were described quite well in works [20,24-26|. Let’s recall the main definitions.

Let a theory T be fixed as above.

Definition 19. [24; 843 Tet, T3¢’ € E,(T) and assume that ¢! NT = 0.

(i) Complement: 17 is génsidered a complement of ¢’ if their union equals the total element, i.e.,
pUy =1.

(ii) Pseudo-Complément: 7 is called a pseudo-complement of ! if, for every u? € E,(T),
whenever ! N pfh= 0pit follows that u” < 7.

(iii). WeakiComplement: 17 is weakly complementary to ¢ if, for every u” € E, (T), the condition
(o W) inp™ =0 implies u” = 0.

Defivition) 20. [24; 843 Properties of ¢ and E,(T): ¢! is complemented if there exists another
element that serves as its complement; @7 is weakly complemented if there exists a weak complement
for it; ! is pseudo-complemented if there exists a pseudo-complement for it; E,(T) is complemented
if every ¢! € E,(T) has a complement; E,(T) is weakly complemented if every ¢! € E,(T) has a
weak complement; E, (7)) is pseudo-complemented if every ¢’ € E,(T) has a pseudo-complement.

We now turn our attention to the formulas that are preserved under extensions of models and
submodels within the context of the theory T

Definition 21. [20] A formula ¢(z1, ..., 2,) is said to be preserved under extensions in ModT if for
any models A C B of T, and any ay,...,a, € A, A = la,...,an] = @lai, ..., ap].
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Definition 22. [20] A formula ¢(x1, ..., xy) is said to be preserved under submodels in ModT if for
any models A C B of T, and any ay,...,a, € A, B = plai,....,an] = A E plai, ..., an).

We now define the concept of an invariant formula and examine the connection between the invari-
ance of an existential formula and the complementarity of its class in E(T).

Definition 23. [24; 844]. A formula ¢ is said to be invariant in ModT if it is preserved both under
extensions of models in ModT and submodels in ModT'.

Definition 24. |24; 843] A theory T is called positively model complete if it satisfies the following
conditions:

(i) T is model complete, meaning every formula ¢ is equivalent to an existential formula within 7.

(ii) Every existential formula in the language L of T' is equivalent to a positive existential formula
within 7.

We present the required definitions and summarize established results that clarifyithe ‘@onnéction
between model completeness, quantifier elimination in a theory 7', and the structusal properties of
lattices of existential formulas E, ([[M?]]).

Some results from [20] and classical model theory can be further refined within the context of
studying fragments of Jonsson theories.

These refined results will serve as a basis for deriving the key concluSions in this section.

Theorem 6. [24; 846] An existential formula ¢ is invarant,in Mod(Thy3(Er)), where Er is the
class of all existentially closed models of T', if and only if ¢! 4s weakly, complemented in E(T).

Theorem 7. |20]

(i) A theory T is model complete if and only if allformulas are preserved when passing to submodels
in Mod(T).

(ii) A theory T is model complete if and only if all formulas are preserved when extending to larger
models in Mod(T).

Theorem 8. |20]

(i) If 7" is a model companion of a.universal theory 7', then 7" is a model completion of 7" if and
only if T" allows elimination of quantifiers.

(i) If T is a model companion of T then 7" is a model completion of T if and only if T satisfies
AP.

Theorem 9. [20] A theomyd is‘@asubmodel complete if and only if 7" allows elimination of quantifiers.

Theorem 10. [24; 843) A theoty T is called positively model complete if and only if every ! € E,(T)
has a positive existential complement.

Theorem 11.,[243843]"A theory T has a model companion if and only if 7 € E,(T) has a weakly
complement.

Théorem 12 [24; 843] A theory T has a model companion if and only if 7 € E,(T), the lattice of
existential formulas forms a Stone algebra.

Theorem A8. [24; 843] A theory T has a model companion if and only if every ¢! € E,(T) has a
weakly quantifier-free complement.

Theorem 14. |20] Let T be a Jonsson theory. Then the next conditions are equivalent:
1) the theory T is perfect;
2) the theory 7" has a model companion.

In [26], a connection between the completeness and model completeness of a Jonsson theory was
established.

The following result represents a particular case of Lindstrom’s theorem, which describes the rela-
tionship between model completeness and completeness.
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Let T be a fixed, normal Jonsson theory. Within T, we consider N contained in Kp. Next, we
examine the Jonsson spectrum JSp(NN), and proceed to perform a double factorization of JSp(N)/ 55

Theorem 15. Let T be a normal Jonsson theory, A € Cp, where A is an almost Jonsson theory,
then cl(A) = M € K. And let K7 # (), N C K7. We consider a Jonsson theory M = Thys(M) €
JSp(N), and [M°] € JSp(N)/s and [[M°]] € JSp(N)/ss, where M is a Kaiser hull. Then the
following conditions are equivalent: -

(i) [[M°]] is complete;

(ii) [[M?]] is model complete.

In |27], a connection was demonstrated between the perfectness of a Jonsson theory and the prop-
erties of the lattice E,(7T) [3]. Final point of proof of this fact follows from the definitioft of normality.

Theorem 16. Let T be a normal Jonsson theory. And let Kp # 0, N C K, [MY] €WJiSpN) /s
and [[M?]] € JSp(N)/ 55 Then the following conditions are equivalent:

i) [MO]] is perfect;
i) [[M°]]* is normal Jonsson theory;

(
(
(iii) £ ([[MO]]) is a Boolean algebra;
(iv) [[M°]]* is model-complete.

Proof. Tt follows from results which connected the properties éfilattice of existential formulas E,,(T)
and above results from Theorem 15.

Now, we study the model-theoretic properties of the,#-companion of a normal perfect Jonsson
fragment. Let T' be a normal Jonsson theory.in a countable language L, and let A € Cp, where A is
an almost Jonsson theory, then cl(A) = M € Kg. And let K1 # 0, N C Kp. We consider a Jonsson
theory MY = Thys(M) € JSp(N), and [M°] € JSp(N)., and [[MY]] € JSp(N)/ﬁg. The distributive

lattice E,([[M°]]) consists of equivalence classes of formulas defined as oM’ = {4 € E,(L)|[[M°]] -
¢ < ¥, € En(L), K([M°]]) = Uncw Ba[MO])) }.

We now focus on a fragment J[MY]] that is complete for existential sentences and satisfies the
conditions described above.

Theorem 17. Let T be a normal Jonsson theory. And let K7 # (), N C Kp, [M°] € JSp(N ) and
[[MP]] € JSp(N)/ss. Letd[[MPO]] be'a perfect fragment of a Jonsson set A, [M°]]# be its #-companion.
Then the followingwhold:

(i) [[MO°]]# admits elimination of quantifiers if and only if every ¢ € E,([[M°]]) has a quantifier-free
complement;

(ii) [[MP°}J# is positively model-complete if and only if every ¢ € E,([[M°]] has an existential
complément.

Proof. (i) Given that [[M°]] is a fragment of a Jonsson set A and M’ is a semantic model of [[M]],
we know [[MY]] is perfect, we have that [[M°]]# = Th(M'), where the center of M’ admits elimination
of quantifiers. By Theorem 9, [[M°]]# is submodel complete, and therefore, is model complete, and
by Theorem 16, the lattice B, ([[M"]]) is a Boolean algebra, meaning every ¢[M°ll € E,([[M°]]) has a
complement. Since [[M°]]# admits elimination of quantifiers, every class ¢ € E,([[M°]]) must have a
quantifier-free complement.

Conversely, assume that every class ¢ € E,([[M"]]) has a quantifier-free complement. Then
E,([[M"]]) is a Boolean algebra (by definition). By Theorem 16, this implies that [[AM°]]# is model-
complete. By part (ii) of Theorem 7, every formula in [[M°]]# is equivalent to some existential formula,
i.e., the class of such formulas belongs to E,, ([[M°]]#). Since [[M"]] is complete existential sentences,
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we know E,([[M°]]) = En([[M°]]#). Therefore, every ¢[M°] € E, ([[M"]]) has a quantifier-free com-
plement, and E, ([[M°]]#) consists of quantifier-free formulas. Hence, [[M?]]# admits elimination of
quantifiers.

(ii) Assume that [[M°]]# is positively model-complete. By Definition 11, [[M°]]# is model-complete
and for every existential formula ¢ there exists a positive existential formula ¢ such that [[M°]]*
¢ <+ 1p. By Theorem 16, E,([[M°]]) is a Boolean algebra, so every ¢[M°] € E,([[M°]]) has an exis-
tential complement. Since [[M°]]# ensures the existence of a positive existential formula 1 equivalent
to ¢, every there is a positive existential formula such that [[M°]]# F ¢ < v, we obtain that every
¢ € E,([[M"]]) has a positive existential complement. The necessary condition of part (ii) issproved.

To prove the sufficiency of part (ii): Assume that every Ml € E, ([[M0]]) has a positive existen-
tial complement. By Theorem 10, this implies that [[M°]] is positive model-complete. By thédefinition
of positive model-completeness, [[M"]] is also model-complete. By Theorem 15, the fragment [[MY]]
is complete. Since [[M°]]# is a central complement of the theory [[M?]], we haye [[MC]]"="[[M°]]#.
Therefore, [[M°]]# is positively model-complete. The sufficiency is proven by uging Fheotem 10 (posi-
tive model-completeness of [[M?°]]), Theorem 15 (completeness of [[M?]]), and'the'relationship between
[[MP]] and [[MP]]#. This completes the proof that [[M°]]* is positively model-complete.

In the following theorem, we establish necessary and sufficient condition§ for the perfectness of a
normal fragment [[M?]] within the framework of the class [M"], using thesstructure of the lattice of
existential formulas E,([[M°]]).

Theorem 18. Let T be a normal Jonsson theory. And let K # (), N C Kp, [M°] € JSp(N ) and
[[MY]] € JSp(N)/ﬁﬁ’ and let [[MO°]] be a perfect fragment withyF'r# (A) as its #-companion. Then the

following conditions are equivalent:
(i) [[MY]] is perfect;
(i) E,([[M°]]) is weakly complemented;
(iii) » € E,([[M"]]) is a Stone algebra.

Proof. Let [[M°]] be a perfect fragment, of a Jonsson set A, and [[M°]]# its #-companion. We
prove the equivalence of the three conditions:

(i) = (ii). Assume that a normial Jonsson theory [[MY]] is perfect. By Theorem 17, [[M°]] has a
#-companion [[M°]]#. By resultsin [24], we know [[Mo]]f = [[MO]]O, where [[M°]]% = Thya(Ejo)) is
Kaiser’s hull of [[MY]]. Since [[MQ]]* 1S model-complete (by the definition of a #-companion), part (ii)
of Theorem 7 states that@very formula of the language is preserved under submodels in Mod[[M°]]#.

Consequently, every existential formula in the language is preserved under both submodels and
extensions in Mod[[M°]]7. "By Definition 23, these formulas are invariant in Mod[[M°]]#. From
Theorem 6, it follows that every existential formula in E,([[M°]]) is weakly complemented. Thus,
E,([[M°]]) is. weakly complemented.

(ii)e=(i). "Assume E, ([[M]]) is weakly complemented.

10 By /Fheorei 11, the fragment [[MY]] has a model companion.

2.°By Theorem 17, if [[M"]] has a models companion, then [[M°]] is perfect. Thus, [[M?]] is perfect.
Thereforey (i) < (ii).

(i) = (iii). Assume [[MY]] is perfect.

1. By part (ii) of Theorem 10, the model companion of a normal Jonsson theory is its model
completion.

2. From the perfectness of [[M"]], it follows by Theorem 12 that E,,([[M"]]) forms a Stone algebra.

Thus, E,([[M"]]) is a Stone algebra.

(iii) = (i). Assume E,([[M"]]) is a Stone algebra.

1. By Theorem 12, if E,([[M?]]) is a Stone algebra, then [[M°]] has a #-companion [[MY]]#.

2. By Theorem 16, if [[M?]] has a #t-companion, then [[M"]] is perfect. Thus, [[M"]] is perfect.

Mathematics Series. No.1(117)/2025 207



A .R. Yeshkeyev et al.

Theorem 19. Let [[M°]] be a perfect normal Jonsson theory. And let Kr # 0, N C Kr,
[M°] € JSp(N)sq and [[MP]] € JSp(N)/ss, [[M]]# be its #-companion. Then the following con-
ditions are equivalent: -

(i) [[MP])]* is a normal Jonsson theory;

(ii) every ¢ € E,([[M°]]) has a weakly quantifier-free complement.

To prove the necessity we need the following statement.
If the model companion [M°)™ is defined, then a model companion ([M°]y)™ is defined and

(MO = ([M )™ (1)

(see [5]).

Proof. (i) = (ii). Assume [[M°]]# is a normal Jonsson theory. By results from {24], thesragment
[[MY]] is perfect. From Theorem 18, a perfect fragment [[M°]] has a #-compafiion, which coincides
with the theory [[M°]]#. By part (ii) of Theorem 7, the #-companion [[M°]]#4is asodel completion of
fragment [[M°]]. Due to the mutual model consistency between the fragmént [[M2}jfand its universal
theory [[M?]]y, we have the model completion of [MY] (the fragment’s#elass)is also the model com-
pletion of [MY]y (its universal consequences). By Theorem 13, it follows thatfevery existential formula
oM € E,([[M°)]) has a weakly quantifier-free complement.

(i) = (i). Assume that every existential formula oM & E,([[M"]]) has a weakly quantifier-
free complement. By definition, if every gp“MOH has a weakly quantifier-free complement, then every
oM ¢ E, ([[M°]]) is weakly complemented, i.c. E,([M%his weakly complemented. By result from
[24], it follows that the #-companion [[M°]]# is afiernial Jonssen theory.

All necessary concepts and statements related to these notions that were not defined and were not
noted in the text of this article can be extracted from the following list of sources.
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