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The sufficient condition of embedding in the Lorentz space

In this paper considered the transformation of a series of Fourier-Price in the form k-th differe
Fourier-Price coefficients. In addition, obtained a sufficient condition the belonging of the
a two-parameter Lorentz space in the terms of Fourier-Price coefficients under the conditi
coefficients of the Fourier-Price the functions f is monotonely, Aga, > 0 and a forming seque
Price’s system p;,i = 1,2, ..., is limited, i.e. p; < ¢, p; > 2,7 € N.

ction f in
that the
of the
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Embedding theorems for function spaces appeared very early isjthe 80-ies X- century because
of the decision of mathematical physics problems. Then the theory ing function spaces has
been used in the other areas of mathematics such as the theomy of functional spaces, the approximation
theory, the theory of differential equations and etc. The stud§®of
ric series with monotonely decreasing to zero coefficients

T.M.Vukolova [1; 18], S. Bitimkhan [2; 3|. In this pape discuss the sufficient condition the
belonging of functions f to the Lorentz space in terms rier-Price coefficients under conditions
that the coefficients of Fourier-Price series of f is e Aga, > 0 and the forming sequence of
Price’s system is limited. For k=1 the sufficien on the belonging of functions f to the Lorentz

such that p; < ¢, p; > 2,9 € N. Suppose

space proved in the work [3; 105].
Let {pi :;of be any sequence of nat
% +oo
mo =1,m, = [[ pg, i € N. Every a& n decomposition: z = > %’ 0 <z <pp—1. This
se oflx =

k=1 k=1
representation is singular, if in th min, 0<k<my,ne N,k e N, to consider that the
expansion with the only finite nyguon-zero ry. Any natural number n is singular represented in

T
the form n = 3 npmy , where n, & integer numbers; 0 <ng < pg1—1,k=0,1,2,....

k=0

We define the se ofyPrice functions [4; 31]:
2miTp4
=1,P4(x) = om, () =exp ——,k=0,1,2, ...,
Pr+1
where zy, the,decomposition of point . For any natural number n suppose that
s T
on (@) = [T @r@)]™ = [T lom, ()™
k=0 k=0

say that the function f () belongs to the Lorentz space [5; 216] Ly[0, 1], if
1
; 1 7
[
1l = E/tp_l () dtp < +00,1<p < +00,1< 8 < +ox,
0

and
1
1£]lyoo = Supt? f* (t) < 4001 < p < +00b = +00
t>0
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where f* (t) is non-increasing permutation of function |f(z)|, = € [0, 1].

+oo 1
Fourier-Price series of function f € L[0,1] is called series Y ave, (), where a, = [ f(z)p,(x)dz—
v=0 0
Fourier-Price coefficients of function f(x) by the multiplicative Price systems.

Let {a,,}:r:o‘g) , s non-negative monotone sequence of numbers. The first difference of the numerical

sequence {al,}jig we shall call the value Aja, = a, — a,11, and the k-th difference value Aga, =
= A1(Ag_1a,). We will consider Aga, = a,.

If {ay}jg) is non-negative sequence of numbers, then on the k-th difference value Aia ing
the method of Pascal’s triangle we can write it in the form
k .
Aty = Y1 Cla
j=0

where C,z = ],(kk—lj),, 0! =1 is called binomial coefficient.

n—1
Let D,(x) = > ¢(x) is the Dirichlet kernel. We introduce theyollowing tions
k=0

n—1

n—1 ’
DY(z) = gu(x), DV () = Dnl2) = > (@), DY (x DY D(z),k>1,n€ N,
v=0

#) > o > 1,V € Z*. Then for

Lemma 1 [6]. Let the sequence {z(1)},/% such th 0)% 1, =5

number ¢ > 0 and the sequence {a;}; 25, ax > 04 holds

Statement 1 [7]. Let D, k() is Price system’s Dirichlet kernel and 1 < p < +o0,

1 < 0 < +oo. Then C;Gnl
on the n € N.
Let’s present

_1
cpgnk Pl<p<+oo, 1<l <+o0.
proof the statements we use the method of mathematical induction. Let’s make sure
e first inequality is true. When k = 1 due to the properties of the system Price we have

n—1 n—1 n—1
D ooe(@)| <D Ter@) <D 1=n.
v=0 v=0 v=0

Now we show the validity for k = 2

DM (@)| =

n—1 n—1 v n—1
DP@)| < 1DP@) 1< XN a1 Yov < oo
v=0 v=0 s=0 v=0
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When k& = 3 by applying the previous inequality we obtain that

n—1 n—1 n
1 1 1
DO@)| <3 1 DP )< 53 vt = §/z2dx < zn
v=0 v=0 0

Suppose that for k — 1 is performed ’Dgc_l)(x)’ < ﬁnk_l. Then
n—1 1 n—1 1 n 1
() _ (k—1) k-1 _ k-1
PP =31 DI ) < gy S —(k_l)!/x dz < 4.
v=0 v=0 0
Now we show that correctness of the second inequality. When k = 1 is obvious 2. Using
the proposition 1 we can to prove the relation easily
n—1 n—1 1 L
=] <E e (€04
v=0 o v=0
When k& = 3 by applying the previous inequality we obtain that

n—1 n—1
- [Eee] <E el

v=

ot

n—1
=3I < 6
»o v=0

_1 _1
HD7(L3) » < cgen?’ P,

(k k—1

1
Let’s suppose that when k — 1 is performed ‘ Tl <p<+4oo, 1 <0< +oo.

Then
n—1 n—1 L N
~ j: k—1—= _ k—=
V ‘ S Cp0 ’ p S pg )
po
v=0

k-1

< CpoT

3

e

Hn—l
o= [0
»o v=0

The statement is proved.

Lemma 2. Let {a,}5 the sequénce of positive numbers and Ay_1a, = > (—1)jC’,Z_1aV+j, where
5=0
. +oo
cl, = % Then r-Price series Y a,p,(x) of the function f € L[0,1] can be

v=0

400
represented as »_ A

If for each
then also Aia

g e sequence {al,}jzo?) satisfies the conditions a, > 0 and a, | 0, v — 400
+o0 for Vk € ZT. We could see it easily in the following

k k
lim Aga, = lim Z(—l)jC’iaUH ZZ(—I)jC'i

v——+00 v——+00
Jj=0 Jj=0

lim a,4+; =0.
v—+00 vt

heorem 1. Let the sequence of Fourier-Price coefficients of the function f(z) by the multiplicative
Price"8ystem {ay}j‘:xa is monotonically tends to zero and Agpa, > 0 for some natural number k& > 1
and Vv € ZT. Besides of it the forming sequence of the Price system {p; ;Lzof is limited, i.e 3c € N :

1 +o0
pi<cpi>2,1>1,my=1m,=[]piand f~ > a,p,(x). If the series

=1 v=0
+o0 ']
k6—= 0
E mlﬁ_lp (Ak—lamu) 7A0amu = Gmy,,
pu=0
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converges, then the function feLy0,1,1<p<4o0,1<6<400.

k6— 9 0
Proof. Let the series Z m, (Ak 1Gm, ) converges. Suppose mg = 1,m, = [[ p.
n=0 k=1

! Juones o ]

EC[01]|Bl=| 7 mlﬂ} E

< sup DY
BC[0,1],|B|= [m - mH]E n=0
my4+1—1
k-1
= Y Aca|pl w)
EC[o,1], |E|—[m - mﬂ 2 n=0
+ sup Z Ap_1an n+1 1+ 1

EC[0,1],|E|= [m - m;“ T =M
Applying the proposition 2 we obtain that

I = sup %n 7(}1:41) d:l} <
EC[0,1], \E|—[
Mu+1 mu
1 M 1
k! mu+1] N
my+1—1

n=0

= 1_1 (k—1) * 1_ L
= Z Ar_1a, xp 0 [Dn—l-l (:L")] z? 0V dr <
n=mu+1 1
a1

|

°|

= -
R

=Myl
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; Z Ak_laanf:ll) (x)
EC[o,1], |E|— =i mu [ T (A e
/ZAk van [ DU )| i =

n(n + 1)]’“_1 < ckm;_lirl Z Ag_1an(n + 1)’“_1
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S (k=1) A
= Z Ag_ran || Dy H ) @a:p’ ) =
N=Mp+1 Mpu+1
/ 9/ i
1y & too L
P o7 k1 1 I 1 I
P £ st {0 () -
— po my, My+1
/Y A7 0 ¢’ +oo 1
2 G (k—1) -
{5 (har) 3 s ot m <
N=Mut1 P
; = k—1-1
Sdgmby Y Apgan(n+ 1) (2)
n=mpu41
Considering 3¢ € N : pr < ¢, pr > 2, k > 1, inequalities (1), (2) and Le g

+
/ Dgrll)(x)’ dx | dt =
EC[O,l],\E|:[ L_ 1\ p n=

o0
Ak:—laln
0

Myl mp

my41—1

sup / Z Ap_1an
n=0

EC[O,l],|E|:[ 1 1 }E

D¥ D (@) | dz+

M1 My
6
+o0o
k—1
+ sup Z Ar_1a, D,(LJrl )(a;)‘ de | dt <
_ 1 1 n=my+41
BBt k| B =
0 6
400 mput1—1 0 +00
< -0 A k-1 » 0 A k=1
< Cpokz My, Z k—1an(n+ 1) +mp Z k—1an(n+1)""r X
n=0 n=0 n=my+1
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1
mp
A
X tr dt = - -1 =
/ Pkg(p—1) [p““
1
Mp41
+o0 mut+1—1 ’ 0 oo

n=0 n=0 n=my41
0
+oo o M1l +00
Scr ) D_mudi | D Akan(m+ DT 40
pn=0 n=0 u=
Using the Lemma 1 we get the following
+oo 5 [mutr—l 0 +oo 4
Zmufl Z Ap_jan(n+ DEL] = Zmlﬁ’fl Ap_1ag
n=0 n=0 pn=0
too [ J
= Zmuil Ap_1ag + Z Z Ap_ja;(7 + 1)’“ k—1an 4 0, n — 400) <
pn=0 n=0 j=mn,

0

+
8
o}
/<Ei
(e}
3
3 o
T
R 3 -
3 |
g
<
_|_
=
El
L
fes)
VAN

0
. 1% +oo 0
_ —-+ko 0
/Hﬁl (Ak_lag + ¢k Z Ak_lamnmﬁﬂ) < 0229 1 Z mufl (Ak_lamu) .
pplying Holder’s inequality, when % + % =1 and

+00 o0

! / ’ _0/ _l
> 0+ s [ @) 0 D) = eom, LY,
n=my+i m‘u+1_1
= [/ ko—2 -1 Log e 0 ko—"?
e | L
Y Bea) DT =YY () (D) <
n=my+1 N=p j=mn41
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“+o00 omn+2_1 » 0
. —2_q
<D (Apmgamen)” Y G
n=up J=Mnt1
—+o00 , Mn42 0 0 ) “+o0 0 kH—Q
< Z (Ak—lamn—O—l) / (+1)7 7 dz+1) < Ck@pz (Ak—lamrH—l) My "
n=p M1 n=p
we obtain that
4 0
—+00 —+00 - —+00 —+00 po 11
S| Y smer ) = acmmrnti i) <
p=0 \n=my41 p=0 \n=my41
oL
400 +00 P 0 o 400
<D0 X (M) ) > (n1)
=0 \n=mu+1 =Mt

0 +o00
7

S e (183 0
< z:cmn“Jrl Z (Ak_lan) (n+
p=0

= n=mpy+1 -’
+oo o

+oo
=S am 6N S (Apa) () < g
n=0

n=mp41

—+o0
1) A o ko-2 B
E :( k—lamn+1) mn+1 -

n=p

“+o00 g N —+00 0
_ A o ki—p —(0- <z A o k-
= Cokp Z ( k—lamn+1) Myt Z Myt = Cokp Z ( k—lamn+1) Mpt1 -
n=0 ©n=0 n=0
So considering the ratio Ag_1am,,, < 3 N we finally obtain

1
+oo @ 0 +oo 0 ko 9 3
" 0—1 _ “p
||f||p9 < Cpok 2 Z +1 k—lamu) + Cokp Z (Ak—lamm-l) mn-i—lp <
n=0 n=0
+oo 0 0
—-+k0 9
ko 3 DMt (Dkoiam,)
n=0
. , ko 0 .
Hence if the se ) (Ak_lamu) converges, then the function f € Ly[0,1],1 < p < +o0,
1<0<+ theorem is proved.
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A.©. Bumenuna

JlopeHIT KeHICTiriH/Ae eHTi3y/iH »KeTKIJIIKTi 113

Maxkanaga @ypoe-Ilpaiic koabdunmenTrepiniy k-1 perti aftbipMaaapbl T,
TapbIHBIH, TYPJeH1ipyl KapacTeipbuiabl. ConbiMen karap f YHKIUICHL Y
KO3(ddurmerTTepi MOHOTOHIBI, Aka, > 0 x)oue IIpaiic xKyiieciHig Kyp
SaFHU, P; < ¢, pi > 2, 1 € N bomraH xKarmaitna f QYHKIMSCHIHBIH, €Ki

Dyp JIC KaTapbIHBIH
ri Pi, 1,2, ... aKbIpJIBI,
Jlopewnrr kenicririne
€HTi311yiHiH »KeTKIIIKT] IapThl TaJKbLIaH/IbI. J

A.Y. Bumen

,Z[OCT&TO“IHOG yciioBue BJIO2K POCTPaHCTBO ﬂopeHua

afica B Bujie k-oif pazHocTH KOI(DDUIIMEHTOB
Oypoe-Ilpaiica. Kpome Toro, ycranoBiaeHo CJIOBUE TIPUHAJIEKHOCTH (PYHKIWMU f B IByXIa-
paMeTpuYecKoe mpoCcTPpaHcTBO JlopeHrr

cucrembl llpaiica p;,i =1,2,..., or a, TO eCTb p; < ¢, pi > 2,1 € N.
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