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On one approximate solution of a nonlocal boundary value problem
for the Benjamin-Bona-Mahony equation

The paper investigates a non-local boundary value problem for the Benjamin-Bona-Mahony equation.
This equation is a nonlinear pseudoparabolic equation of the third order with a mixed dérivative.To find a
solution to this problem, an algorithm for finding an approximate solution is proposed. (Sufficient, conditions
for the feasibility and convergence of the proposed algorithm are established, as well as the existence of an
isolated solution of a non-local boundary value problem for a nonlinear equation. Estimates are obtained
between the exact and approximate solution of this problem.
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Introduction

The paper considers a nonlocal boundary value problem for athird-order nonlinear partial differential
equation or the Benjamin—-Bona—Mahony equation. The Benjamin—-Bona—Mahony equation or the
regularized long-wavelength equation was studied in [1-4]. Modern studies on this topic can be found
in [5-13]. In this article, introducing a new function, amon-local boundary value problem for a third-
order nonlinear differential equation is reduced to a non-local boundary value problem for a hyperbolic
equation. The resulting problem with different conditions was investigated in [14-18]. Similarly to the
linear case [19-22|, sufficient conditions fém,the unique solvability of the problem under consideration
are established and an algorithm for finding an approximate solution is proposed.

1 Statement of the initial boundary problem

On Q = [0, X] x [0, Y] .wé consider a nonlocal boundary value problem for the nonlinear equation

Pw ow ow aiw

M:aiy+w£ oz (x,y)EQ, (1)
w(z,0) = p(x), z€]|0,X], (2)
W) — a2 4 (), ye DY) Q
WOD _gy), yepo v, (@

where the functions ¥ (y), 8(y) are continuously differentiable on [0, Y], the function ¢(x) is continuously
differentiable on [0, X], a(y) # 1.
Let C(£2, R) be the set of functions w : 2 — R continuous on 2.
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A function u(z,y) € C(Q, R), with partial derivatives % e C(,R), %Z’y) e C(QR),

%&y) € C(,R), % € C(QR), %@’5) € C(Q,R) is called a solution to problem (1)—(4)

if it satisfies equation (1), for all (z,y) € €2, and boundary conditions (2)—(4).
To find a solution to problem (1)—(4), we introduce the functions

w(0,y) = Ay), w(z,y)=w(z,y) - Ay),

the original problem can be written as

Pw(x,y) _ Ow(z,y) n OA(y)

0(z,y) | 00(z,y)
0x20y Oy Ay

+ (e, y) + Myl —p o &
w(0,y) =0, ze€]0,X],

w(z,0) +A0) = p(x),  A(0) = ¢(0),

OA(y) ow(X,y) OA(y)
— i il LA Y
S0 — a2 0 B sy, e BN,

dw(0, y)

gwihy) _ Y.
D 0(y), yel0,Y]

x
We introduce a new function v(x,y) = L”éz’y) then w(z, yh= [ v(€, y)d¢ and the problem goes to

0
the equivalent problem

Polry) [0y, M) [ [ o(ry) + ol
o _0/ ©9) g 1 D [O/ <£,y>d5+A<y>] (2,9) +v(z,9), (5)
v(z,0)= ¢'(x), xel0,X], (6)
X
ON(y) ally) w(y) _
5y e O/v x,y)dx + 7 T a() A(0) = (0), (7)
v(0,y) =0(y), yel0,Y] (8)

Integrating both parts of equation (5) with respect to the variable z and taking into account
conditions (8) we get

81}59&;3/) 0,(y)+j(j%(§?J)d§ +7+ [j“ (&1, y)dér + Ay )}v(f,y)ﬂtv(&y))d&- 9)

0

Once againdntegrating over the variable y and using condition (6), we have [23]

v(z,y) 290’(:6)+/y<9’ //(% ) dede + 82( ) det
0 0
x £
/ (| / (s + 3ol + vleo) ) de ) o
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In addition, from (12) it follows

+O/y<1_2 07 (2, m)da + - (2()77)>dn. (11)

2 Main result

Setting v(z,y) = ¢'(x), from (7) and (11) we define

X
Ny)  aly) : vly) _ aly) B hiy)
oy 1-aly) 0/ PO+ T = T-aly) P T PO Sy
h i ()
2Oy )+ A rwyar+ Yy =
O/ <1 0/ 1- 04(?7))
r a(n) ()
=60+ [ (7201600 - Q] g o

Using equation (9), with A(y) = A9 (y), we find

m%jw_y@+j(

0

&
+[ 0/ Sl + X ﬂ <£)+so’<s>)df.

v (@, y) e

2
_.|_
O\@
Q
<
S

Taking the functions A (y), ¥@(z, g)yfiumbers p; > 0, po > 0 we construct the sets

52l o) = {30 < C0.YL R 3 - AV < o

5 (0O, o) = {vu,y) € CUR) - Jula,y) — v (,9)] < pa. (2.1) € Q}
& (o) = {@:,y,w,v) () €O Hw<x,y> - [0 vy - A“”@)H <ot
0

HM%M—U@@ww<p%.

Denote by U(Ly, Lo, x, y) the collection <)\(0) (1), v (z,y), p1, pg) , or which the function f(z,y,w,v)

in G%(p1, p2) has continuous partial derivatives f/, (x,y,w,v), f(z,y,w,v) and

||f1/U(:U,y,w,v)|| < L17 ||f{,(3:,y,w,v)\| < L2¢ L1>L2 — const.
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Based on the system {A(y), u(y),v(z,y)} we compose the triple {\(©)(y), £ (y),v© (z,y)}, which
we take as the initial approximation of problem (5)—(8) and build successive approximations according
to the following algorithm:

Step 1. Setting v(x,y) = v (x,y), from (7) and (11) we determine %;(y) and AV (y). Using
y
equation (9), with A(y) = X (y), we find e )?5 2.9)  Next, we find v(! Nz,y) =¢'(2) + [ %}f’n)dn.
0

A3 (y)
Jy

Step 2. Taking v(z,y) = vV (z,y), from (7) and (11) we determine and A2 (y)), respectively.

y
Using equation (9), with A(y) = A (y), we find %&m’y). Let us find v (z,y) = ¢/ (x) —i—f %}f’mdn.

(2) (k)
Continuing the process, at the k-th step we obtain the system {mgy(y), /\gk) (x), M, v( )(m t) }

The conditions of the following statement ensure the feasibility and convergence of theé proposed
algorithm, as well as the solvability of problem (5)—(8).
Theorem 1. Let there exist (A (y), v (z,y), p1, p2) € U(Ly, Lo, z,y), whére (z,y)£€ Q, (A(y),v(z,y)) €
SO (y), p1) x SO (z,y), p2) and following conditions are satisfied:
1) the function ¢(z) is continuously differentiable on [0, X],
2) the functions a(y), ¥ (y),0(y) are continuously differentiable én {05Y],/e(y) # 1,

)
3) q X(X_’_l,X(i;_'_XYLl +XY fla (L2+1)Y> < 1’
4) 1717 < p1, u < p2,
h _0+X¢<1+ Y>+X ’ <1+ )
where o o [l (@) LD [P {1+ max o)
a = yrerhz)}i(q la(y)]l, v = yrer%gu’>1</]||w( y)ll, 0 = erI?(E)},)i(/} |0(y)|[, then the nonlocal problem (5)—(8) for

the nonlinear Benjamin-Bona-Mahony equation hassé unique solution belonging to S(A©)(y), p1) x
S(v©(z,y), p2) and estimates are made:

o, D) (zy) - oW ()| <Y Y do
i=k i=k+1

KXY 2?2 &
$(0y _ \(k) P .
a)|[X*(y) — A (y)ll_l_a 5

Proof. From the zero stéprof thesalgorithm, the following estimates hold:

O )l < 0(0) +

I

Y Hak(y)H< ¥

1—a’ oy ||~ 1—«
0v) (z,y) 0
P Y N g x Y 4 x /
Popm i <o x o x e ()] e /1 +

T)Z) / /
Xy~ X x |0 (x <
+ 11—« xrer%(?:xx} ”SO (x)H xg&X} H ( )H B

X
< ! =
<0+ 1_a<1+ Jax (e )HY> +X max (= )H(H e fle(v )H)

Y
0O 9) - @)l < [ '
0
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From the first step of the algorithm, for v(z,y) = v(©® (z,y), the following inequalities follow

y X
2
W () — O < & // 0) o _o XY
XD @) =A@l < 2 [ O n) — ¢ @) ldedy < 20 <,
0 0

X
Ha)\“)(y) 3)\(0)@)“ o /‘@v(o)(fvay)H
_ < dx,
oy oy 11—«
W (y) 00O @)
oy 0y -
P oA 8/\ ©)(y
e -2
0
z &
L / / 10O (€1, y) — (€D derde + L AD ()& XD / de+
0 0

L / 10O (€. y) — @(€)]1de + / O, P (€)1 de <
0 0

< g max

(0)
0v0 () ‘ <
(z,y)eR

oy

9v V() w0 (x,n) /
— = : ”dné/qodn<pz-
on on )

Yy
(2 ) ~ oo, S |
0

y X
« a XY?
N ) AU 1 [ [ D) = ooy < -2 = g0,
0 0

B (1 8 © ©
‘ ov (l’,y) _ v (.’L‘,y) H < ¢ max ov (a;,y) _ v ( 7y) H < q2 max dv (‘T7y) H < q20-,
dy dy (@yee|  dy 9y @yeoll  dy
(2) (1)
[0 (2, ) — oD (z,p)| / ‘ o 857””’") - 857 ) Hdn <Yq'o

NP () = A0 @) < AP (y) = AV @) + 1INV (y) = AO(y)] <

a XY? +aXY2<aXY2
S1-a 2 T4 124 2

(1+q)o < p1,

< (1+ max
<(+9 (z,y)€Q

v (z,y) W (z,y) H

vV (z,y) 0w (z,y)| _
dy Jy B

y oy
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O (z,y)

< (¢+¢°) max
Jy

(z,y)EN

H < g+ )0

[0® (2, y) = O (@, y)l| < [[vP (@, y) — oD (@, )| + [0V (@, y) = v O (@, 9)| <YV (@* + )0 < po.
At the (k + 1)—th step of the algorithm, for v(z,y) = v*)(z, %), the following estimates hold:
y

IAED ()~ AB () < 2 / / 10® (2, 5) — oD (, )| ddl. (12)

-«

(k+1) (k)
AN D() o) | / da, (13)
Oy oy 1—a 0y
(k+1) (k) (k) (k=1)
|2 ) O ¢ e 200 _ 0G0 )
3:[/ 8y (z,y)€Q 31/ &U
Yy
vt (z, ) Qv ag)
(B4 (3. ) — ) < 1) a
[o40e) - Ol < [ |25 el (15)
0
y X k
y?2
IAETD () — A ()] S a//”y ©' )||dxd77< — Z ‘o < pr1,
0 0 =0
1
||v(k+1)(:v,y) - U(O)(m,y)H < YZQZU < p2.
i=1

Thus, it follows from inequalities (12)-(15) and ¢ < 1 that the sequence {A*) (), v (z, )} as k — 00,
converges to {\*(y), v*(z,y) e the solution of problem (5)—(8) in S(A(y), p1) x SO (z,7), pa).
Let’s establish the inequalities

k+p—1 k+p
o XY? ) ,
]\A(k+p)(y)—)\('“)(y)||§1_a 5 Yo do, WP (zy) =B @y <Y Y dlo,
i=k i=k+1

as p — oo we obtain estimates a), b) of Theorem 1.

Let’ssprovesuniqueness.

Idet theweybe #wWo solutions (A*(z),v*(x,y)), (N*(x),v™*(x,y)) in S(AO(z), p1) x S(v© )( ,Y), p2)
of problém (10)—(14). Similar to relations (12)—(15) for the differences \**(y) — \*(y), /\** o)

oy
ov** (=, ov* (z, *
Y 65;3 NS va(; v) v (z,y) — v*(x,y), for all (z,y) € Q, we get:

a

y X
kok * a kok *
@) =N < 2 [ [ 10 ) = o o) dado,
0 0

H ON™*(y) 9N (y)

X
R L / 0" (@.9) - v* (. 9) o
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|

0 (5,y)  0v*(z,p)
y y

dy oy

< ¢ max
(z,y)eR

)

™ (z,y)  Ov'(z,y) H

Yy
o7 (o) vl < [ | 2gE) 20 g,
0

Whence it follows that \**(z) = \*(z), v**(z,y) = v*(x,y). Theorem 1 is proved.
The function w® (z,y), k = 1,2, ..., is defined by the equality

T

w® (2, y) = / o) (€, y)de + 2B (y)
0

and denote by S(w®(z,y), p1 + p2) the set of continuously differentiable with z8spect e y and twice
with respect to x functions w : 0 — R satisfying the inequalities

T

(e, y) — / WO (&, y)de — 2O ()] < p1
0

In view of the equivalence of problems (1)-(4) and (5)—(8), Theerem 1 implies.

Theorem 2. If the conditions of Theorem 1 are satisfieds.then, the sequence of functions w®*) (x,y),
k=1,2, ..., is contained in S(w(® (z,y), p1 + p2) converges to'the tinique solution w*(z, %) of problem
(1)~(4) in S(w®(z,y), p1 + p2) and the inequality

k « X2Y2 > ; > ;
lo*(@,y) o (@ y)l < TRg T D do+Y Y do
i=k+1 i=k
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Axademur E.A. Boxemos amuwindazv, Kapazandv, yHusepcumemi,
Kondanbarve mamemamuka uncmumymaol, Kapazando, Kaszaxcman

Benmxamna-Bon-MaxoHn TeHaeyi YIIiH OefJIOKaHIETTIK ecelTiH Oip
2KYBIK, IEeNTiMi >KaiibIHaa

ZKywmroicra Benmxavmun-Bona-Maxonn Temmeyi yimia 6eityiokadl méTTiK ecen 3epTresiai. KapacThIpbLIbIT
OTBIDFaH TEHJIey apaJjiaC TYBIHIBLIBI YIIHII PETTi CBI3BIKTBHIK €MeC IICEBIONApabOsIAIBbIK, TeHJIey OOJIbII
tabbinaapl. Ocel ecentiy memiMin Taby YIIH KyBIK IIENIiNGHITAOY @JITOPUTMI YCBIHBLIFAH. ¥ CHIHBLIFAH
AJTOPUTMHIH, OPBIHIAIYBI MEH YKUHAKTHLIBIFBIHBIH 2KETKITHKT] MapTrTapbl ajablH/Ibl, COH/IAN-aK, ChI3BIKTHIK,
eMec TeHJIey YIIIiH O6eiIoKaJ I MeTTiK ecebiHIH OKIayTaHPaH MenriMinis, 6ap 60/1ybl TabbLIral. KapacTbipbLi-
FaH €CEIITiH JPJI 2KoHe XKYBIK, MIeMIiMi apachlHIarbl Oarataysiapbh, aJIbIHIbL.

Kiam cesdep: nepbec TybIHABLIBI qudHepeHNITNATIALIK, TeHaey, benmkamun-bona-Maxonu Tenmeyi, aaro-
PUTM, >KyBIK, IIEIIiM.

ANE, Mamar, H.'T. Opymbaesa

Kapazandunckutl yrusepcumenm. umeny axademura E.A. Byxemosa, Hncmumym npukiadnolt mamemamuru,
Kapaeanda, Kaszaxcman

O6 ogHOM, MPUOANKEHHOM peNIeHnH HeJIOKAJIbHOU KpaeBoii 3ajaum
huisyypaBHeHus benxkamuHa-Bona-Maxonu

B pabote ucciiemoana HetoKa bHasI KpaeBasl 3a7ada Jjisi ypaBHeHusi benmkamuna-bona-Maxonu. Pac-
cMAaTpPUBAaEMOe YPABHEHUE SBJISIETCS] HEJIMHEMHBIM TICEBIOMAPAOOIMIECKIM YPABHEHUEM TPETHErO MOPSIKA
CO CMemIaHHOM Mpou3BoaHOM. i HaXOXKIEHUS DelleHrus TaHHOM 3a/[add IIPE/JIOXKEH aJIFOPUTM IIOMCKA
HpUOJIIMZKEHHOrO PeIlleHNs. YCTaHOBJIEHBI JIOCTATOYHBIE YCJIOBUS OCYIIECTBHMOCTH M CXOIMMOCTHU IIPEJIIO-
2KEHHOT'Of AJITOPUTMA, & TAKXKE CYIIECTBOBAHWE W30JHUPOBAHHOTO PEIIEHUs] HEJIOKAJbHOM KPAaeBOH 3aJaduu
10 HEJTMHEeHOro ypaBHeHus. 110y deHbl OIeHKN MeXK Iy TOYHBIM M IPUOINKEHHBIM PEIIeHUsAMHI PacCMaT-
puBacMOi 3a0a491.

Kmouesvie caosa: muddepeHna bHbIe YPABHEHNUST B YaCTHBIX MTPOU3BOHBIX, ypaBHeHUe beHmkaMuHa-
Bona-Maxonu, aaropurm, npubIMKEHHOE PeIeHreE.
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