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This study investigates electrostatic spherical deflector-type en- 
ergy analyzers designed to analyze energy of charged particle beams. 
The research aims to eliminate quadratic angular aberrations char-
acteristic of classical spherical deflector-type energy analyzers, 
which limit the quality of angular focusing and the energy resolu-
tion of the instruments. An electron-optical scheme of an electrosta
tic quasi-spherical deflector-type energy analyzer has been pro-
posed, whose field is synthesized using a multipole approach. 

The electrostatic field of the energy analyzer is a superposition 
of an axisymmetric hexapole and a spherical field. Analytical calcu-
lations have shown that by choosing the coefficient that determines 
the weighting contribution of the axisymmetric hexapole, it is possi-
ble to completely compensate for second-order angular aberrations 
and significantly improve the focusing properties of the quasi-spher-
ical energy analyzer. 

The profile of the deflecting electrodes of the energy analyzer 
has been determined, providing the necessary spatial distribution of 
the deflecting field potential to achieve the specified electron-optical 
parameters. Numerical simulation of the electron-optical scheme of 
the quasi-spherical energy analyzer and calculation of the trajectories 
of charged particles were carried out using the "Focus" numerical pro-
gram. The electron-optical scheme of the energy analyzer implements 
a second-order angular focusing mode of the "axis-ring" type. 

The instrumental function of the scheme has been constructed. 
The relative energy resolution and luminosity of the energy analyzer 
were estimated. The numerical results show that the relative energy 
resolution of the energy analyzer is 1.6% at a luminosity of 17.5%  
of 2π, which confirms effectiveness of the proposed scheme. The pro-
posed electron-optical scheme could be used to design real structures 
of new high-resolution spectrometers intended for the analysis of 
charged particle beams
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1. Introduction

Corpuscular-optical systems, designed to form and ana-
lyze charged particle beams, are a crucial tool in modern ex-
perimental physics, space research, and physical electronics. 
They are used for diagnosing space plasma and solar wind, 
and for studying the energy and angular distributions of 
secondary electrons emitted from the surface of solid bodies.

The current stage of physical scientific instrumentation 
evolution is characterized by a striving for miniaturization, 
increased energy and angular resolution, and expansion of 
the range of measurable particle energies. These tasks require 
the improvement of corpuscular-optical systems capable 
of ensuring high accuracy in focusing particle beams and 
minimizing aberrations. Classical spherical and cylindrical 
electrostatic analyzers, despite their long history of develop-
ment, have limited capabilities in controlling the aberration 
properties of the fields.

Therefore, methods for synthesizing new types of elec-
trostatic fields that allow for the targeted formation of the 
spatial structure of the potential and control of electron-opti-
cal parameters are attracting increasing attention. Advancing 

this area opens up prospects for designing a new generation 
of instruments with improved characteristics and expanded 
functionality.

Thus, research on designing new electrostatic systems in-
tended to form and analyze charged particle beams is relevant 
for modern scientific instrumentation and space technologies.

2. Literature review and problem statement

Work [1] proposes an electrostatic analyzer design that 
provides high temporal, angular, and energy resolution for de-
tecting solar wind protons. The instrument structure is based on 
a spherical electrostatic analyzer with sector geometry, which 
provides a wide range of energies and angles. Although the 
instrument demonstrates high nominal resolution parameters, 
questions remain regarding the aberration optimization of the 
electrode system, the stability of the angular focus, and the pres-
ervation of energy selectivity under real operating conditions. 

The authors of [2] implemented a triple-dome analyzer 
with a 360° field of view, allowing simultaneous detection of 
ions and electrons, which significantly expands the diagnostic 
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capabilities of the instrument. Its design consists of several 
nested spheroids whose typical dimensions ensure optimal 
field distribution and compactness, making the instrument 
suitable for use in space missions. Despite the wide field of view 
and versatility of detection, the structure of the triple-dome 
analyzer has limitations related to maintaining resolving power 
during combined measurements. 

In [3], a parametric study on the performance of an ana-
lyzer with a hemispherical field of view was carried out, which 
made it possible to optimize the geometry of the electrodes to 
increase sensitivity and focusing stability. However, despite the 
improved operating parameters, this configuration retains the 
dependence of energy resolution on the particle entry angle. 

All the solutions reported in above papers demonstrate that 
spherical geometry provides high efficiency in particle collec-
tion, but the accuracy of energy analysis remains limited due to 
aberrations in a wide angular range of particle detection.

In work [4], a numerical simulation of an electrostatic 
spherical analyzer was performed, showing that the input 
energies of particles can be determined as a function of 
the exit position. The authors did not analyze the effects of 
electron-optical aberrations that arise when trajectories de-
viate from the central orbit. The simulation was carried out 
assuming ideal spherical symmetry, which does not take into 
account real field distortions. 

Study [5] describes a 90° spherical deflector for spin-po-
larized photoelectron spectroscopy. Electron spin detection 
using Mott scattering can be advantageously combined with 
such a spectrometer, providing energy analysis in spin-polar-
ized photoemission. Although the 90° deflector demonstrates 
successful implementation of spin-resolved spectroscopy, 
questions remain regarding the optimization of potential dis-
tribution and compensation of aberrations affecting energy 
and angular resolution.

Work [6] reports a method for three-dimensional calcula-
tions of the trajectory of charged particles in a spherical sector 
electrostatic analyzer, allowing the determination of focusing 
properties, energy and angular responses. It was revealed that 
even minor deviations in the shape of the electrodes or an asym-
metric potential distribution lead to the appearance of aberra-
tions, which worsen focusing and distort the energy response. 

Paper [7] shows an improvement of the prototype of 
a  spherical mirror analyzer previously designed by the author, 
achieving uniformity of resolution with respect to the angle 
of radiation. However, even in the modernized version, lim-
itations associated with aberrational field distortions remain. 
In particular, the non-uniformity of the potential between the 
mirror surfaces and the imperfect spherical symmetry lead to 
the appearance of aberrations. 

Study [8] numerically modeled the response function of 
a hemispherical electrostatic analyzer with a curved aperture 
plate, providing collimation of the scattered field at the input 
apertures, and investigated the effect of deformation of the 
inner hemisphere on the transfer characteristics of the device. 
The results showed that even small geometric deviations lead 
to a noticeable change in the structure of the electrostatic field 
and a shift in the focal regions, which causes a deterioration 
in energy resolution. Despite the detailed numerical analysis, 
the work does not propose methods for compensating for ab-
errations arising from imperfect field symmetry. 

In all above studies, attention was mainly paid to im-
proving the design parameters of spherical analyzers and 
their focusing properties. Despite the successes achieved in 
increasing the energy resolution and expanding the function-

ality of the devices, the issue of improving focusing properties 
by controlling the structure of the electrostatic field has not 
been considered.

Modern technological advancements in energy-analyzing 
systems for analyzing charged particle flows are aimed at in-
creasing energy and spatial resolution while simultaneously 
reducing aberrations. A number of papers have proposed 
various engineering solutions that provide partial compensa-
tion for distortions. For example, the authors of [9] describe 
a compact ion-electron analyzer for space and laboratory 
measurements, based on a 260° spherical electrostatic sector. 
The geometry of the spherical plates provides only an approx-
imate fulfillment of isochromatic conditions, which reduces 
the resolution when operating over a wide energy range.

Two papers [10, 11] investigate double deflection ana-
lyzer schemes. Study [10] analyzes the imaging properties of 
hemispherical deflection analyzers, showing that in an aberra-
tion-compensated double scheme (double HDA), mirror symme-
try of the trajectories ensures complete compensation of α2-aber-
ration, while in a double-pass configuration, the summation of 
dispersions allows for improved energy resolution while main-
taining high focusing quality. Work [11] considers a modified 
Jost double analyzer, which implements a "double-pass" scheme 
with a four-element decelerating lens. Numerical modeling and 
experiments showed that double beam passage provides a dou-
bling of energy dispersion and improved resolution. Despite their 
effectiveness, such systems retain residual distortions.

Several studies [12–15] consider improving spherical an-
alyzers. Work [12] describes an improved display spherical 
mirror analyzer (DIANA), designed for in situ mapping of the 
electronic and atomic structure of the surface. Despite all the 
achievements, DIANA retains a dependence of characteristics 
on the stability of the spherical field and the accuracy of fo-
cusing. The authors of [13] implements a new type of mirror 
spherical analyzer that provides simultaneous resolution in 
energy and momentum of photoelectrons. Significant im-
provement in parameters was achieved due to the geometric 
optimization of the electrodes and symmetrical beam focus-
ing. It is noted that ensuring high resolution requires strict 
symmetry of potentials and adjustment of the mirror elec-
trodes, however, aberration compensation was not structur-
ally implemented. Work [14] shows that taking into account 
the real structure of the edge fields significantly affects the fo-
cusing properties of spherical deflectors. The authors showed 
that optimizing the position of the limiting electrodes relative 
to the input plane allows for compensation of trajectory dis-
tortions and reduction of the influence of angular aberrations 
caused by edge effects. Nevertheless, the proposed measures 
are geometric in nature and do not take into account the pos-
sibility of actively controlling the field structure.

Paper [15] reports a numerical simulation of electron 
trajectories in real boundary regions (Herzog zones) of hemi-
spherical energy analyzers. It is shown that aberrations aris-
ing from edge fields can be effectively compensated by simply 
changing the angle of the input beam, which restores focus-
ing and improves the energy resolution of the instrument. 
Correction by selecting the angle of incidence is effective 
only for a limited range of conditions and does not eliminate 
the root cause – the non-ideal potential distribution in the 
Herzog zones. Thus, aberration compensation in the work 
was achieved primarily by geometric means – by shifting the 
electrodes or correcting the shape of the input beam – without 
structural synthesis of the field, which limits the possibilities 
for further improvement of electron-optical properties.
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The authors of [16] describe a new numerical approach to 
analyzing the electron-optical properties of an imaging spher-
ical deflector analyzer, based on the simulation of electron 
trajectories. Aberration compensation is achieved by selecting 
the shape of the electrodes and potentials, but not through 
structural control of the field components. 

The next stage of evolution is represented by works [17–19], 
which propose new generation imaging energy analyzers. For 
example, paper [17] reports an experimental implementation 
of an electron emission spectrum microscope based on the 
α-SDA (Spherical Deflector Analyzer) imaging energy ana-
lyzer developed by the author. The authors of [18] proposed 
and implemented a new type of α-SDA imaging energy filter 
based on a double spherical deflecting field with a total angle 
of 2π. The symmetrical design provides partial compensation 
of chromatic and geometric aberrations. The authors of [19] 
designed a high-energy-resolution 2D photoelectron analyzer 
for the UV range, based on the implementation of an ideal 
spherical electrostatic field. This structure made it possible to 
significantly increase the energy resolution and reduce angular 
distortions. However, as in previous solutions, distortion com-
pensation is achieved through symmetry and optimization of 
the electrode shape, and not through targeted field synthesis.

Previously, electron-optical schemes for energy analyzers 
were proposed and studied, one of the elements of which is  
a spherical electrostatic mirror. It was noted that the calculat-
ed electron-optical systems can be implemented in practice 
and possess high electron-optical characteristics and wide 
functionality [20, 21].

Modern devices for analyzing charged particle flows 
place increasingly high demands on the accuracy of angular 
focusing and resolving power. However, classic spherical elec-
trostatic deflection-type energy analyzers have a significant 
drawback – the presence of quadratic angular aberrations, 
which distort the trajectories of charged particles and limit 
the efficiency of the instruments. Existing methods for cor-
recting aberrations, as a rule, either complicate the structure 
of the analyzers or require the introduction of additional elec-
tron-optical elements. In this regard, it is necessary to search 
for and theoretically justify new methods for synthesizing 
electrostatic fields with controllable focusing properties. 

Of particular interest is the multipole approach for syn-
thesizing new deflecting fields. Previously, schemes for en-
ergy analyzers based on the superposition of multipole and 
cylindrical fields were built, possessing high energy resolution 
and significant luminosity, which makes them promising for 
use in electron spectroscopy and analysis of charged particle 
flows [22, 23]. The demonstrated advantages of this approach 
create prerequisites for its extension to spherical systems, 
where a similar effect of aberration compensation is expected.

Our review of related literature demonstrates that, despite 
the variety of structures designed for spherical electrostatic 
analyzers, their resolving power and focusing stability are 
still limited by the influence of aberrations. All studies note 
that even with precise electrode geometry, aberrations per-
sist due to imperfections in the potential distribution, edge 
effects, and electrode surface deformations. These distortions 
lead to a decrease in energy resolution and a deterioration of 
the focusing properties of the instruments. Existing methods 
for eliminating aberrations, such as optimizing the shape of 
the electrodes, introducing limiting plates, and selecting the 
angle of the input beam, only partially compensate for the 
distortions, but do not provide complete compensation of ab-
errations. Moreover, most solutions are focused on geometric 

alignment, rather than on physical control of the electrostatic 
field structure. 

Consequently, the task that must be addressed is to design 
electrostatic systems that enable targeted control over focusing 
properties by regulating the type of potential field distribution 
and the ratio of field components. Solving this problem re-
quires the application of a multipole approach to the synthesis 
of electrostatic fields with adjustable electron-optical parame-
ters, ensuring compensation of angular aberrations of the sec-
ond and higher orders, as well as increasing energy resolution.

3. The aim and objectives of the study

The aim of our work is to construct an electron-optical 
scheme for a quasi-spherical deflector-type energy analyzer 
based on a field generated by the superposition of an axisym-
metric hexapole and a spherical field.

To achieve this aim, the following objectives were accom-
plished:

– to investigate the structure of the electrostatic field, 
which is a superposition of an axisymmetric hexapole and 
a spherical field;

– to determine the profile of the deflecting electrodes 
capable of inducing an electrostatic field with high focusing 
properties that can be used as effective energy analyzers for 
charged particle beams;

– to simulate the electron-optical scheme of an electro-
static quasi-spherical deflector-type energy analyzer based 
on a field formed by the superposition of an axisymmetric 
hexapole and a spherical field.

4. Materials and methods

The object of our study is electrostatic spherical deflec-
tor-type energy analyzers designed for energy analysis of 
charged particle beams.

The research hypothesis assumes that applying a mul-
tipole approach to the synthesis of the deflecting field of 
a spherical energy analyzer, namely, adding an axisymmetric 
hexapole component to the spherical electrostatic field, pro-
vides complete compensation of second-order quadratic an-
gular aberrations, which leads to improved angular focusing 
and energy resolution of the energy analyzer without the use 
of additional corrective electrodes.

During the study, the following assumptions were adopted: 
the influence of fringe fields at the entrance and exit of the 
sector is negligibly small, and the movement of charged par-
ticles occurs in an ideal electrostatic field without taking into 
account space charge.

To ensure analytical solvability and computational stabil
ity of the problem, the following simplifications were accepted: 
an axisymmetric hexapole of the first type was considered, 
and the contribution of higher multipole components (above 
the sixth order) to the field structure was excluded from con-
sideration.

An electrostatic potential field having an axis of symmetry 
and a plane of symmetry (or a plane of antisymmetry) per-
pendicular to the axis of symmetry is considered (Fig. 1) [24].  
A circle of radius r0, located in this plane, is chosen as the ax-
ial circle, with the field potential on this circle being taken as 
zero. In the case of a plane of antisymmetry, the field potential 
is zero throughout the entire plane.
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Fig. 1. Geometric elements explaining the description 	
of an axisymmetric multipole

At an arbitrary point O1 on the axial circle, the origin of the 
orthogonal coordinate system was aligned with this point. The 
following coordinates were introduced: ρ = (r – r0) / r0 – radial 
coordinate, s – linear or angular coordinate.

The axisymmetric field U(ρ, ξ ) satisfies Laplace’s equa-
tion, the differential operator of which is the sum of two 
operators separated by coordinates ρ and ξ : Δ = T + τ [25].  
In the case of spherical coordinates:

T d
d

d
d

� �� ��

�
�

�

�
��

�
�

1 2 ,

�
� �

�
�

�
�

�
�

�

�
�

1
sin

sin ,d
d

d
d

	 (1)

s �� . 

The algorithm for constructing a circular multipole was 
implemented as follows:

1) a circular multipole of order 2n is constructed as a sum, 
each term of which is the product of functions fn – l (ρ) and 
φl(s) and transforms into ρn – ls l as ρ and s tend to zero. The 
functions fn – l(ρ) and φl(s) constitute sets;

2) generation of sets of functions fn(ρ) and φn(s), adopting 
the following generation rules:

Tf fn n� � �1,	 (2)

�� �n n� �1,	 (3)

where n = 1, 2, 3, ...
The solutions to the corresponding equations were used 

as basis functions

Tf0 0= , ��0 0� .	 (4)

The function of two variables Vn (ρ, s), formed by the sym-
metrical summation of sets (2) and (3)
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is harmonic, i.e., it satisfies condition ΔVn = 0.
Based on expressions (2) and (3), the following relation-

ship was obtained
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Here, φ–1 = f–1 = 0. After shifting the summation index 
m in the first sum by one, it is established that the sums in 
expression (6) are equal in magnitude and opposite in sign.

The constructions of the field thus depend on the choice 
of the basis functions f0(ρ) and φ0(s), and the boundary con-
ditions that the functions fn(ρ) and φn(s) must satisfy. The 
basis function f0(ρ) is a fundamental solution to the Laplace 
equation satisfying the condition f0(0) = 0. The basis function 
φ0(s) is a solution to equation (4), or is equal to unity, or some 
odd function of s, determined individually for the chosen 
coordinate system.

5. Results of constructing an electron-optical scheme 
for a sector quasi-spherical deflector-type energy 

analyzer

5. 1. Investigating the structure of the electrostatic 
field induced by the superposition of an axisymmetric 
hexapole and a spherical field

The coordinate s = θ is the polar angle in the spherical 
coordinate system; in the plane of field symmetry, θ = π/2. 
The operators T and τ are defined from formulas (1). The fun-
damental solution to the Laplace equation in this coordinate 
system is the function f0 = 1 – (1 / (1 + ρ)), which is equal to 
zero on the sphere ρ = 0.

By choosing the basis functions f0(ρ) = φ0(θ) = 1 in ac-
cordance with rules (2) to (5), a spherical quadrupole and 
octupole are constructed. The consideration is limited to 
structures symmetrical with respect to the plane θ = π/2:
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For the basic functions f0 = 1 – (1/(1 + ρ)), φ0(θ) = 1, 
a spherical hexapole is obtained
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Fig. 2 shows the family of equipotential lines of a  cir-
cular spherical hexapole Uh(ρ, θ). For convenience of plot-
ting, Cartesian coordinates x = (1 + ρ)sinθ, y = (1 + ρ)cosθ 
were used.

Here, in the cross-section of the azimuthal plane, three 
branches of zero potential (aO1b, cO1d, eO1f), intersecting at 
nodal point O1, delineate the field into six regions with poten-
tials of opposite signs.

The structure of combined fields is considered, provided 
that when they are superimposed, the central circle of the 
multipole coincides with the axial circle of the energy analyzer 
scheme. The potential of the total field, which is a  superposition 
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of a spherical hexapole (9) and a spherical field, is determined 
from the following formula

U x y U x y
x y

h, , ,� � � � � �
�

�
�

�
�
�

�

�
�
�

�
1 1
2 2

	 (10)

where μ is a coefficient that defines the weighting contribu-
tion of the spherical field.

  
Fig. 2. Family of equipotential lines of a spherical 	

hexapole Uh(x,y): 1–6 – regions of potentials 	
of opposite signs

The dynamics of changes in the structure of the total 
field (14) were investigated when the value of coefficient μ, 
which defines the weighting contribution of the spherical 
field, was changed. Families of equipotential of the total 
field (10), formed by the superposition of an axisymmet-
ric hexapole and a spherical field, were calculated (series  
of Fig. 3, 4).

Analysis of the dynamics of changes in the structure 
of the electrostatic field formed by the superposition of 
an axisymmetric hexapole and a spherical field revealed 
that the nature of the equipotential distribution signifi-
cantly depends on the value of coefficient μ, which deter-
mines the weighting contribution of the spherical field. 
At small values of coefficient μ (for example, μ = 0.1), the 
equipotentials retain a pronounced multipole symmetry. 
With an increase in coefficient μ, a gradual deformation 
of the equipotential lines is observed, and a tendency 
towards increased radial symmetry becomes apparent. 
At μ = 1, the spherical field makes a decisive contribu-
tion, which leads to a transformation of the potential 
distribution pattern towards an approximation of a quasi- 
spherical type.

At negative values of coefficient μ, a fundamentally 
different dynamic of the transformation of the total field 
structure is observed. Negative values of coefficient μ cause 
the destruction of the regular multipole structure and lead 
to the formation of asymmetric distributions.
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Fig. 3. Equipotential lines of the total field U x y U x y
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а – μ = 0.1; b – μ = 0.25; c – μ = 0.5; d – μ = 1

Buk
eto

v u
niv

ers
ity



Applied physics

55

5. 2. Applying an axisymmetric hexapole for the syn-
thesis of deflecting fields in electrostatic sector energy 
analyzers of the deflector type

One of the areas for applying a circular multipole is relat-
ed to sector energy analyzers of the deflector type for charged 
particle beams.

The electron-optical parameters of an electrostatic sector 
energy analyzer depend on the structure of the deflecting 
field, concentrated in a narrow region localized near the axial 
orbit r0, in which the components of the electric field vector 
are represented by the following series:

E E�
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E E� � � � � ��� � �� � � � �� � ��� ��0 1 1 21 1 2 ... ,	 (11)

where ρ = (r – r0) / r0, ξ = z / r.
The differential equation of motion for charged particles 

in a deflecting electrostatic field takes the following form:

�� �
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r
r e
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2 2, ,�  

�� �
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r
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m
E r zz2 2, ,� 	 (12)

where e and m are the charge and mass of the electron.

The differential equation of motion of charged particles 
(12) in the field defined by expansion (11) is solved by the 
method of successive approximations. The electron-optical 
characteristics of the energy analyzer, determined in the first 
approximation, include the parameters of first-order angular 
focusing, linear energy dispersion, and linear magnification 
coefficient. These parameters depend on the expansion coef-
ficient ε1 (11), while coefficients ε2 and ε3 affect aberrations 
of the second and higher orders. It is possible to realize the 
given electron-optical parameters of the energy analyzer only 
at strictly defined values of the expansion coefficients εn. 
However, to construct an energy analyzer with the required 
parameters, it is necessary to know the field distribution and 
specify the shape of the deflecting electrodes in a volume sig-
nificantly exceeding the region in which the analyzed beam is 
localized. Restoring the potential of an axisymmetric field in 
all space from expansion (11) is very difficult, while the mul-
tipole approach significantly simplifies solving this problem.

Connecting multipole components to the basic deflecting 
field of the energy analyzer, whose axial circular orbit of ra
dius r0 is aligned with the axial circumference of the multipole, 
allows for the formation of complex fields. These fields have 
constituent components (quadrupole, hexapole, etc.) that se-
lectively influence the parameters of the energy analyzer, in 
particular the aberration coefficients of various orders, thereby 
making it possible to eliminate them. This approach provides 
a new way to solve the problem of synthesizing a deflecting 
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Fig. 4. Equipotential lines of the total field  U x y U x y
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field that provides the specified electron-optical parameters of 
the energy analyzer, completely eliminating the difficulties of 
analytically defining the field in the entire space and finding 
the configuration of the deflecting electrodes.

The energy analyzer field is considered as a superposition 
of constituent fields

U
U

g U qU

U U dU

q

h oct d

� �
� � � � � �

� � � � � � �

,
, , ,

, ,

� �
� � � � � � � � � �

� � � � � � �
0

0

,, ...,�� � � 	 (13)

where U0(ρ, ξ) is the base field, Uq(ρ, ξ), Uh(ρ, ξ), etc. are the 
components of the axisymmetric multipole; q, β, ω, d are the 
weighting components of the multipole components.

A relationship has been established between the weighting 
components of sum (13) and the expansion coefficients (11). 
The coefficients of these expansions represent the contri-
bution of each multipole component to εn and are given in 
Table 1 along with the expansion coefficients of the base 
spherical field intensity. It was taken into account in the cal-
culations that θ = π/2.

Table 1

Spherical field and spherical multipoles

εi 1 1
1

�
� �

q
Uq�
�

�
�

� 0

�
� �

�
� �

Uh

0

ε1 –2 –q 0
ε2 3 2q –s/2
ε3 –4 –3q 4s/3
ε4 5 4q –29s/12

Table 1 shows that connecting the quadrupole component 
to the basic field affects the parameters of the energy analyzer 
calculated in the first approximation, while connecting the 
hexapole component affects the parameters starting from the 
second approximation.

The goal of the next stage of consideration was the theo-
retical justification of the possibility of improving the quality 
of angular focusing of sector-type deflector energy analyzers 
built on the basis of a synthesized field (13).

The point source and its image are located on the axial 
trajectory in the energy analyzer field; the conditional bound-
aries of the sector are the axial planes in which the source and 
image are located. This assumption made it possible to disre-
gard the influence of fringe fields at the sector boundaries.

The profile of the deflecting electrodes of a quasi-spher-
ical energy analyzer, designed to compensate for quadratic 
angular aberrations when appropriate potentials are applied 
to them, has been determined. An angular focusing scheme in 
an energy analyzer whose deflecting field is given by superpo-
sition (13) is considered.

In an electrostatic energy analyzer, spatial focusing of 
a beam of charged particles is carried out. The quadratic ab-
erration coefficient with respect to α at φ = 180° is AII(φ) = 0.  
A hexapole component has been added to the basic electro-
static spherical field

g Uh� �
�

�, .� � � �
�

�1 1
1

	 (14)

The coefficient of quadratic angular aberrations that blur 
the image of the source in the radial plane
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3
2

2
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cos cos ,	 (15)

where η = 3 + ε1, K = 6 + 4ε1 + ε2, φ is the angular coordinate 
measured from the point source in the direction of the beam, 
η = 1, K = 1 – (β / 2).

According to Table 1: ε1 = –2, ε2 = 3 – (β / 2), ε3 = –4 + (4β / 3). 
From expression (15) it follows that condition AII = 0 is 
achieved by choosing the weighting coefficient β = 3.

According to (9) and (11), the equation of equipotentials 
for a spherical deflector-type energy analyzer takes the follow
ing form
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The zero equipotential line is the circle (1 + ρ)2 + ξ2 = 1.
Fig. 5 shows the equipotentials for U/U0 = ± 0.5, φ = 180°: 

1–1¢ – field of a spherical deflector-type energy analyzer (β = 0), 
in which AII (φ) = –2; 2–2¢ – field (10), constructed on the ba-
sis of a superposition of a spherical field and a circular hexa-
pole (β = 3), AII(φ) = 0. The profile of the deflecting electrodes 
of the proposed quasi-spherical sector deflector-type energy 
analyzer coincides with the equipotential 2–2¢.

The dashed line indicates the zero equipotential in the form 
of a circle of unit radius, which hosts the axial trajectory of 
the beam, intersecting the plane of the figure at point O1. The 
radial coordinates of extreme points a and b on the surface of 
deflecting electrodes are ra / r0 = 2.45, rb / r0 = 0.95.

 
Fig. 5. Profile of deflecting electrodes for sector-type energy 

analyzers: 1–1¢ – for a spherical field (β = 0); 	
2–2¢ for a synthesized field (10) (β = 3)

5. 3. Modeling the electron-optical scheme of a quasi- 
spherical deflector-type energy analyzer

Numerical modeling of the electron-optical scheme of 
a quasi-spherical deflection-type energy analyzer was per-
formed. The modeling was carried out using the numerical 
program "Focus" [26], designed for modeling axially symmet-
ric corpuscular-optical systems.
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Fig. 6 shows the distribution of the electrostatic field in 
the electron-optical scheme of the quasi-spherical energy ana-
lyzer. Here, the potential values at the grid nodes of the region 
subdivision were calculated, and the field distribution was 
visualized using a color scale, where higher potential values 
correspond to "warm" shades.

 

Fig. 6. Distribution of the electrostatic field in the electron-
optical scheme of a quasi-spherical energy analyzer

Fig. 7 shows the electron-optical scheme of a quasi-spher-
ical energy analyzer. The field is formed between electrodes 2 
and 3, and a deflecting potential U is applied to the outer 
electrode. According to the diagram, charged particles origi-
nate from a point source 1, then enter the field, and under the 
action of the potential on the outer electrode 3, are deflected 
back and focused into an annular image 5. The ratio of the 
kinetic energy of the charged particle to the potential of the 
outer electrode is E / V = 1.6 eV/V.

The divergence of the charged particle beam in this case is 
limited by angles (51–63)°, which corresponds to a light-gath-
ering power (solid angle) of 17.5% of 2π. Thus, the proposed 
scheme provides angular focusing of the "axis-ring" type.

Table 2 gives focusing properties of a quasi-spherical en-
ergy analyzer under the "axis-to-ring" angular focusing mode.

Fig. 8 shows the instrumental function of the quasi-spheri-
cal energy analyzer. The exit aperture was located at the exit fo-
cal point. The relative energy resolution is R(%) = ΔE / E = 1.6%.

 

 
y 

x 
1 

2 

3 
4 

5 

Fig. 7. Electron-optical diagram of a quasi-spherical energy 
analyzer: 1 – point source of charged particles; 2 – inner 

electrode; 3 – outer electrode; 4 – trajectories of charged 
particles; 5 – output focus

Table 2

Focusing properties of a quasi-spherical energy analyzer

Focusing type "Axis-to-ring" 
Focusing order 2

Central focusing angle 57°
X coordinate of the focal point 16.97
Y coordinate of the focal point 1.5

Reflection parameter 1
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Fig. 8. Instrumental function of a quasi-spherical 	
energy analyzer

Thus, numerical modeling showed that the relative en-
ergy resolution of the energy analyzer is 1.6% at an aperture  
of 17.5% of 2π.

6. Results of calculating and modeling the electron-
optical scheme of a quasi-spherical deflector-type 

energy analyzer: discussion 

The results of calculating the equipotential families of the 
total field, shown in Fig. 3, 4, demonstrate a regular change in 
the structure of the electrostatic field when varying the value 
of coefficient μ, which determines the weighted contribution 
of the spherical component. The calculation of equipotential 
families showed that at small values of μ (0.1–0.25), the field 
retains a pronounced multipole symmetry characteristic of 
a hexapole, while with an increase in μ to 1, a transition to 
a radially symmetric potential distribution corresponding to 
a quasi-spherical type of field is observed. The nature of the 
electrostatic field structure is of fundamental importance 
since the geometry of the deflecting electrodes of the energy 
analyzer replicates one of the equipotentials of the calculated 
field. Thus, the shape and symmetry of the equipotentials 
directly determine the shape of the working electrodes of the 
energy analyzer, providing the required potential distribution 
and specified focusing properties. Therefore, the change in the 
field structure when varying the coefficient μ not only reflects 
the dynamics of potential redistribution but also provides the 
basis for the practical implementation of the optimal elec-
trode profile that compensates for aberrations.

According to the calculation results given in Table 1 and 
expressions (11) to (15), the addition of a spherical multipole 
to the main field of the spherical energy analyzer leads to  
a change in the expansion coefficients (11), starting from the 
quadratic terms. The choice of values for coefficient β, which 
defines the weighting contribution of the axisymmetric hexa-
pole, allows for targeted control over the magnitudes of the 
second-order aberration coefficients and thus correction of the 
angular focusing of charged particle beams.

The calculation results obtained by the perturbation method 
showed that the additive addition of a hexapole to the main 
deflecting spherical field affects the angular focusing of the 
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energy analyzer. Unlike classical spherical deflector-type en-
ergy analyzers [4–6], in which compensation of quadratic 
angular aberrations is impossible without additional corrective 
electrodes, the proposed method allows this to be achieved due 
to the new field structure formed by multipole superposition.

The aberration coefficients, which determine the quality of 
angular focusing, characterize the image blurring of the second 
and higher orders with respect to φ. The aberration coefficients 
of the energy analyzer depend on coefficient ε2 and other ex-
pansion coefficients (11), which in turn depend on coefficient β, 
which defines the weighting contribution of the axisymmetric 
hexapole. Thus, an additional field parameter β is introduced, 
determined from the requirement that the coefficient of the 
angular quadratic aberration with respect to φ is equal to zero.

The improvement in angular focusing quality in the pro-
posed quasi-spherical energy analyzer compared to the clas-
sical spherical deflector-type energy analyzer has made it 
possible to increase the luminosity several times by increasing 
the beam divergence angle from the axial orbit plane φ. This 
also contributes to the symmetrization of the energy analyzer’s 
instrumental function under conditions of angular focusing of 
a higher order than the first.

The results of numerical modeling performed using the 
"Focus" software package (Fig. 6–8, Table 2) confirm the ef-
fectiveness of the proposed electron-optical scheme of the 
quasi-spherical energy analyzer. The calculations showed that 
the implemented electrostatic field distribution provides a sec-
ond-order angular focusing mode of the "axis-ring" type. With an 
optimal ratio of parameters E / V = 1.6 eV/V, high focusing qual-
ity is achieved without the introduction of additional corrective 
electrodes. Our calculations demonstrate that the relative energy 
resolution of the instrument is 1.6% at a luminosity of 17.5% of 2π.

The limitation of this study is that the influence of fringe 
fields at the boundaries of the sector energy analyzer was not 
taken into account when considering the energy analyzer 
scheme. A disadvantage of our analysis is the use of an ap-
proximate field model; however, this aspect can be eliminated 
in further research.

Subsequent studies are planned to take into account the 
influence of fringe field effects and the search for other an-
gular focusing modes in the electron-optical scheme of the 
proposed quasi-spherical deflector-type energy analyzer.

7. Conclusions

1. The structure of the electrostatic field obtained by 
summing an axisymmetric hexapole and a spherical electro-
static field has been theoretically investigated. It is shown that 
changing coefficient μ, which determines the contribution of 
the spherical field, leads to a transformation of the synthe-
sized field. At small values of the weighting coefficient of the 
spherical field μ = 0.1, the equipotentials of the complex field 
retain six-lobed multipole symmetry; at μ ≈ 0.5, deformation 
of the equipotential branches and compression of the field 
along the axis are observed. At μ = 1, an almost radially sym-
metric potential distribution is formed, close to a quasi-spher-
ical type. Our results are attributed to the redistribution of the 
potential in the region of the axial orbit.

2. It has been established that in an electrostatic quasi- 
spherical sector energy analyzer of the deflector type, built on 
the basis of the superposition of a spherical deflecting field 
and an axisymmetric hexapole, the choice of coefficient β, 
which defines the weighting contribution of the axisymmetric 

hexapole, makes it possible to control second-order aberrations 
and ensure compensation of the angular quadratic aberration. 
Based on analytical calculations, the profile of the deflecting 
electrodes of the sector quasi-spherical energy analyzer has 
been determined, enabling elimination of second-order an-
gular aberrations. The improvement in the quality of angular 
focusing compared to the classical spherical energy analyzer is 
explained by the fact that the addition of the hexapole compo-
nent changes the potential distribution, improving the focusing 
properties of the deflecting field. At a value of β = 3 for the 
weighting contribution of the spherical hexapole, an angular 
focusing mode is realized in which the second-order angular 
aberration is completely compensated, AII(φ) = 0 at φ = 180°.

3. Our simulations performed using the "Focus" software 
package confirmed the feasibility of an electron-optical scheme 
for a quasi-spherical deflector-type energy analyzer based on  
a superposition field of an axisymmetric hexapole and a spher-
ical field, providing a second-order angular focusing mode 
"axis-to-ring" in the absence of quadratic angular aberration. 
Achieving this focusing mode is ensured by the very structure 
of the synthesized field, which eliminates the need for correc-
tive electrodes and simplifies the instrument’s design. Numeri-
cal modeling showed that the relative energy resolution is 1.6% 
at an aperture of 17.5% of 2π, which confirms effectiveness of 
the proposed scheme compared to a classical spherical deflec-
tor-type energy analyzer. The results obtained could be used 
in the design of real high-resolution electron spectrometers 
and instruments for analyzing charged particle flows, where 
high-quality angular focusing of particles is required.

Conflicts of interest

The authors declare that they have no conflicts of interest 
in relation to the current study, including financial, personal, 
authorship, or any other, that could affect the study, as well as 
the results reported in this paper.

Funding

This research was funded by the Science Committee of the 
Ministry of Science and Higher Education of the Republic of 
Kazakhstan (Grant No. AP26101393).

Data availability

All data are available, either in numerical or graphical 
form, in the main text of the manuscript.

Use of artificial intelligence

The authors confirm that they did not use artificial intelli-
gence technologies when creating the current work.

Authors’ contributions

Zhanar Kambarova: investigation, writing – review & ed-
iting, funding acquisition; 

Serik Kassymov: conceptualization, methodology; for-
mal analysis.

Buk
eto

v u
niv

ers
ity



Applied physics

59

References

1.	 Cara, A., Lavraud, B., Fedorov, A., De Keyser, J., DeMarco, R., Marcucci, M. F. et al. (2017). Electrostatic analyzer design for solar wind 
proton measurements with high temporal, energy, and angular resolutions. Journal of Geophysical Research: Space Physics, 122 (2), 
1439–1450. Portico. https://doi.org/10.1002/2016ja023269 

2.	 Hirahara, M., Takei, T., Yokota, S., Yanagimachi, T. (2023). Triple‐Dome Electrostatic Energy Analyzer With 360° Field‐Of‐View for Simulta-
neous Measurements of Ions and Electrons. Journal of Geophysical Research: Space Physics, 128 (10). https://doi.org/10.1029/2023ja031423 

3.	 Hénaff, G., Berthomier, M. (2025). Parametric Study of the Performance of an Electrostatic Analyzer With an Hemispheric Field‐of‐
View Based on the Donut Topology. Journal of Geophysical Research: Space Physics, 130 (3). https://doi.org/10.1029/2024ja033367 

4.	 Sablik, M. J., Winningham, J. D., Gurgiolo, C., Johnstone, A. D. (1985). Computer simulation of an electrostatic spherical analyzer used 
as an energy spectrograph. Review of Scientific Instruments, 56 (7), 1320–1328. https://doi.org/10.1063/1.1137998 

5.	 Kisker, E., Campagna, M., Gudat, W., Kuhlmann, E. (1979). Properties and operation of a 90° spherical deflector as photoelectron 
energy analyzer in connection with spin-polarization measurements by Mott scattering. Review of Scientific Instruments, 50 (12), 
1598–1601. https://doi.org/10.1063/1.1135773 

6.	 DeSerio, R. (1989). Spherical sector electrostatic analyzers for measurements of energy and angular distributions. Review of Scientific 
Instruments, 60 (3), 381–388. https://doi.org/10.1063/1.1140386 

7.	 Daimon, H., Ino, S. (1990). Improvement of the spherical mirror analyzer. Review of Scientific Instruments, 61 (1), 57–60. https://
doi.org/10.1063/1.1141923 

8.	 Vilppola, J. H., Tanskanen, P. J., Barraclough, B. L. (1998). Simulations of a spherical section electrostatic analyzer. COSPAR Colloquia 
Series, 75–84. https://doi.org/10.1016/s0964-2749(98)80013-9 

9.	 McGarity, J. O., Huber, A., Pantazis, J., Oberhardt, M. R., Hardy, D. A., Slutter, W. E. (1992). Compact ion/electron analyzer for space-
flight or laboratory use. Review of Scientific Instruments, 63 (3), 1973–1977. https://doi.org/10.1063/1.1143314 

10.	 Tusche, C., Chen, Y.-J., Schneider, C. M., Kirschner, J. (2019). Imaging properties of hemispherical electrostatic energy analyzers for 
high resolution momentum microscopy. Ultramicroscopy, 206, 112815. https://doi.org/10.1016/j.ultramic.2019.112815 

11.	 Harkoma, M., Aksela, S. (2002). A study of the Double-pass Jost Electron Energy Analyzer. Journal of Electron Spectroscopy and 
Related Phenomena, 122 (3), 209–219. https://doi.org/10.1016/s0368-2048(01)00354-1 

12.	 Takahashi, N., Matsui, F., Matsuda, H., Hamada, Y., Nakanishi, K., Namba, H., Daimon, H. (2008). Improvement of display-type 
spherical mirror analyzer for real space mapping of electronic and atomic structures. Journal of Electron Spectroscopy and Related 
Phenomena, 163 (1-3), 45–50. https://doi.org/10.1016/j.elspec.2008.02.004 

13.	 Kotsugi, M., Miyatake, Y., Enomoto, K., Fukumoto, K., Kobayashi, A., Nakatani, T. et al. (2001). Construction of two-dimensional pho-
toelectron spectrometer at SPring-8. Nuclear Instruments and Methods in Physics Research Section A: Accelerators, Spectrometers, 
Detectors and Associated Equipment, 467-468, 1493–1496. https://doi.org/10.1016/s0168-9002(01)00733-1 

14.	 Huber, A., Plies, E. (1999). Numerical ray tracing of electrons in different 3D fringing fields of spherical deflectors. Charged Particle 
Optics IV, 3777, 264–274. https://doi.org/10.1117/12.370136 

15.	 Sagara, T., Boesten, L., Nishida, S., Okada, K. (2000). Resolution improvements for hemispherical energy analyzers. Review of Scien-
tific Instruments, 71 (11), 4201–4207. https://doi.org/10.1063/1.1319979 

16.	 Ceballos, G. A., Grzelakowski, K. P. (2021). Electron Optical Optimisation of an Imaging Energy Analyser: Real Model Field- and Tra-
jectory Simulations Applied to k-Space Visualisation of Electronic States. Advances in Electrical and Electronic Engineering, 19  (4). 
https://doi.org/10.15598/aeee.v19i4.4289 

17.	 Grzelakowski, K. P. (2013). A flange on electron spectromicroscope with spherical deflector analyzer – simultaneous imaging of recip-
rocal and real spaces. Ultramicroscopy, 130, 29–35. https://doi.org/10.1016/j.ultramic.2013.02.015 

18.	 Grzelakowski, K. (2012). A novel imaging energy filter for cathode lens electron microscopy. Ultramicroscopy, 116, 95–105. https://
doi.org/10.1016/j.ultramic.2012.03.010 

19.	 Nohno, T., Matsui, F., Hamada, Y., Matsumoto, H., Takeda, S., Hattori, K., Daimon, H. (2003). Development of High-Energy-Reso-
lution Display-Type Photoelectron Spectrometer in the Ultraviolet Photoelectron Spectroscopy Region. Japanese Journal of Applied 
Physics, 42 (Part 1, No. 7B), 4752–4755. https://doi.org/10.1143/jjap.42.4752 

20.	 Kambarova, Z. (2023). Expansion of the functional capacities of electrostatic mirror analyzers for electron spectroscopy. Eastern-Eu-
ropean Journal of Enterprise Technologies, 5 (5 (125)), 53–61. https://doi.org/10.15587/1729-4061.2023.289781 

21.	 Assylbekova, S. N., Saulebekov, А. О., Kambarova, Zh. T., Orakbai, A. (2016). Modeling of electrostatic collimator of charged particles 
beams on the basis of spherical mirror. Eurasian Physical Technical Journal, 13, 1 (25), 22–26. 

22.	 Kambarova, Zh. T. (2021). About the possibility of creating an efficient energy analyzer of charged particle beams based on axially-
symmetric octupole-cylindrical field. Eurasian Physical Technical Journal, 18 (2), 96–102. https://doi.org/10.31489/2021no2/96-102 

23.	 Kambarova, Zh. T., Trubitsyn, A. A., Saulebekov, A. O. (2018). Axially Symmetric Energy Analyzer Based on the Electrostatic De-
capole-Cylindrical Field. Technical Physics, 63 (11), 1667–1671. https://doi.org/10.1134/s1063784218110142 

24.	 Zashkvara, V. V., Tyndyk, N. N. (1999). The method for the calculation of multipole-cylindrical fields. Nuclear Instruments and 
Methods in Physics Research Section A: Accelerators, Spectrometers, Detectors and Associated Equipment, 423 (2-3), 223–231. https://
doi.org/10.1016/s0168-9002(98)01262-5 

25.	 Zashkvara, V. V., Tyndyk, N. N. (1996). Potential fields based on circular multipole series. Nuclear Instruments and Methods in Physics Research 
Section A: Accelerators, Spectrometers, Detectors and Associated Equipment, 370 (2-3), 452–460. https://doi.org/10.1016/0168-9002(95)00809-8 

26.	 Sautbekova, Z., Trubitsyn, A. (2022). Focus CPM software for trajectory analysis of real axially symmetric electrostatic mirrors: meth-
ods and algorithms. Eurasian Physical Technical Journal, 19 (3 (41)), 91–96. https://doi.org/10.31489/2022no3/91-96 

Buk
eto

v u
niv

ers
ity




