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On the stability and instability of the basis properties of root functions
of the Schrodinger equation with nonlocal perturbations of boundary condition

In paper Samarsky-lonkin spectral problem for the Schrodinger equation with an integral perturbation in the
boundary conditions is considered. It is assumed that the unperturbed problem has a system of eigenfunctions
forming Riesz basis in L, (0;1). It is shown that the basis property of the systems of root functions of a prob-

lem can be varied under any arbitrarily small variation of the kernel of the integral perturbation.

Key words: asingularly perturbed problem, integral-differential equation, regularization of the problem, itera-
tive task, the asymptotic convergence.

We consider the operator L,, defined by the differential expression
Lu=—u"+q()u =hu,x € (0,1),q(x) € C[0,1] (1)

and regular but not strongly regular boundary conditions [1] with an integral perturbation
U, (u) = a,u'(0) +a,u'(1) + a,;u(0) + a,,u(1) = 0;

1
- 2)
U,(u)=a,u(0)+a,u(l) = IP(x)u(x)dx,P(x) eL,(0,1).
0
Here U, (u) are the independent linear forms with complex constant coefficients satisfying the condi-

tions of unboosted regularity
|a11| + |a12| #0,q,,a,, +a,,a,, =Ha,,a,; + a,,a,, ] # 0.
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In the paper [2] it is proved that the system of eigenfunctions and associated functions (E@AF) of (1),
(2) forms Riesz basis with parentheses for any integral perturbation of boundary conditions, and with strong
regularity of the boundary conditions E@AF form a Riesz basis. In the particular case of the integral pertur-
bation of periodic boundary conditions for the operator of multiple differentiation instability of basis proper-
ty E@AF were investigated in paper [3].

We note that in [4] the stability issues of the basis properties of the periodic problem for the loaded
equation with the load of form p(x)v(0) were studied.

There is the following theorem

Theorem 1. Let the unperturbed operator L, (when p(x)=0) has eigenvalues A and E@AF forming
Riesz basis in L,(0,1). Then the characteristic determinant of the operator L, with perturbed regular bounda-
ry conditions (2) is represented as

) e B MO | e—Fe)
A=A, 1 ;akolk_kg (HLZ)Z] 245 0 J 3

where A (L) is the characteristic determinant of the operator L;; V;(v) are homogeneous linear forms that

occur in the construction of the boundary conditions of the adjoint unperturbed problem Ly; {v! v} are
E@AF of the adjoint unperturbed problem; a,,,a,, are Fourier. coefficients of the bi-orthogonal

decomposition of the function p(x) under this system

P00 =Y [agv!, +agvl, I @)

k=1
By virtue of the obtained representation of the characteristic determinant of (1), (2) we will obtain the as-
ymptotic behavior of the eigenvalues, and we can draw conclusions about the stability or instability of the basis
property of the system E@AF for different cases of the unfortified regularity of the boundary conditions.
Let us assume, as an example it is the perturbed 'Samarsky—lonkin problem for operator of multiple dif-
ferentiation, that is, when ¢(x) =0,

w'(0) ='(1),u(0) = | p(Xu(x)dx; (2 a)

' (0) = (1) + jﬁu(x)dx, u(0)=0, (2 B)

when p(x) e L,(0,1).
One of the features of these problems is the fact that adjoint problem to (1)—(2a) and (1)—(2b) are the
spectral problem for the loaded differential equations

I'(v)==v"@) + p(x)V'(0) = Wv(x), () = V(1) = 0,7, (v) = v(0) - v(1) = 0; (2a’)
F(v) =="(x) + p(X)V(0) = (), V,(v) = V(1) = 0,7, (v) = v(0) = v(1) = 0. 287)
The characteristic determinant of the problem (1)—(2a) is
N — k
Al(x)zAO(x){lwﬁn; apy m} (3 a)

the characteristic determinant of the problem (1)—(2b) is

Al(k)zAO(k)-{l—%/E-i(na_# a, LH (3 B)

+ . .
STk’ A= k)
when

A,(N)=1- cos\/x,
()= a 242 - (1-x)-sin 2kmx +Y_a,, - 44/2 cos 2k (4 a,8)
k=1 k=1

The function A, (L) represented by the formula (3a) and (3b) is an entire function the variable A.
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From formula (3a) we have two series of eigenvalues of the perturbed problem (1)—(2a)

2
— 1
MY =0 = (2km)’; 0 {”‘“ako (ﬁi’(ﬁm '

We note that systems E@AF of the perturbed problems (1)—(2a), (1)—(2b), and the system E@AF of the
unperturbed Samarsky—Ionkin problem (forming Riesz basis) differ from each other only by a finite number
of the first members. Consequently, the systems E@AF of the perturbed problems (1)—(2a), (1)—(2c) also
form Riesz basis in L, (0,1).

The set of functions p(x)that can be represented as a series (4ab) is dense one in L, (0,1).

Theorem 2. The set of functions p(x) € L,(0,1), such as systems E@AF of the perturbed problems (1)—(2a)
and (1)~(2b) form Riesz basis in L, (0,1) is dense one in L, (0,1).

Obviously, the set of functions p(x) el, (0,1) that can be represented as a series (4aB), whose coeffi-
cients are asymptotically (that is, starting from some number) have the property a,;, =0,a,, #0 will be

dense one in L,(0,1). Hence to prove the theorem it is sufficient to show that for-such functions p(x) the

system E@AF of the problem does not form the usual basis.
Let j is the large enough number, so that a;, =0,a, #0. Then from (3a) it is.not difficult to see that

k(/). = (2 jn)2 is the single eigenvalue of the problem (1)—(2a). By direct computation it is easy to obtain that

U (x) =+/2sin2 jmx is the eigenfunction of the spectral problem (1)—(2a) corresponding to this eigenvalue
2

and "u/.0 (x)" =1.

Let us find eigenfunction of the adjoint problem (2a*) corresponding to eigenvalue 7»3 = (2 jn)z. Pre-
senting the general solution of the loaded differential equation from (2a*) when L#£0 by the formula
sin(ﬁ (x- a))dg

Jr
and satisfying its boundary conditions (4), we obtain a linear system for the coefficients C,

{—\/isin\/iJrﬁjp(&)cosx/ﬁ(l—ﬁ)dﬁ}q - Xcosx/iCz =0,

v(x)=C cosvx + €y sin\/ierv(O)jp(i)

[1 “eos -~ [ p(&)sina (1 é)dé}q —sinv/A.C, =0.
When A = A =(2j1t)2 we have

Cljp(i)cos2jnéd§ +C,=0;
’ (5)
clj p(&)sin2jned& = 0.

Computation the integrals appearing in (5) gives
1 — &2 k
jp(g)coszjngd&_, =224, + Y “Za,———, when j>N;
v k=Lkz=; T k™=
1 . 2 — ,
.[p(é)s1n2jn§d§ == 0= 0, when j> N.

0
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From Young's theorem 5; [theorem 276] it follows that lim Z

Ay 2
I ke _k

= Q(izj From system
—\J

(5) expressing C, through C, we get C, =-C, {2\/§a_ﬂ+g(%ﬂ when j > N.

Therefore, for all j > N with a,, =0, a, #0,eigenfunction of the adjoint problem (2a*) has the form

v,e(x)=C [cos2jnx—[2\5a_ﬂ+Q(%J}sin2jnx+jp(§) sin(2jrc(x— &))dé} 587)
\J 0

2jm
In order to show that the basis property of the system E@AF of the perturbed problems.(1)—(2a), (1)—(2b)
are unstable for an arbitrarily small integral perturbation of the boundary condition (2a), we will find the
eigenfunctions of the problem (1)—(2a), and for the boundary condition (2b), we will find eigenfunction of
the adjoint problem (2b*) corresponding to the eigenvalue lg =(2jm)’, that is

a
u. (x) C COS(2]TUC)+£ 1—\/E L £ o7 2
a, 4 j TS gk

k#j

sin(2jnx) ¢, 5a)

vjo(x)zCl{cos(ercx) [2\/5 a, +0[ Hs1n(2]nx)+f (ﬁ)sm(Zjn(x—E,.))di} 58°)

2jn

We choose constant C, from the condition of biorthogonality (u 0 (x)v (x)) =1. Then we have

{\/_{2\/_01 +O( ]+I\/§sm2]nxdx]p mn(Zjn(x—E_,))diDzL

2jm

Using Holder's inequality to the integral summand, when j — o« we obtain estimate

1 : 2jr(x=8))de| _ I
V2 sin 2 jmds [ p(& sm( (e 2d§=0(—j.
Then C; {ﬁa ot Q(iﬂ =1.. Therefore C,, =; — o, when j—o because the
—\J

V2a 1 "'9(1]
—\J
Fourier coefficients belong class @, €/,. Estimating v, (x) in the norm Z, (0,1) we get

C, {zﬁa NQ(%H sin 2 jmox + J{P(i) sin(2m(x - i))di” >

Sofd)l]

Hu /'OH HS /'OH =00, Namely the condition of the uniform minimality [6] of the E@AF

“vjo ” > Clj ||cos 2chx|| -

Consequently ‘im,

system is not performed and, therefore, the system does not form a regular basis in L, (0,1). We formulate

this fact as
Theorem 3. The set of functions p(x)e L,(0,1), such that systems E@AF of the perturbed problems

(1)~(2a) and (1)—~(2b) do not form a regular basis in L,(0,1) is dense one in L, (0,1).
Remark. Adjoint operators simultaneously have Riesz basis property of root functions. Hence we obtain
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Corollary 1. The set P of functions p(x) elL, (0,1) for which the system E@AF of problems (2a*) and
(2b*) for loaded differential equation forms a Riesz basis in L, (0,1) is dense set in L, (0,1). The set
L, (O,l)\P is also dense L, (0,1).

The results of the present work, in contrast to [2] demonstrate the instability and stability of the basis
properties of root functions of the problem with an integral perturbation of the boundary conditions, which
are regular, but not strongly regular ones.

In conclusion, the author expresses his gratitude to the corresponding member of National Academy of
Sciences of Kazakhstan, doctor of physical and mathematical sciences, professor M.A. Sadybekov for fruit-
ful discussions of results.
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H.C.lman6aeB

Beiljiokanabl TOAKBITHUIFAH HIETTiK WIAPTTapMeH Oepinren Llpennnrep
onepaTopbIHbIH TYOipJik pyHKIMSIJIAPBIHBIH 023UCTIK KaCHeTTEPiHiH OPHBIKTBLIBIK
’K9HE OPHBIKCHI3ABIK MaceJieci

Makanana Ilpenunrep omepatopsl yiniH KoWbuiraH Camapckuii-MIOHKMH crekTpanabl eceOiHiH MIeTTIK
IIApTTApBIHBIH OipeyiH MHTErpadl apKbUIBI TOJKBITY OAapbICBIHAA OHBIH MEHIIKTI JKOHE TipKeNreH
(yHKIMSUTApBIHBIH KYHECiHIH 0a3MCTIK KaCHEeTTepiHiH e3repy cumatsl 3eprrenreH. lllpexunrep omeparopst
ymin ko¥suwran Camapckuid-MOHKAH. CHIEKTpasiAbl eceOiHIH MEHIIIKT] XKoHe TipKeNreH (YHKIMSUTApBIHBIH
L,(0,1) xeHicririnae Pucc 6a3uCiH KYpaThIHABIFBI 1AM IeHIeH. Peryapsl, 6ipaK KYIIEHTIIreH perynsapibl
eMec OONaThIH IIETTIK IIAPTTapAarbl MHTETPAIIBIK TOJIKBITYFA OAiIaHBICTBI, TYOIpIiK (YHKOUSIIApABIH
0a3UCTIK KaCHETTEPiHIH OPHBIKTHUIBIFEI MEH OPHBIKCHI3IBIFBIH OCBI JKYMBICTBIH HOTIDKEIIEP1 Joenaeni.

H.C.lman6aes

K Bonpocy ycToOH4YHMBOCTH M HEYCTOMYMBOCTH CBOMCTB 0A3MCHOCTH KOPHEBBIX
¢ynxkumii oneparopa lllpeauHrepa ¢ HeJIOKAJIbHBIM
BO3MYIIICHHEM KPaeBOro yCJ0BHs

B cratpe mccnenoBaHo n3MeHEHHE 0A3MCHBIX CBOMCTB CHCTEM COOCTBEHHBIX M IPHCOEAMHEHHBIX (DyHKIHIT
(Cull®) npu MHTETpAIFHOM BO3MYIICHIH OJHOTO U3 KPAaeBBIX YCIOBHII CIIEKTpanbHOH 3agaun CamapcKoro-
Nonxuna s onepatopa llpenunrepa. Jlokazano, uto cuctema Cull® cnekrpansroii 3agaun Camapckoro-
Honxuna ans oneparopa IlIpemunrepa obpasyer 6asuc Pucca B mpoctpanctse L,(0,1). PesymbraThl Ha-

CTOSIIIEH PabOTHl AEMOHCTPHPYIOT HEYCTOMINBOCTD M YCTOWYMBOCTH CBOHCTB 0a3MCHOCTH KOPHEBBIX (DyHK-
Ui 3a1a4 IPU UHTETPAIbHOM BO3MYILEHUU KPAaeBbIX YCIOBUH, ABISIOIUXCS PETYIIPHBIMH, HO HE YCUIICH-
HO PETYISAPHBIMU.
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CTa0MJIbHOCTHBIE CBOMCTBA KOMIIAHLOHOB MO3UTHBHBIX HOHCOHOBCKHUX TEOPU i

B craTbe paccMOTpPEeH NO3UTHBHBIN aHAJIOT KOHEYHOTro o -hopeuHra misi A — M-teopun. ITokazaHa 3KBHBa-
JICHTHOCTH CTA0MJIBHOCTH IIEHTPATHGHOTO TUIIA TaKOW TEOpHH (hOPCHHI-KOMIIAHBOHOM IIPH YCJIOBHH COBEp-
IIEHHOCTH U MO3UTHBHOW 3K3MCTEHIMAIBbHON MOIHOTHI IIpu HM3yd4eHNH cTaOWIbHOCTHBIX CBOMCTB TEOPHH
BaXHYIO POJIb UrpaeTr noustue Qopkunra, BeegeHHoe C.lllenaxoM NMpH M3y4EeHHH CIIEKTPAIBHBIX BONPOCOB
TOJHBIX Teopuil. MoHCOHOBCKHE TEOpHH, BOOGIIE FOBOPS; HEMOMHBL, ABTOPOM CTAThH HPUBEIEHBI HEKOTO-
pble pe3ysbTaThl OTHOCUTENIBHO aKCHOMATHYECKOro 3aJaHus ()OpKUHTa Ha ciaydalk A — M -Teopuii, KOTOpbIE
SBJISIFOTCS TIO3UTUBHBIM 0000ILIEHHEM HOHCOHOBCKHX TeOpHi. TarKe pacCMOTPEHBI NOHATHE LEHTPAIBHOTO
THIIA TIPU HEKOTOPOM OOOTaIlleHUH CUTHATYPhI U CBfA3b LIEHTPAJIBHOTO THIA ¢ caMoii Teopueil. C moMoIbo
CHHTAaKCHYECKOTO TO00Ms BBISIBICHB! HHBAPHAHTHBIE OTHOCUTEIHFHO CEMAaHTHUECKOTO TOI00HST HEKOTOPhIe
CTaOUIBHOCTHBIE CBOMCTBA B Kilacce A — M/-TeopHid.

Kniouesvie crnosa: WOHCOHOBCKAsI TEOPHs, SK3UCTEHIIMATGHO 3aMKHYTasi MOJETb, (DOPKHHT, IEHTPAIbHBIA
THTI, CHHTAaKCHYECKOE U CEMAaHTUIECKOE T01001C HOHCOHOBCKUX TEOPHI.

OCHOBHOH 1IeNBIO JaHHOW PA0OTHI ABJISIETCS JaTh OCHOBHBIC MTOHATHS M PE3yJIbTAThI B CBSA3H C MTOHATH-
eM KoHeuHoro Qopcunra Poomncona [1, 2] 11 mo3uTHBHBIX HOHCOHOBCKUX TEOpHil. Bce OCHOBHEIE CBefe-
HUS O TIO3UTHBHBIX HOHCOHOBCKHMX TEOPHSIX MOXKHO HaWTH B [3].

HamomanM, kak cTpositcs 0a3uCcCHbIE MHOXKECTBA IS MPOU3BOIBHBIX CYETHBIX TEOPHUIl C MOMOIIBIO He-
KOTOPOTO 00001IeHNs. B CMBICIIE KBaHTOPOB KOHEYHOTO (opcunra Pobuncona B [3, 4]. B cBsi3u ¢ pesynbra-
TaMH paboTHl [5] MBI MOXKEM C TOMOIIBIO MO3UTHBHOM MOPJIM3AaLMU yKa3aHHBIC BBIIIE MOHSITHA CBECTH K
B"(At). CyumecTBeHHBIM SABISETCS TO, YTO BO BCEX ONMPEIENEHUX, KACAIONIMXCS KaK MOJIENIEH, Tak u Bop-
MYJI, MBI OyIeM UMETh JIeJI0 B Ka4ecTBe MOP(U3MOB JIHIIb C TIOTpYKeHUsMU. B [6] ObUT BBelleH Kiacc Teo-
PHIA, KOTOPBIHA B TIEPECEUCHUH C KJIACCOM HOHCOHOBCKHMX TE€OpHiH 0000IIAeT ero, a Takke COACPKUT 0000-
UleHHBIE HOHCOHOBCKHE TEOpHH, BBeAeHHBIE B [4]. MIHTepecHO paccMOTpeTh CBSi3b (OPCHHTA Ui TaKHX
KJIACCOB TEOPHH, KOTIa MBI paCCMaTPHUBAEM TOJIBKO MOTpyXKeHHs. HarmoMHUM ofpe/ienieHne 3Toro Kiracca.

Onpeoenenue 1. Teopuss T Ha3bIBaeTCs A -TIO3UTUBHO MycTapUHCKOH (A - PM )-TeOpHeid, eciu:

1) Teopust T uMeeT OECKOHEUHbBIE MOJIEIIH;

2) teopust T siBisiercst [, -akcHOMaTH3UPyEMOi;

3) reopust T momyckaet A - JJEP;

4) reopust T pmomyckaer A - AP.

HazoBem Teoputo A -mycraduuckoi (A - M )-Teopueil, ecnu B ompenelieHHH | paccMaTpUBalOTCs
TOJIBKO MOTPY>KEHHS.

Ilycte L — s3BIK TEepBOTO MOpsinka. A¢f e€cTb MHOKECTBO aTOMapHBIX (POPMyN MAaHHOTO S3bIKA.

B"(At) — 3aMKHyTOE€ MHOXECTBO OTHOCHMTEIBLHO MO3UTUBHBIX OYJIEBBIX KOMOMHALMHA (KOHBIOHKLUS H
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