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On fourth order accuracy stable difference scheme
for a multi-point overdetermined elliptic problem

In this paper fourth order of accuracy difference scheme for approximate solution of a multi-poeint elliptic
overdetermined problem in a Hilbert space is proposed. The existence and uniqueness of the solution of the
difference scheme are obtained by using the functional operator approach. Stability, almost coercive stability,
and coercive stability estimates for the solution of difference scheme are established. These theoretical results
can be applied to construct a stable highly accurate difference scheme for approximate solution of multi-
point overdetermined boundary value problem for multidimensional elliptic partial differential equations.
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Introduction

Methods of solutions of nonlocal and source identification’boundary value problems for partial differential
equations have been widely investigated by several researchers (see [1-21] and references therein). Construction
of highly accurate difference schemes (DSs) for problems of this type is important, especially for their specific
theoretical and practical aspects and also usefulness in wide applications [5, 8] and bibliography herein).

Let H be a Hilbert space, A be a self-adjoint positive definite operator (SAPDO) and I be identity operator.

In paper [10] to find an element p € H and functionw € C%([0,T],H) N C ([0,T],D(A)) the following
multi-point elliptic overdetermined problem

—vu(t) + Av(t) = g(t) +p,0 <t < T,

q (1)
v(0) = ¢,0(T) = ;51‘11()\1') +n,v(N) = ¢

was investigated. Here ¢ € N, Ao, \; € (0,T), 5; € R,5; > 0,i = 1,...,q are known numbers, (,¢,n € D(A),
g€ C%([0,T),H)NC ([0,T],D(A)) are given elements and function, respectively. Moreover,

q
M << < )‘q36:251§ 1.
i=1

In paper [10] the first and second order of accuracy stable DSs were proposed. The objective of this work
is to_study the fourth order of ADS for multi-point elliptic overdetermined problem (1) in an arbitrary Hilbert
space H with a SAPDO A.

Let [-] be the greatest integer function and

fin = st — T3l o = — 3+ Spd + g,
iz =1—p2 pia=2p + 302 — 113,

His = _:ui,l?i = 07 17273a45 5.
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Introduce the following notations
C=A+3A4,D=1(rC+(4C+77C?)*),
P=(I+7D)2I+7D) 'D', R=(I+7D)"".

Stability estimates

Lemma 1. The following estimates hold [5]:

Hexp (kTA%> R’“HH Y <M )7, RkHHﬁH <M(1+6r) " k> 1,
—
-1
=)y <20 kDR < 2106 o
1D (R¥ + B9 |y, < MO) it

1<k<k+r<N0<apB<13>0.

Lemma 2. For 1 <]; <N —1,1<1[y < N — 1, the operator ([10; 861]

A= (]_RZN) (I—Rlo) (I— zq:kiRN“> (I— zq:kiRNl"“i) 3)

has a bounded inverse A~! such that

AT b = M)

Let us take 1 <[; < N — 1,0 < ¢ < ¢q. Denote by.
J1 — (I _ RQN) {MO,l (Rlo—2 _ R2N—lo+2) — o2 (Rlo—l _ R2N—l0+1)

+/J’% (Rlo _ R2N—lo) — 0.4 (Rlo+1 _ R2N—l0—1)
—Ho,5 (RIOF2s RPN 1072) o Xq: ki [~ (RN-UF2 — RNHL=2) (4)
=1

— g2 (RN—lH‘l _ RN-Hifl) +,u12 (RNfli _ RN+li)

S (RN—lrl A RN+li+1) — lis (RNfli72 _ RN+li+2>]}
Jo==(I — R?N) {ij ki {po,1 5 (RN ~lotlitd — pN+lo—li=4)
i=1

+ (po,1 4 + po2ptis) (RN lotlits — pNHlo=li=3)

(5)
+ (po,1 43,3 + Ho,21i,4 + po,31i,5) (RN Tlolit2 — pN+lo=li=2)
+ (,U/O,l,u/i,2 + o243 + 140,314 + :U/0,4,U/i,5) (RN—lo-HH-l _ RN-Ho—li—l)}
q
Jy =~ (L= R*N) 32 ki { (o ptin + poapriz + pipf — g — 1
- (6)

+pt0,4t4i,4 + po,shis) ) (RN loth — RNHlo=li)
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i {(o,2005,1 + Ho314,2 + Ho,afbiz + [o,50,4)
1

(3

a
h:_u_mm{
x (RN—lotli=t — RNFlo=litl) 4 (16 501 + po,atte2 + 1o,5H4,3) (7)
x (RNZlotlim2 — RNHIOTEE2) 4 (o apuin + po,540.2)

% (RN—l0+lL—3 _ RN+l0_lz+3) + /J/O,E)/Ji,l (RN_l0+li_4 _ RN+l0—lL+4)} .

Lemma 3. Let the operators A, Jy, Ja, J3, Jy be defined by (3), (4), (5), (6), (7), correspondingly. Then, the
operator

G=A+L+ o+ 3+, (8)
has a bounded inverse G~! such that
G gy = M (). )
Proof. We have
G'-A'=G"'A'K, (10)

where
K=Ji+Jo+ J3+ J4.

Applying (2), it can be showed that the estimates
\Jill o g < MT,i=1,2,3,4

hold for constant M which does not depend on 7.
Consequently,
K| gy g < M. (11)

By using (10), (11) and triangle inequality, we can get
NG e < AT i+ AT e G e 1

<M (8)+ |G~ M (6) Mt

1HH%H
for any small positive number 7. Therefore, estimate (9) is valid.

Let [0,T] = {tx = k7,0 <k < N,N7 =T} be space of grid points and v = v(tx),0 <k < N.

Denote by C (H) and Cg;" (H) the corresponding Banach spaces of H-valued grid functions {wk}év with
norms

H{wk}iv_IH = maxo<k<N—1 [|Wkl 5 »
C(H) o

N-1 —
[t ™| o $UPgapren—1 (KT +07)" n7 = (T = k1) fwiesn — wil

respectively.
Applying the fourth order of approximation for function v at point A\;, i =0,1,...,q

N-1
£ |t
Co(H) H{ h C(H)

V(A;) = i1V —2 + 2V —1 F 3 V1, F M 4V 41 F B 50142
and fourth order of accuracy approximation of differential equation, one can get the next DS

—772 (Vk+1 — 2v + vg—1) + Cvg, = O + p,

Ve = g(ts) + 71% (9(tk+1)*297gk)+9(tk_1) —l—Ag(tk)),
ty =k, 1 <kE<N-—-1,N7=T,v9 = ¢, (12)

H0,1V1g—2 + [0,2V19—1 + H0,3V1, + [0,4V10+1 T 10,5Vig+2 =

q
on = Y ki {piavn—2 + pi2v, -1+ i 301, + i avi e+ sV 2t 0
=1

K3
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for approximately solution of problem (1).
We will find solution of DS (1) by formula

v = up + A7, (13)
where grid function {uk}év is a solution of the following difference problem:
2
—772 (upy1 — 2up + up—1) + Auy + %AQ’U,]C = g,

tr=kr,1<E<N-1,NT=T,

(14)
Uo — H0,1UIG—2 — H0,2UG—1 — H0,3Ul, — H0,4Ulg+1 — H0,5Ulp4+2 = ¢,
q
un — Y ki {piw—2 + i gt -1+ pi 3w i at e+ RGsUL 42} =
i=1
After soving DS (14), unknown element p is defined by
p = A¢p — Auy. (15)

Theorem 1. Let ¢,(,n € D(A) and {zbk}iv_l € C(H) be given. Theny the difference problem (12) has a
solution ({Uk}11\7—1 ,p) which satisfies the stability estimates in below:

|, <M @) [||¢||H 16 + Mol b} IHC(HJ 7 (16)
4720l < 220 |l + 161 gl W ]
where M (6) is independent from ¢, (,n and {wk}iv_l.
Proof. For given ug and uy the solution of difference problem
—7% (Upy1 — 2up +Up_1) + Aup =Y, 1 <E<S N -1 (17)
is defined by [5]
up = (I - R2N)—1 [(RE= RV %) g + (RN-F — RN+K) yy — (RN—F — RN+F)
x (I +7D)@2I +#D)" D! Nil (RN=9 — RN*TI) ;7| + (I 4+ 7D) (18)

j=1
x (21 + 7D) DAY (RIFI — REVT) 7
Applying formula (18) to nonlocal conditions of the difference problem (14), we get a system equation for

ug and uy:
S11Up + S12uN = ST, 821U + S22uN = Sa. (19)

Here operators si1, s12, S21, S22, 51 and Sy are defined by
s = (I _ RZN) — Jioa (Rl072 _ R2N710+2) — o2 (Rloq _ R2N7l0+1)

7/1073 (Rl() _ RQN*I[)) _ M0,4 (Rl(r‘rl _ RQN*lofl) _ ,LL075 (Rlo+2 . R2N71072) ,

S19 = — {,LL() 1 (RN*loJrQ _ RN+lof2) + o 2 (RNflole _ RN+l071)

Y03 (RNflg _ RN+lo) + fio.4 (RNflofl _ RN+10+1) + s (RNflof2 _ RN+10+2)} ’
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So1 = zq: kz {_,Ui,l (Rli—2 _ RQN—Z¢+2) — i 2 (Rli_l _ RQN—lr‘rl)
=1
—li3 (Rli _ RZN—li,) — i (Rl,-+1 _ RQN—l,i—l) — Ui (Rl,i+2 _ }zZN—li—2)}7

(20)
S99 = Xq: ki {(I _ R2N) — M (RNle»Q _ RN+li*2) — 2 (Rlifl _ RQN*lH*l)
i=1

— ;.3 (Rli _ R2N*li) — i 4 (RNflifl _ RN+li+1) — s (RNflifZ _ RN+li+2)},
S1=(T=R*™M)(¢— )+ [Fuo — Hud) {— (RN loF2 — RNFlo=2)
N1 . ‘ N-1 . 4
x P Z (RN—J _ RN+]) ng+ (I— R2N) P Z (R\lo—2—3| _ Rl0—2+]) 0‘7_}
Jj=1 =1

[+ b+ ] (= (Y0t — R0

N-1 N-1
xP Y (RN=9 — RN*9)g;r+ (I — R*N) P Y. (Rlle~1-1l =" Rlo~147) 9-7}
j=1 j=1

N—-1
+[1- ] {— (RY—o — RN¥10) P Y (RN RN) Oy + (1 - R2Y)
j=1
N-1 ) )
xP 3 (Rl —Rloﬂ)eﬂ}
j=1
+ [fyo + b — ] = (RY 07 SRPE)
N-1 ) ) N-1 . .
xP > (RN=7 — RN*I) 07 (I — R¥N) P Y (Rllo+1=il — Rlot147) 947}
j=1 Jj=1
+ [t + oS (@Yo - RV )

N-1 N—-1
xP Y (RN—I= RN*I)9;r+ (I — R?N) P Y (Rlo*2-3l — Rlo+2+3) ejT} ,
Jj=1 j=1

Sy ST SRy 3 by {jug [ (R4 RNH2)
=1
N-1 ) . N—1
x P Z (RN_J —RN+J)wj7-+ ([_RQN)P Z
j=1

(R‘li_z_j‘ — RE=2H) o7
j=1

_|_

N—-1
+/14i,2 _ (RN—li—&-l _RN+li_1) P Z (RN—j _RN+j) 1/1]_7_ +
j=1

N-1
+ (I -R¥N)P Y (Rl—1=il - RLi—1+3) g7 | 4
Jj=1
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N-1
+hi,3 | — (RN‘“‘ — RN“t) Py (RN_j — RN+j) VT + (I — RQN) X
j=1
xP (Rui—gl — Rli"l‘]) V7| + s [_ (RN—l,i—l _ RN—HH—l)
j=1

N-1 N-1
xP > (RN=9 — RNTI) pyr+ (I — RPN) P 3 (RIEH131 — REHIHI) ir | +
Jj=1 j=1

N—-1
s |— (RN7H72 = RNHA2) p S (RN=T - RNHI) g7 4 (22)
j=1

N—-1
+ (I —R¥N)P S (RI+2-31 — Rlit249) W] } :
j=1

Determinant operator G = s11822 — S12521 of the system equations (19) can be rewritten as (8). Consequently,
according to Lemma 3, the operator GG has bounded inverse G~1. So, the system-of equations (19) has a unique
solution:

Uug = G_l (51822 — 52821) SUN = G_lsnSg — 812S1. (23)
Thus, difference problem (14) has a unique solution {uk}é\’ which is defined by formula (18) with corresponding

511, 812, S21, 522, 51, S2, uo, un by (20)—(23).
For the solution of problem (17) the following inequality [5]

o033y < [

R R 24
o S Ry + R ] 1

C(H)

is valid. By virtue triangle, Cauchy-Schwarz inequalities and. (2) one can obtain

e {151y DSlm } € M) (Mol + e + [0, )-

Applying Cauchy-Schwarz and triangle inequalities to (19) and by using (2), (9), we have

)

| Ruuoll S M) [|¢||H 1l + il + [} ‘1HC(HJ

| Rl M) [||¢||H 11l + Wl + [ kY ‘1HC(HJ -

So, by using (24) we get
sy = MO (U6l s+ il + [0

C(H) — C(H)] '

Finally, by virtue (15) and (23) we can establish

47 5l < 3 0) [l + 1T+ il + ™ -

Now, from (25), (13) and triangle inequality one can get inequality (16).

Then, DS (12) has a solution ({vk}f[—l , ), which satisfies stability estimates given in the below theorems.

Theorem 2. Let ¢,(,n € D(A) N D(C) and {4y §v71 € C(H) be given. Then, for solution ({vk}ivfl ,p) of
DS (12) almost coercive stability estimate hold:

N-1
H { (Vi1 —2vk+vE—1) }
T2 1

) + 1Pl

C(H) " H{Cvk}]lv_lHC(

< M(3) {min [0 (2) 1+ Dl gy o] [ Fn Y|+ 1€+ ICCH + |on||H} ,

C(H)
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where M (6) does not depend on ¢, ¢, n and {wk}f{_l.
Theorem 3. Let ¢,¢,n € D(A) N D(C) and {3} " € C3*(H)(0 < a < 1) be given. Then, for solution
({vk}]lvfl ,p) of difference problem (12) coercive stability estimate

N-1
H{T*z (’Uk+1 —27_}]6""[]]@71)}1 ‘

|

+ llpll

+H Cv Nfl‘
) I e

Co™ (H

< M(cs)[ I+ Ol + |Cn||H}

1
l—a)a a,a
(1-a) Co (H

is true. Here M (§) is independent from «, ¢, ¢, n and {¢y, ivfl.
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Y. Ammipansiesh?, I Akitys!

! Ny mywaxane yrusepcumemi, Typrusa;
2TAY, Awzabad, Typixmencman

Kennykresi KafiTaaHBIKTAJAFaH JIJINNCTIK ecel YIIH TOPTIHIIII
peTTi J2JAIKTI TYPAKTBLIBIK allbIPBIMIBIK, CXeMAaChl TYPaJibl

MakaJstazia ruib0epTTIK KeHICTIKTe KOIMHYKTEJ1 SJITUIICTIK KaiiTaaHbIKTAJIFaH eCeNTiH *KYbIK, IeNiMiH Taby
YIIH TOpTiHIN perTi MouMiKTi albIPBIMABIK CXE€Ma YCBIHBLIIBI. ANBIDHIMABIK CXEMaHbIH IIenriMiniy 6ap
KOHE KAJFBI3 60JIybl (DYHKIMOHAJIBI-OIEPATOPJIBIK, TOCLIII KOJIaHy  APKBIILL AJILIHABI. AWBIPBIMIBIK,
CXeMaHBIH HIeNMiHIH TYpaKTbUIBIK, JEPJIK TYPAKTBIIbIK KoHE KOSPIMTHBTI TYPAKTBIIBIK Oarasayiapbl
AQHBIKTAJABL. ByJl TEOPHUSIBIK HOTHKesIep Al 1epbec TYBIHbIIBIKOI OJIMIeM/ 1 SJUIAIICTIK TeHJeysep YIIiH
KOIHYKTE KafTaaHBIKTAJIFAH IMETTIK €CEeNTiH KYBIK IIeliMiH Taly VYIIH TYPaKThl YKOFapbl JIJIAIKTEr]
afBIPBIMIBIK CXeMaHBI KYPY YIIIH KOJIJAHyFa OOJIabl.

Kiam cesdep: KallTaaHBIKTAJFAH JIMIICTIK €Cel, KOMHYKTEJ IIapT, *KOFapbl PETTI albIPBIMIBIK, CXEMa,
afBIPBIMIIBIK CX€Ma, Kepi, TePEKKO3/Il UAeHTUDUKAIUSIAY ecebl, KOPPEKTUTK, TYPAKTBIIBIK, KOIPIIMTUBTI
TYPAKTBLIBIK, JIEPJIK KOIPIUTUBTI TYPAKTHIIBIK.

Y. Amsipassies’ 2, T, Axitys!

Y Viuueepeumem Domowzane, Typuus;
2TAY, Awxabad, Typrmernucman

O06 ycroitunBoii PA3HOCTHOII cXeMe YeTBepPTOro IOPsIKa TOYHOCTH
AJid MHOTOTOYEYHOI MePeoIrpe/IeJIEHHON JIJINIITUIECKON 3a/1a9u

B crarbe npesioxkena, pa3HOCTHasI CXeMa YETBEPTOTO IMOPSIKA TOYHOCTH JJIsi NPUOJIUKEHHOIO pPeIleHus
MHOTOTOYEUHON ISJUINIITHIECKON TEePEeOIpeIeIeHHON 3a/ladn B TmibbepToBOM mpocTpancTBe. CyirecTBo-
BaHNe M €IMHCTBEHHOCTb PEIIeHNs] PA3HOCTHON CXEMBbI IOJIYYEeHBI C HCIOJIHB30BAHUEM (OYyHKIMOHAIHHO-
OIIEPATOPHOrO IOIXO/a. YCTAHOBJIEHBI OIEHKU YCTOWYUBOCTH, MOYTH KOIPIUTHUBHOU YCTOWYIMBOCTU U KO-
IPUWUTUBHON YCTOWYMBOCTU PEIIEHUs PA3HOCTHONW CXEMBI. DTH TEOPETUUECKHUE PEe3y/IbTaThl MOTYT OBITH
MIPUMEHEHDI JJI TOCTPOEHUsT YCTONYIMBON BBICOKOTOYHON PA3HOCTHON CXEMBI JJIsi MPHUOJIMKEHHOI'O pelle-
HUSI MHOI'OTOYEYHOU IIepeolpelie/IeHHON KpaeBOU 3a/1auu JJIsi MHOTOMEDHBIX JIJIMITUIECKUX YPaBHEHUIl B
YaCTHBIX IPOU3BOILHBIX.

Kmouesvie caosa: mepeornpeiesieHHas SJUIANTAYECKAsT 33/1a9a, MHOTOTOYEYHOE YCJIOBHUE, PA3HOCTHASA CXe-
Ma BBICOKOT'O IIODPsIKA, PA3HOCTHAs CxeMa, oOpaTHasi, 3aja4a HIAeHTU(MUKAINT UCTOYHUKA, KOPPEKTHOCTD,
YCTOWYHBOCTD, KOIPIUTHUBHAS YCTONYUBOCTD, IOYTHA KOIPIUTUBHAS YCTONINBOCTb.
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