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The Bessel equation on the quantum calculus
A large number of the most diverse problems related to almost all the most impor& ches o
mathematical physics and designed to answer topical technical questions are associated with, th [¢)

Bessel functions. This paper introduces a h-difference equation analogue of the Bessel entiallequation
and investigates the properties of its solution, which is express using the Frobeniu assuming
a generalized power series. The authors find discrete analogue formulas for B
Neumann function and these are solutions presented by a series with the h-fractio function t;lo‘). Lastly
they obtain the linear dependencies between h-functions Bessel on Tj,.

Keywords: Bessel function, modified Bessel function, Bessel difference eq@ation, h-calculus, the h-derivative
and h-fractional function. *

1 Introduction and Prelimina

Now a days, the theory of transformation operators™is a fully formed independent branch of
mathematics, located at the junction of differential, integral, and integro-differential equations, functional
analysis, function theory, complex analysis, the of special functions and fractional integro-
differentiation, the theory of inverse probléms and scattering problems, the theory of optimal control
and dynamic systems. The special ar pplication of transformation operators has become the
theory of differential equations with_si ies in the coefficients, especially with Bessel operators.

The Bessel functions are widely

n solving problems in acoustics, radiophysics, hydrodynamics,
problems of atomic and nuc There are numerous applications of Bessel functions to the
theory of heat conduction and theory of elasticity (problems of vibrations of plates, problems of
the theory of shells, pro ermining the stress concentration near cracks) [1-5].

The theory of fra¢ti hsealculus is a rapidly developing field of great interest from both a
theoretical and a. ied point of view. Especially we refer to [6-12] and the references in it. As for
applications in vari of mathematics, we refer to [13-20] and references in them. Let h > 0 and
T, ={a,a+ % Va eR.

efiniti 9]) Let f : T, — R. Then the h-derivative of the function f = f(¢) has the form

Dif (t) (33) _ f(éh(t)])l_f(t),tETa, (1)

where §p,(t) =t + h.
We assume f - g : T, — R. Then the product rule for h-derivation reads (see [9])

Dy (f (x) g(x)) = f(z + h)Dng(x) + 9(x) Dp f (2) (2)
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and the h-integral (or the h-difference sum) is given by

z/h—1
/f (Bt = > f(kh)h, x €T, (3)
k=a/h

Definition 2. (see [9]) Let ¢, € R. Then the h-fractional function tgla) is defined as

I(f£+1)

(@) _ 1«
A S g

where T is the gamma function of Euler, & 7 = 0 and we use the convention that @ivi at pole
gives zero. Notice that

Jim 1% = ¢,
h—0

Hence, from (1) we find that @

ol = —Dh t;f‘ ] ¢
Let t € Ty. Then, for a, 5 € R,
t](loé-f—ﬁ ( 4)
Definition 3. (Foundamental theorem h-calcu (x) is an h-antiderivative of f(x) is continus

at x =0, we get

for a,b € Ty,.

The Bessel equation. Bessel functions.

ntial equation. We consider the h-difference equation in the following form:

DRy(t — 2h) + 1) Dy(t — h) + 17 y(t — 2h) — v*y(t) =0 (5)

a special point ¢ = 0 (the coefficient at the highest derivative in (5) vanishes at ¢t = 0).
Theorem 2.1. Let v < 0. Then there is a particular solution to equation (5), given by a uniformly
convergent series

( 1)ktv+2k

Jon(t < RID(u+ k + 1)2°7% (6)

which is the solution to the Bessel equation and is called the Bessel function of the first kind v-th order.
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Proof. Following the classical methods (see, for example, [6], p. 379), we will look for a solution to
this equation in the form of a series. Therefore, there is a solution to equation (5) in the form of a
generalized power series

y(t) = t* i ar(t — ah)\™ ag £ 0, (7)
k=0

where « is the characteristic indicator to be determined. By (4) we can rewrite the expression (6) in

the form
o~ (ath)
= Z akth
= ’\\

and using Definition 2 and (1) we find the h-derivatives:

D2y(t—2h) = D? Z ar(t — 2h)\H
o0
= (a+k) a+k—1;akt -2)
and \
Duy(t —h) = e
Therefore, substituting (7) and itsfir second h-derivatives into the equation (5), we get that
t(2)( . (a+k—2) (1) g\ (at+k=1)
a+ k) (a+k 2h);; + . (a4 k) Z“kt h); +

2h (a+k) Qza t(a-i—k)

SO we ca% equation:
@, a+k—1 Z aty? (t —20) D 1 (a+ k) apt) (¢ - n) T4

k=0

Za th (t — 2h) (a+k Za v2t (atk)

k=0

where tgL )(t - 211)(0‘“c 2 = =t and tg)(t — h)gaJrk_l) = otk
From here we get a general formula for all these series.

(a+k)(a+k—1)Zakt§f+k (o + k) Za t(a+k)+z a+k+2 Za v2ta+k
k=0
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and
(e.) [o¢]
S ar ((@+k)(a+k—1)+(a+k) —?) ™+ 3 apt) =0
k=0 k=0
and, finally
o o
Z ak ((a+ k)* —v?) t;fwrk) + Z aktg”k“) =0.
k=0 k=0
Next, for a,a+1,...,a+ k, ...,, we are equating to zero the coefficients at the same powers of x, we

lead at the following recurrent relations for the coefficients:
t*  |(a® —v)ag = 0,
T ((a+1)2 = v?) a1 =0, *
42| ({0427 ~ %)y + a0 = 0, 6\ ®

k| (a4 k)2 —v?) ak + ag—2 =0, Vk > 2.

Since ag # 0, it follows from the first equation (8) that a? — v? r ' ap= t+v. Now from the
second equation (8) we will have a; = 0.

Let us consider the case a = v > 0 first. Let us rewrite the k£ — ) equation of system (8)
in the following form 2

BT T2k (01 k)
Consistent application of this form s us to find an expression agi through ag :
woT R
- A az . ag
> 2-(v+2) 2412 (w+D(w+2)
_3 B ay L ag
22.3.(v+3)  26.31-(v+1)(v+2)(v+3)

(=1)*ag

A .
22k1 TT (v + 1)
r=1

azx =

ent ag has so far been left arbitrary. If v # —n, where n > 0 is an integer, then assuming

o
W0 2wt 1)
we find
_ (=D)F 1
k= 2R+ D0+ 2) (v +3)(v+ k) 2T(v+1)
(-1)

2k pID(v+ k+1)
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Substituting this expression for the coefficients in (7), we get
( 1)ktv+2k
k'F (v+k + 1)2v+2k"

The proof is complete.
Corollary 2.3. The equation (5) does not change when v is replaced by —v, then the function:

( 1)kt—v—|—2k

J—vh

Z FID(—0 + k + 1)2—0+2 (9)

is also a solution to the equation (5). Y
Theorem 2.4. If v # n. Then the general solution to equation (5) has the form

y(t) = Crdyp(t) + Cod_y p(t 6

Proof. Now we prove that y(t) in the following form is also a solu@ tion (8):
y(t) = CIJv,h( )+ CZJ—vh

oo ('U+2k)
@) B (=D*(v + 2k) (v + 2k — 1)t
° th Dh (Cl:]v,h(t — 2h) + CQJ—U h - Cl Z k'F(U +k+ 1)2v+2k

s i (—1)%(—v + 2k) (—v + 2k — 1)¢l"F2F)
e KT (—v + k + 1)2-v+2k ’

(—1)% (v + 2k)EV TP

)

° thDh QQJ—U}L t—h = Clz F(v+k+1)2v+2k

{ - L (—1)k(—v + 2kt
0 ezt 2 =

c kIT(—v+k + 1)27v+2k 7

¢ Z KT (v + P T 1)2vt2k

Jvh +CQJ_U h(t—?h)) =

)

+ C2Z k:'F v-l—k-|—1)2 vizk’
¢ —v (Cljv,h(t) +02J—v,h(t)) = —v'Ch Z k:'F U +k + 1)2v+2k
+

CQZ kD ( v+k+ 1)2-v 2k
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Now we substitute in equation (10):

C io: (—1)’“(’0 + 2k)(v + 2k — 1)t§;)+2k) . io: ( 1) (’U + 2]€) (v+2k) )
1 EIT(v+ k + 1)2v+2k FT(0 +h+ 1)2v+2k

k=0 k=0

00 ) (v+2k+2) 00 ( 1) ('u+2k)
2 h
<Z k;ll" ’U + k + 1)2v+2k -v kz kll"(v + k+ 1)21}+2k> +

o i (—1)%(—v + 2k) (—v + 2k — 1)tl "+ +i (—1)F(—v + 2k)t ”*2’”
“\& KT (—v + k + 1)2-v+2k S RN (—v+k+1) 2 v+2k
1 k:t( v+2k+2) 1 (—v+2k
I Y
k:Ok.F—u+k+12v EIT( v+k:+1)2v
If C1 = —Cy then y(t) = C1Jyp(t) +Cad_y p(t) is a solutlon to the equation (5 1s complete
Example 2.5. Find a general solution to the followmg equation:

2 D2yt — 2h) + ) Dyy(t — h) + A (11)
Proof. We consider two cases v = 1/2 and v = —1 / 2. 1) Accordlng efdefinition (see (6)) of the

Bessel function J 1 7h( ) we have:

Since

then

Considering alsgythat I'(k + 1) = k! for k € N, we get
00 $42k)
(—1)kt(2
J%vh(t) - Z (3 p Lok
b0 KT (5 + k) 22
_1
| (—1ykel ) (¢4 1p)E Y
= R (34 k)22t
(_ )k (t‘|‘ lh)(2k+1)
Sk (k+ 1) T (2k) 2342
e i (—1)F (¢ + 1r) Y
(2k + 1)! '
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The row on the right hand side of the last equality represents the decomposition of the function
sinpt. Therefore, the following equality is true

1
N 1
J%Jl(t) = \/};_r siny, (t + Qh) . (12)

Now, using (1), (6), and (12) we find the h-derivatives of sinpt:

00 (2k+1)
: 1 5 (=D (t+ 3h),
Dhsmh (t + ih) = Dh 2 (2k T 1)'

¢ 104

(—DFEE+1) (t+ 4% o
(2k)!(2k + 1) \

k 11\ (2k)
(=1 (t + ih)h
|
— (2k)!
1
= cosy, (t + §h) . @
2) Let us now consider the case when v = —%. By usin? e that

we get that @

(B (D ()
kTR (k+ §) 27212
A3 5o (3,

m 2k[(2k) 9 %4_2]@

k=0 22k

(2k)

I RN G RS 1))
B NG g 2k!
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The row on the right side of the last equality is a function cosy t . Therefore,

J_;h(t) = \/_\2/22 cosp, (t + %h) (13)

According to (12) and (13), we get a genera

,l) _1
2t, 2 1 2t, 2 1
y(t) = C4 V2 h s t —h) + 02\/_ h cosy, (t + §h).

NZS 2 VLS
The proof is complete. Q
Theorem 2.6. We define h- ann function for non-integers v (complex constant) by the
formula:
cosy (vm)dy p(t) — J_pn(t)
y t) = 3 2 14
7h( ) Sinh(l/ﬂ') ( )
and it is a solutio uation (5).
P 0 ng (1) we obtain the h-derivatives of the function (14):
DN (t) = %()DJ() —— DpJ_un(t)
hi¥uh siny, (vmr) hlult siny, (vm) hel=wh
cosp(vm) o 9
D3N, ————=Di Jyn(t) — = DiJ_,n(t).
h h( ) smh(mr) h ,h( ) Sll’lh(l/ﬂ') h ,h( )

Substitute equation (5) into

2 (—COS"( ) D2 gt — 20) —

D2J_,n(t —2h
sing (vr) b ,h( ))+

siny, (v7)
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1
+tp MDhJI/,h(t — h) — -—DhJ—u,h(t _ h) +
sing, (v) siny, (v)
(2) ( cosn(vm) B 1 o0
+t (smh( 7 Jyn(t —2h) — S (o) J_yn(t —2h)
cosp, (vm) 1 B
(smh(mr) n(t) sing, (vmr) J_”’h(t)> =0
Consequently:
COSh(Vﬂ') (2) 12 B B ) B o B
sing (o) (e Dt = 20) - 1n DTy (8= 1) + 67 Ju (£ = 2) =20 (1))

(45D DRI (t = 2) + ta Doyt — ) + 67T (t — 20) — 17

~ sing, (vm)
We know that functions (5) and (9) of the first kind in the form J, j( &

solution to the Bessel equation. Thus, we can say that the h-Neumann
equation (9).

Let v > 0 and

t) which is the
(15) is the solution to

1/+1/

plab] = {f /|f 2 af?
forVea,bel,. Q

The h-Bessel operator: In this article, we ider a discrete analogue of the Bessel operator, where
the h-Bessel operator has the following form:

tgl 2v— 1)

In addition, By, is a line

B + N &Bh(y) + BBh(f>7vya f € Ll%,h(a7 b)
Theorem 2.7. (Or

and eigenfuncti
eigenfunctions y(t)

iy of eigenfunctions). Let (A1,y) and (Mg, f) two pairs of eigenvalues
d A 9. Then, for both regular and periodic problems, the corresponding
are orthogonal with weight r (therefore (y(t), f(¢)) = 0).

Proof. The fi tatements follow from the definition 3 and (1)—(3) for Vy, f € L, 2(a,b), we
get th
t+h)B y(t + h)B t [ 1
(f(t+h) hy(()QV 1() )Buf(®)  _ p Dy(t)~=g=3y | St + 1)
; t
h - h
1
— Dy th(t)m y(t +h)
L th
[ 1
= Du |JO)Dwy(t) 3
[ b
1
— y(t)Dpf(t) (201 (15)
h
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and
h
f(t+h)B t+ h)Bpf(t 1
/ = () 20— 1() IO g1 [f(t)Dhy(t) (—20—1)
ty t
0
1 h
- y(t)th(t) (_21,_1)] (16)
173 0
And using (5), we see that
v— [ I
Buy(t) = 1™ Da| Dy (0) 55 | = —Abu(+ ) (17)
| o * \
and
(~2v-1p [ 1 \
Bpf(t) =t Dy, th(t)tz—l,l) M3 f(t+ h) (18)
- h
Now multiply the first of the obtained equations (17) and (18) by f(t)yuth econd by y(t), and find
the difference. The resulting equation is reduced to the followmg for
P+ W) Biy(t) =yt + WBuf(t) = 17" ”,D
—2v t+ h
(t+h)f t (t+h).
We can rewrite
t+h)B y(t + h) By f(t))
(F(¢+ B Buy(t) — y(t + h)By AP e
( 2v— 1) t;,/ 2v—1)
1
O - Dy [th(f)m] y(t+h)
th
= (A=At +h)ft+h) (19)
tgl 2v—1)
ay compute
1
— YOD ) )]dht
th
h
_ [ (f(t+h)Bry(t) —y(t + h)Brf())
- (—2v—1) dnt
0 th
/ 1
= /Dh [f(t)Dhy(t)t(_QTl) —y(t)th(t)t(_QTl) dpt
0 h h
= L —h —-0+0
h;;ml_l) th—2V—1) ’
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Here:
t=0=jun(0) =1 Dujuwn(0) =0
t="h= jun(h) =1 Drjun(h) = h
Therefore,
i h)B h)B / h)f h
[ B Sy B /yt+ t+m),
( 2v—1) (=2v-1)
0 th 0
and

It proves the claim.

A2 # M = (y(t+h), fF(t+h)) =0. 0\\
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YILH. Dymunes amomodazs. Eypasus yllmmon yr cumemi, Hyp-Cyaman, Kasaxeman;
usepcumemi, Kapazandv, Kazaxcman

KBanTThIK ecenreyneri Becceanb TeHeyi

ATEM JIBIK, (PUBUKAHBIH OapJIbIK JAEPJIiK MaHBI3/IbI CajlalapblHA
Tapra JKayamn Oepyre apHaJFaH OPTYDPJl eCenTepiiH Y/IKEH Ca-
b auddepeHInaIbIK, TeHIeYiHIH aHaJIorbl OOJIBIT TaObLIATHIH h-

Beccens dyHKusitapbia KoJgaHy,
KATBICTBI JKOHE ©3EKTI TEeXHUKA.
HBIMEH OaittaHbICThl. 2Ky
aNBIPBIM/IBIK TEHEY1 eHrisi
OPHEKTENUTIH OHBIH IIIe
VIIH JUCKPETTI aHAJQ
KaTtapMmeH Gepinre
eJIIITIIKTED a.

TTepi 3eprTenred. Beccenp dyukmusacet men h-Hefiman dymkmnusco
k{bepMystaiap TaObLIIbI, OJaPIbIH IIelTiMaepi h-6eJmeKk pyHKIUSACH t;la) 6ap

Kiam ceade b OyHKIUICH, MopuduKanusianran beccess dyHKIwsicol, Beccesb aflbIpbIMIBbIK TEH-
neyi, h-ecemnre HJIBI YKoHE h-06JIIeK (QOyHKITUASICHI.

C. aitvapaan', H.C. Tokmaram6eros!?, E. Afikprm!

epasutickuli HAUUOHANLHUY YHusepcumem umery JI.H. lymunesa, Hyp-Cyaman, Kazaxcman;
2 Kapaeanduncrutd yrnusepcumem umenu axademura E.A. Byxemosa, Kapaeanda, Kasaxcman

YpaBHeHne Beccesnss B KBAHTOBOM MCYMCJIEHUN

C ucnosp3oBanuneMm GyHKIUit Beccesst ¢cBsizaHo 60IBIITOE KOJTUYIECTBO CAMBIX PA3HOOOPA3HBIX 33189, OTHO-
CANUXCA ITPAKTUYIECKHN KO BCEM BaKHEHAIITNM pas3aenamMm MaTeMaTHUIeCKOn d)I/I3I/IKI/I U IPU3BAHHBIX OTBETUTDH
Ha aKTyaJbHble TEXHUYECKUE BONPOCHL. B cTaThe Mbl BBOJUM h-pasHOCTHOE ypaBHeHUe, aHajor nuddepeH-
UaJBHOTO ypaBHEHUsT Beccesisi, U MCCeyeM CBOMCTBA €ro PEIeH s, KOTOPhIe MBI BBIPAYKAEM C ITOMOIIIBIO
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meTtoga Ppobennyca, mpemosiaras 0000IeHHbIH cTerieHHo# psifl. Haiinens! nuckperHble GOPMyYIbI-aHATIOTH
st dysknun Beccenst n h-dynkmun Hefimana, pemreHust KOTOPBIX IPEICTABJIEHBI PsAJIOM € h-IpobHOIM
byuknneit t;f‘ . Kpome Toro, Mbl nmosmyunsn JuHeRHbIE 3aBHCUMOCTH MeK 1y h-dyukiusvu Beccenst Ha 1.

Kmouesvie crosa: dyuknnsa Beccens, mogudunmposannas yuknus Beccesst, pasnocrHoe ypaBuenne Bec-
cesisi, h-ucuucienune, h-mpouspoauas u h-apobHas OyHKIUU.

N
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