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Abstract—1In this paper, we introduce a new class of function systems generalizing the sical
Faber—Schauder system. Under the condition that the generating sequence is bounded, we‘Show
that systems of such a class constitute bases in the space of continuous functions an 0
properties of series expansions of functions in these systems.
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In 1910, Faber [1] constructed a function system, which, i 7, was rediscovered by Schauder [2]

and is now called the “Faber—Schauder system” (see also system, consisting of continuous
piecewise linear functions, is one of the simplest bases in th continuous functions on [0, 1].
More recently, various properties of the series expansions ions in this system were studied by a
number of authors [4]—[9].

In the present paper, we introduce a new class ©40
Schauder system.

Suppose that we are given a sequence
n=12....

Setm,, =pop1-- pn,n=0,1,2,... .

there exists a unique expansion

k=my+r(pp+1—-1)+s

where 0 < ag(z Q\d ay(x) are integers.
Any integ Q niquely expressed as

1
n=0,1,2,. r=0,1,...,m, —1, s=1,2,...,pp41 — L. (1)
@ s the function system O{p,} = {pr(x)}32y, = €[0,1] in which po(z) =1, p1(z) =z,
1],
2miSs 1 (x
(Mp412 — Ppiar — ant1(z)) exp ’ ’:1( )
n+
1- exp(2ﬂ-i3an+l(x)/pn+1) ror+1
— A(8) _
()Ok(x) = ()On,r(x) = + 1— eXp(QTriS/pn+1) ) z € My’ My \ Q, (2)
_ [ ror+ 1]
07 T e ) )
\ mn mn
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576 AUBAKIROV, BOKAEV

where k > 2 and n, r, s are defined in (1).

Using the fact that the set [0, 1] \ @ is everywhere dense on [0, 1], we extend the function @gfzn(x) by
continuity to the interval [r/my,, (r +1)/my].

Thus, the system ®{p, } is completely defined and consists of continuous piecewise linear functions.
Forp, =2,n=1,2,..., the function system ®{p,, } coincides with the Faber—Schauder system.

Consider the following series in the system ®{p,},

o o0 mp—1Pnt1
Z arpr(r) = aopo(x) + arpr(z Z Z Z al)l o) (x)
and suppose that 1t is convergent at each point of the mterval [0, 1] to some function f(g). Then t

coefficients ay, are uniquely defined by the function f(x).
Indeed, it follows from (2) that

ag = agpo(0) = Zak%(o) = f(0),

ao + a1 = appo(l) + arpi(1 Zakﬁok =(1), (4)

because pr(0) = 0forall £ > 1 and ¢x(1) = 0 forall k > 2. Hence
m = £(1) - 1(0)ad
Butii k > 2, then a; = a) (see (1)) and, for k such that
My +7(Ppe1 — 1) <k <my + 41— 1),

the following system of linear equations is valid:
Pn4+1— 1 R

(5) 2misl
S 0y e

> R + 1 r R+1
Z ak@k Tnn +
= 1 mn+1 mpy Mp+1

1
=f< N n- f(mn)+<R+1>f(Tnjn ) e
where R =10,1,...,pn+1

By elementary tra@ , the system of linear equations (5) can be reduced to the following
+

system of equations
anlexpzmSR:f(r +R+1)_f<r N R )
’ mn Mn+1

s Pn1 (6)
%, D))

R=0,1,...,pni1 — 2.
e determinant of system (6) is the Vandermonde determinant and is equal to the following

expression:
( 27il 27rz'l<:)
[T (e0™ —exp™ ™),
1<k<l<ppi1—1 DPn+1 Pn+1

which is not zero.

Thus, for a fixed n and r, the coefficients aﬁil, s=1,2,...,pnst1 — 1, are uniquely defined by the
system of equations (6).
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A NEW CLASS OF FUNCTION SYSTEMS OF FABER—SCHAUDER TYPE 77

Theorem 1. Supposethat f(x) € C[0,1] and f(x) can be expanded in a series in the system ®{p,},
ie.,

= a(f)er(z)
k=0
Then, the coefficients ai(f) = 7(12«( f) (see(l))satisfy the estimate
2w(1/mpy1, f)
(S) < n+1,
|an,7‘(f)| — (Sln ﬂ/pn+1)pn+1—2 .
Here w(9, f) is the modulus of continuity of a function f € CI0,1].
Proof. Suppose that n and r are fixed, n=1,2,..., r=0,1,...,mp_1, an 1, k> 1.
Denote
271
= — (S)
A =exp A an,T
bR:f(r—i—R)—f(r ) J T—i-l
mp Mp+1 mp Mp41 mn

where R = 1,2,..., k. Then, in the new notation, the systeg o tions (6) takes the following form:

(21 + @9+ +ap = by,
Axy + Nxg + - -
N2z + Mg + - -

1
A2 G
SLENST N E | Y

AF—1 )\2(k—1) )\k(k—l)

ald ebv y, A8 not zero in our case. Therefore, this system of linear equations has a unique solution,
@ an und by using Cramer’s rule.

ppose that the determinant A; is obtained from the determinant A by replacing the jth column by
a colttmn composed of constant terms. Expanding the determinant A; according to the elements of the
jth column, we obtain

where the A;; are the cofactors of the elements of the determinant A.
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Consider these cofactors

1 1 ... 1 1 U |
A DL Vi pYAE T U
A2 A 20D A20+D) L \Zk

Aij:(_l)i_’_j . . . . . . .
A2 N\26-2)  AG-DE=2) Z\GHD(E=2)  y\k(i-2)

p\ D\ L AGHDE ki

A=l A20k=1)  \G-D(k-1) \GHD(E-1)  \k(k-1)

= (1) 1T (' =X,

1<s<I<k,s#j,1#]

O, M\ taken k —
_;1s 1. The number of

where o,_; is the sum of all possible products of the numbers X, A2, ., .
at a time (see[11, p. 40]). Since |A| = 1, the modulus of each term in

terms in the sum oj_; is equal to C,’::i, i=1,2,... k. " Therefore,
|op—i] < CF7i J (8)
Now consider the ratios

H1<s<l<k s;éj,l;é] )‘ - )‘S k

H1<s<l<k :
After cancelations, the denominator contains pr factors of the form X — M, 1 =1,2,...,j —
1,5 +1,..., k. Let us estimate |\ — M| fro

. 2mil _ B
| *P k+1

X =¥ =

27(l — 27r 1—j) Tr(l =) .
= 1 = > 2 .
" * k41 ‘Sl k+1 | = e
Hence, forany j = 1,2
l s
it (N =AY 1 ' ©)
1§s<l§k()‘l —\%) ~ (2sin7/(k + 1)1

The quantities ated by definition as follows:

\bi\§2w( 1 ,f), i=1.2.. .k (10)
Mn+1
@)that

Zm A<ZC’“=2’“ (1)
Further, from (9)—(11), we find that

‘l‘| — AJ 2k2 w(l/mTH-Lf) _ 2w(1/mn+17f)
A =7 @sina/(k+ 1)k (sinm/(k + 1)1
Returning to the original notation, we obtain (7). Theorem 1 is proved.

"Here and elsewhere, C™ denotes the binomial coefficient (::l)
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A NEW CLASS OF FUNCTION SYSTEMS OF FABER—SCHAUDER TYPE 579

Denote by wo (9, f) the modulus of smoothness of a function f € C0, 1]:

wa(d, f) = sup max |f(z+h)+ f(z—h) —2f(2)],
0<h<é z€[0,1]

where h <z <1—-hand0 < d < 1.

Theorem 2. The system ®{p,} withp, < N,n=1,2,...,is abasis in the space C[0,1]. Moreover,
if

f@)=3 awer,  fla)€Cl0,1],
k=0
then the following estimates hold::

|ak<f>|=|a;il<f>|scw( L f), k=0,1,2,. (12)
Mnp41

l

Hf(w) =S wlenla)

k=0

Proof. It follows from (4), (5) that the equality

1
S anm(@) = 0
m=1

on [0,1] for I =1,2,... holds only for a, =0, i.e., the
independent. For

Swz( ,f), =, + o NP (13)
[0,1] Mn

of the system ®{p,} are linearly

l=mp+71Pne1 — 1), N = Qgghy . - r=0,1,...,m, — 1,
the definition of such functions ¢,,(z), m = 0,1, @

properties:
a) the space G;(®) of polynomials :.fI){pn
(z) = Z A om (T

is of dimension 4 1 c des with the space L; defined by
: f"(z) =0forz € (0,1)},

TPnt1—1 mp—1
[0, 1 ” =0forx € ( U 5n+1,k) U ( U 5n,k) }7
k=0

k=r+1

their linear independence imply the following

} of the form

(k/muy, (k+1)/my);

)

th tial sums

satisfy the relation

for x € m, where

k TPn+1 k Mn
m ={0,1}, Wl:{ } U{ } .
Mn+1 ) =0 My ) g=r+1
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580 AUBAKIROV, BOKAEV

Now it follows from (4), (5), a), and b) that, for an arbitrary function f(x) € C[0, 1], there exists a unique
series

> an(f)em(@)
m=0

whose partial sums S;(f, z) are uniformly convergent to f(x) on the sequence of values
L=mp+ 7P — 1), n=0,1,2,..., r=0,1,...,m

Therefore, it suffices to prove that there exists a constant M for which the followmg mequahtles hold:

k pn+1_1
a) ()i (@) < M| a (P )
s=1 C(0,1) s=1 c(0,1)
forall k=1,2,...,pp41 — 1. But, for a bounded generating sequence, {p,} is col nded,

because, in view of (2), we have the estimate

(15)
establishing the

HSO%S,;(JU)HC(O,U < Pnt1 — 1,

while Theorem 1 implies estimate (12). Now from (12) and (15) we obt
basis property of the function system in C'[0, 1].

(14

Let us pass to the proof of estimate (13). Suppose we are iven a fufigtion f(x) € C(0,1) and an

interval I = [a, B] C [0,1]. On the closed interval I, c0n51de ction
u(x) = f(z) -
Obviously, u(a) = u(5) = 0. lfu(x) # 0 on [«, 3], then a pomt xg € [a, f] such that
lu(zo)| =

Without loss of generality, we assume that

18 = 0.
Then the point z; = o + 2|ae — x| bélongs,to I. Taking the second difference, we have
12u(zo) — u(e) — u(zy) (z0) — u(z1)| = u(wo) + (u(zo) — ulz1))| = [ulzo)[.  (16)

By the linearity of the functi
% f(Oé)+ f(ﬂ;:é(a) (33—04),
from (16) we obt

W< | (wo)—U(a)—u(xl)l=|2f(wo)—f(a)—f(x1)|Swz(ﬂ_a,f) (17)

S and b)) the function

Si(f, ) = ar(f)ex(x)

k=0

forl = my,, + r(pn+1 — 1) is a polygonal line with vertices at the points
k rpn+1 k My
s )
Mn+1 ) p=o Mn ) p=r+41

Si(f,x) = f(z)
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A NEW CLASS OF FUNCTION SYSTEMS OF FABER—SCHAUDER TYPE o981

for z € m, it follows from (17) that

o Fpan

<max{ max [max

0<k<rpn41 |2€0n41k P
1
o[ ]o- S aiat
T+1§k§)r§m—1|:ﬂc€6n),<k f(@) 2 k(f)er( )]}

confild ) o)) 2ot )

Thus, estimate (13) is proved.

Theorem 3. In order that the series (3) with supp, = N < oo be an expansion Q unction
f(x) e Lipa, 0 < a < 1, it is necessary and sufficient that the following relatio
lag| < ck™7, k=1,2,.... (18)

Proof. If f(z) € Lip «, then estimate (12) implies
lag| < ck™7, k=1,2,....

Suppose that we are given a series of the form (3) whose ch ts satisly (18). Then this series is
absolutely and uniformly convergent, because, forn =0,1,2,4..,

mn+1

N2c¢
> lawgpr(z)] < N? a K<
and, therefore, f(z) is the sum of its expansion in m ®{py, }. Moreover, for z,y € [0,1],

f(@) = F)l <l k@(y
k=0

= lai E>D Ml (@) = ok (w)l.

Choose a number ng so th%
<l|lz—yl <

Mpg+1 Mpy

and use the fa ralln =1,2,. =0,1,...,m,—1,s=1,2,...,p,+1—1,and z,y € [0, 1]
the following i uah holds:

I

(s)

= ()] < min{ppi1, Mg |z — yl},
@ er of nonzero terms in the sum
Mp—1 Pny1—1
Yo D 1) - o)l
r=0 s=1

is not greater than 2(p, 41 — 1) forall z,y € [0, 1].

Further, we have

[f (@) = f(y)] < laallz —y \+Z pn+1—1)maX|a rlmin{ppy1, mn 1]z —yl}

n=1

MATHEMATICALNOTES Vol.82 No.5 2007



082 AUBAKIROV, BOKAEV

no
1
<lai||lz —y| + 2N2cz:1 e (Pnt1 — Dmps1|z — v
n—=

n

+2N3¢ i (1 = 1)

n=ng+1 m%
no o) 1
< _ o 11—« L
<lapllw —yl+ Cile —y| > my @ +Cy Y o SKlr =yl
n=1 n=ng+1 "
Theorem 3 is proved.
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