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OO0 unTerpajbHoM ypasHeHun BoiibTeppa ¢ gejibTao0pa3sHbIM siIPOM

B craThe paccMOTpEeHO CHHTYIAPHOE HHTETpallbHOE ypaBHEHHE BoabTeppa BToporo posa, kK KOTOpoMy pey-
IUPYETCsT PsIJl KPAaeBbIX 3ajad JUIsl HarpY>KEHHBIX YPABHEHHUH TETIONPOBOAHOCTU. BBUIY HEOTpaHHIEHHOCTH
TIPOMEKYTKA MHTETPUPOBAHMS M JeIbTa00pa3sHOCTH spa K HEMy HE NPUMEHHM METOH MOCIIe/[OBATEIbHBIX
npubnmkennii. ITocTpoeHO cOOTBETCTBYIOIIEE XapAKTEPUCTHIECKOE ypaBHEHNE, pelIeHne KOTOporo Hale-
HO B SIBHOM BHje. [lJIs1 HICXOHOTO ypaBHEHHMSI IPUMEHEH METOJ PaBHOCHIBHOW peryisipU3aliy, HalaeH ero
CIIEKTp.

Kniouesvie cnosa: cuHrynspHOe UHTETpallbHOE ypaBHeHUEe BonbTeppa BToporo poja, HopMa oneparopa, Me-
Tof perymsipusanun Kapiemana-Bekya.

PaCCManI/IBaeTCSI HUHTEIpaJIbHOC YPAaBHECHUE C IICPEMCHHBIMU NIPEACTIaMU MHTCT PUPOBAHUA
Ky i =(1-2K, ) 5=5(t)-A[ K, (v,t)7(x)dr =8 (), Ry, (1)
t

rac

® 20

3/2-m
N = . L o<t
(wt)=e (r ety W aen ) Ot

KOTOPO€ BO3HHUKACT IIPpU PCIICHUU TIpPaHUYHBIX 3adad i CICKTPaJbHO-HArpy>KCHHBIX ypaBHeHI/II\/’I

napabonnyeckoro Tuma [1, 2].
[pu nccnenosannu ypaBaeHwus (1) 10CTaTOUHO PACCMOTPETH «YIIPOILIEHHOE» UHTErpajbHOE ypaBHEHHE [3]

Koy =(1-2.K,) v=v(Q= 2 J&, (51)v(x)de =g, (1), teR., @
rac t
R L N S S 1
KZ(r,t)—[T] 2\/E(T_t)mexp 4(r—t) , 03<2. 3)

SAnpo uHTerpanbHOro ypaBHeHus (2) — ¢ynkius K, (r,t) o0Jajiaet cleIyronM CBOWCTBOM:

}1_23 K, (t,t)dt=1. )
t
JIeACTBUTENBLHO, TAK KaK ¢ < T <00, 3TO CIELYET U3 COOTHOLICHHUIA
20 ro
0 ° _41 -7 g } _4(1H)
j—-e - + e dt =
2 24m (1-1)" \/_I 4(1- z)3/2 -t | -t
‘CU)
- dr|| =
7= e
2 T 1 Too T .
== - et d’t 1+17(¢
Y \/El NT—t ( )
s} -1 ‘rz
=|](t)|=LJ‘|CO| L) el gee L
Ty NT—t X X
1 -1 1 PO 1 1 120
:%I t x2 t 1 e 4x2© t(lfx)dx:ﬂl 11 .I 1 1 e 2o 4(1 )dx<
O l—x-x? 12 T 2 0" -«
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1 L1 )
zm-jx(z ]1(1—x)§1dx=5°_| B(1/2-w,1/2)-t>"7,

0 T

IA
N

rne B (,) — Oera-yHkuus Ditnepa.

Takum o0Opazom, lim|l (l)| =0 npu ®<1/2. CiregoBarensHo,
t—0

20
0 T

lim . _mdr =1

P 2\/—( )3/2

PaBencTBo (4) cipaBeMBO U AT Aapa K2 (‘C,l‘), 3TO 03HAYaeT, UTO HOpMa MHTErPaJIbHOI0:0IIepaTopa,

JEUCTBYIOLIETO B TMPOCTPAHCTBE CYMMHPYEMBIX (QYHKIMA M ONPEAEISIeMOro SApOM 122 (r,t), paBHa

eAnHHUIe. DTO CYIIECTBEHHO OTJINYaeT ypaBHeHHe (2) oT ypaBHEeHHM BoibsTeppa BToporo pona, /st KOTOPIX
pElIeHre CYIIECTBYET U €IMHCTBEHHO.

Hns  wccnemoBaHWsl — MHTErpanbHOTO  ypaBHeHHS  (2)  paccMOTpUM . [ COOTBETCTBYIOILIEE
XapaKTePUCTUICCKOE ypaBHEHHE, KOTOPOE HMEET BUJT

Kyv=(1-2K)v=v(t) -2 K (v} ()de =g, ()] t<R,, 5)

rac

3/2 -1
ot a

[t &l - )
K(T’t)_( 32 SXP 4(’5“—1‘“) : (6)

jlﬂl/z
T 27 (1:“ -t )
31ech T COKpAIeHHs 3alMCH BBEICHO 0003HaueHNe
a=1-20.
Bcrony B nanbHeimeM OyJeM yYUTHIBaTh, 4TO o > 0, TaK Kak —o < <1/ 2.

OTMCTI/IM,‘ITO AAPO XApPaAKTCPUCTUUCCKOI'0 YPABHCHUA K ('C,t ) 06J1a;[aeT TEMH XKE CBOﬁCTBaMH, qTO U

AAPO K2 (’C,t ) , U, BYaCTHOCTH, JIsI HCTO CIIPABEAJIMBO CIACAYIOIICC TPCACIbHOC COOTHOIIICHHC!

lim | K(c.t)dt=1. (7)

IIpoBepum ero cripaBeaJIMBOCTh (oc > 0). HNmeem

A I+a/2 32 el ’%tq ol
lim (ij 4 A geo| o o de_ e
T 2

TC(’COL e )3/2"6 ) /Tu e ’ 4 (T“ _ o )3/2

t—0
t

Jns/ Toro . 4toObl HMHTErpanbHOe ypaBHeHHE (5) OBLIO XapaKTePUCTHUYECKHM, OHO JIOJDKHO
YAOBJIETBOPSTH CIACAYIOIINM ABYM YCIOBHSAM:

1°. OHO JOKHO CBOAMTECA K  «ITAIOHHOMY» YPAaBHEHHIO (HHTErpalbHOMY yPAaBHEHHIO,
COOTBETCTBYIOIIEMY cirydato o =0) [4].
2°. PazHOCTB si71ep
K, (r,t) —K(r,z‘) = Ie(r,z‘)
JO0JhKHA 001a1aTh cl1aboli 0COOEHHOCTRIO (TIpU £ —> 0).

[posepum BhmonHenue ycnosust 1°. J{ns 3Toro B ypaBHeHuH (5) Tpou3BEAeM CIEAYIONIHE 3aMEHbI
HE3aBUCUMBIX [1€PEMEHHBIX:

t=[o-t]o, t=[o-g]s
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O6 uHTerpanbHoOM ypaBHeHUM BonbTeppa...

U BBeJEM 0003HAYEHU:
11

()=t ([a-tl ]ij, ()=t g ([ovtl ]ij;

Torma ypaBHenue (5) 3anuiiercs B BUAE

ko = (I _Xk*)\lf = W(tl)_}\‘.'.k(’tl _tl)“V(Tl )dT1 =& (tl ) (®)
1 1 | 1, 1
JeicTBUTENBHO (C ydeToM dT=0a* -— 1% d1, =0 -1 dT,) IMeeM

o
e
1
€))
“y ()M e | () = (),
)2, —1,) (v -4)
Teneps epexoauM K J0Ka3aTeIbCTBY CIIPAaBETMBOCTH yCIoBUs 2°, KOTOpas CelyeT U3 yTBepikK/e-
HUS CIIEAYIOLIEN TEOPEMBI.
Teopema 1. llpu BbimoHEHUH yeinoBuil o >0 1 0<f <1< % HUMEET MECTO OLIEHKA.

K, (1.6) - K (1.t)| < C(t) y;‘—z-exp{—C(OL) 2 } (10)
T Tt Tt

Y BBITIOJTHACTCS MPEACIIbHOE COOTHOIIICHNE
o0
lim”K2 (‘C,t) — K(r,t) |d‘t =0.
t—0
t
st mokazarensCTBa ATOW TEOPEMBI U IS TOTO, YTOOBI OoJiee MpOoIIe MOoKa3aTh TO, YTO MHTETPAITBHOE
ypaBHeHUe (5) ¢ OECKOHEYHBIM IPEIEIOM HHTCTPUPOBAHUS SBIISETCS XapaKTePUCTUISCKUM JUIS YPaBHEHHS

(2), ynobnee cectu ypaBHeHHs (2) u'(S) K YpaBHEHHSM Ha KOHEYHOM IMPOMEXKYTKE (O,t). g aroro

B MHTETPAIBHBIX yPaBHEHMsX (2) 1 (§) Mpon3BeieM CiIeAyoIue 3aMeHbl He3aBUCHMBIX IePEMEHHBIX:
t=1/t, t=1/1,
¥ TOTJ]a OHM 3aIUIIYTCs, COOTBETCTBEHHO, B BH/E

v(t )y=n|| =+ 1 1 exp v(t,)dt, =g,(t); 11
(1) J(;(tl 2\/;(1‘1—1:1)3/2 | 4(t1_T1) (1) 1 1(1) (11)
o 3a o _
] T Juz (X3/2 tT‘TE—l af
v(t)=Al| =+ — L 1 _exp|-————|v(1,)dT, =g (t). (12)
(1) 2[(1‘1 2\/%(1‘1“—1;’)3/2 i 4(1‘1‘1_1?) ( 1) 1 1(1)

IlepeoOo3Ha"asi MepeMEHHbIe f, M T, CHOBAa COOTBETCTBEHHO uYepe3 ! W T M 00O3Hauas sjapa

ypasrennit (11) u (12) uepes K, (t,r) u K(t,r), MIPEJICTABUM HX B BHJIE

K,(t,7)=P, (t,r)exp{—Q; (z,r)}; K'(t,t)=P(1,7) exp{—Q' (t,r)}, (13)
rac

, ti_é 'Ta . t~‘Cu

P(t1)= > \LT)= 5
Z(t T) 2\/;(1‘—1:)3/2 Q (t ‘C) 4(t_T)

’ 3/2 ta—l . Ta . O(,'ta . ,Ca

P z, = 3/2 ; Q £ zﬁ'
( T) 2\/E(ta—‘ca) ( T) 4(f —1 )
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Otmernm, uro ms spep K, (t, 1:) n K (t,r) TaK)Ke BBITTOTHSIFOTCS TIPEIETHHBIE COOTHOIICHIS

lim | K, (7,7)

t
lim dt=1; It%OK (r,t)drzl. (14)
U CIpaBeJUINBa CIENYONas
Teopema 2. I1pu BbimonHEeHUH yCIoBU o >0 1 0 < T <f < 00 BBINOIHAETCS OLEHKA
a 1
! . : tE_E t-t*
Ko(r,t)z\K (1,6) - K, (t,1) <C(a) -exp[—C(a)t } (15)
T—t -1
Y BEPHO CIIEAYIOIIee COOTHOIICHHE:
t
ltlir.}”K (t,r) -K, (t,r) ‘d‘t =0.
t
Brauane nokaxkem cleayronyro JeMMY.
Jlemma 1. TIpy BBITOJIHEHUH YCIIOBUM T€OpEMBI 2 CIIpaBeJIMBbl HEPABEHCTBA
| | | 5
R (1, r)=‘P (t,7)- P (¢, r)‘SC(oc) : (16)
l‘ —_
0, (1. 1) =[0; (. 1) - Q' (1. 1) < G, ()" a7

Loxazamenvcmeo nemmur. [lokaxkem cripaBeanuBocTsb (16). Mmeem

a 1
122 Nt—t-|P(t. 1) - Bt

a 1

3/2° o-l
-t

9=

[0

=2 2.Jt—1. 221" o T
21‘[([‘ _ ’[)3/2 Zﬂ:(l—a _ ‘ca )3/2
SRR m.‘tl“(t“‘—f"‘)m—0‘3/2';2'(f—’~')3/2
T

3/2

(t—r)~(t°‘—r°‘)

D [(=x) " 0 (1)

(t - r)m . (t“ -1 )3/2

=||T=x-t, 0<x<1||=

:2\/;.‘ (l_x)-(l—xa)3/2

1 ,
zzﬁ'Po(x)'

Oynkuust £ (x) HEMpPephIBHA It BCeX 3HadyeHui x npu 0< x <1, HO MeeT 0COOCHHOCTh IpH X =1.

ITosToMy BbIYMCIAUM

‘(l—x“ )3/2 )

3/2
—a

(1 _ x)3/2

lim

1-—

1_a3/2(

1—

X 3 3a

2 2

)

) ‘l—x 1 «
=lim

xﬁ

3/2
1-x

(1-x)(1-x) ‘—(%j=gg

Tenepr noxakem HepaBeHCTBO (17). imeem

x—1 ‘

2 2/

:3‘

‘ x—1 l_x ‘

0, (1 r>=t“é-LE;iy4"{,'5“_:5){=||r=z-x, 0<x<1]-
I T e T i e e s
4 [ I-x 1=t 4 (=) (1-x)

28

BecTHuk KaparaH,quCKoro yHuBepcuteTta



O6 uHTerpanbHoOM ypaBHeHUM BonbTeppa...

Oyuxmms O, (t, tx) =0, ( x) moHoToHHa, O, (0) =0 u HempepbiBHA IS BCEX 3HAYCHHH X € (0 l),
UMeeT 0COOCHHOCTD JIMIIb B TOYKE X =1.

Brraucioum
x* xa—(x“+oa—1)|_ 9 _l , | -0 x*! |_
xl_lfanQO( ) _>I1n0 4 ‘ (1_x)(1_xa) ‘_(Oj_4x1i>11n0‘_(1_xcx)_axa_1(1_x)‘_
_(9]_11 | (I-a)-o-x* _1|(1 ) oc| |1 oc|
0T a0 e (1Ima) ax P (Imx)ra x| 4] 2.0 | 8

te. C, = |l - OL| /8. Jlemma oka3aHa.

,ZZOKCZS’CIWI@JZbCWlGO meopembl 2. HpI/IBeI[eM JA0Ka3aTCJIbCTBO I TEX 3HAYCHUI mapamMeTpa o H“

0<T<{<oo, s KOTOPBIX pasHOCTh (O (t, 1:) -0, (t, 1:) 20. A ngns Tex 3HaYeHWi mMapaMeTpa o U

0 <T<t<o0, s KOTOPHIX PAa3HOCTh 0 (t, r) - Q2 (t, r) <0, mocTaTouHO OY/AET B JOKA3aTENLCTBE TOMEHSITh
POISIMU (DYHKITHH Q'(t, 17) u Q, =(t,1:); P'(t,r) u P'(

> (2, T) cootsercTBEHHO.
K (1,7) =K, (7)) =[P (1,7) exp (-0 (1,7)} - B (1, 1) expf -0 (1, D)} =
=|P (t,0)exp{=0 (7)) — B (£, 1)exp{-; (1,7)} + B (1,7)exp{ ~0'(6, 1)} - B (t:5)exp{ -0} (1,7)) | <
<|(P (%)~ B (1) )exp{=0 (1.7)} + B (17)  exp {0 (1.7)} ~exp{~0i (1.7)} | <
<|(P (%)~ B (6.9))exp{-0 (1.5)) + B (.0)|exp{-0 (6, 0)}| (1= exp(~0L (1,7)) + 0 (1.7) | <
<|(P (t.7) - B (6.7))|exp (-0 (1.7)} + B (1,7)|(<0s(1:%))+ O (1,7)|exp {0 (1.7)}-

¢
HUcnoneiys nemmy (1) u cnepytoriee ABoiiHOEe HEPaBeHETBO [4; 55]:
b -t*(t—1) <14 —1" <b, 1" (1 1),

A

t

rac

(18)
by =min{l, af, by=max{l, a},

BHa4aJIC MOJIYYUM

ool-010)-on - BB conl 2T gl

Hanee umeem

(B (o) Bl o)expl-0 (n0)} < G- .exp{_g, o };
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Brmonnenue HepaBeHncTBa (15) o3navaer, 4To sIpo
K,(1,7)=K, (t,r) -K (t,r)

HUMECT cna6y}0 OCOOCHHOCTP H CIIpaBCJINBO CJICAYIOHUICC TPCACIIbHOC COOTHOIICHHUC!

o 1 o 1
limj £ expl=co LT e <lim [ —d1=0
t—>00 /t_r p (t_ ) t—>0 / ’
3HAYUT, ypaBHEHHE (5) AEWCTBUTENHHO ABIISETCS XapaKTePUCTUUECKUM JUTs ypaBHEHUS (2).
Takxum oOpazoMm, TeopeMa 2, a TeM CaMbIM H Teopema | ToKa3aHBbI.
Kak ObLJI0 OTMEUEHO paHee, €CIIU B XapaKTePUCTUYCCKOM HMHTEIPAJIbHOM ypaBHEHHH (5) HMpPOU3BECTH

3aMEHBI He3aBUCHUMBIX TIEPEMEHHBIX (oc =1-20> 0) :

t:[atl]l/a _[om:l]l/a

l

U BBECTH 0003HAYEHU

\Tf(tl)zv([octl]l/a), &(1)= g([atl]l/a); (19)

k(Z)ZﬁeXp(—ij, (20)

TO MOJIY4YUM CJICAYIOUICC 3TAJIOHHOC UHTCTPAJIbHOC YPABHCHUC [4]

1.1
11
* ~ o 2 ~ ~
Krv=(1-26) 5 =3 (0)- u (5)" 7 (ai-) o (m ) de= & (1) 1)
0<t <1 <00,
Hcnonb3yst €ro pelieHue, 3alMileM PEleHHe XapakTEPUETHYECKOr0 MHTErPaIbHOrO ypaBHEHUs (5)
B Buge (o >0)

()=\T!([ . oc]) " +7»'f( )”a o ’rx-([a_lfa})_

—[a‘lr] T)dT+ Z Ha/z-exp[_li-ta], teR, (*),
a

rae
1 > m’
ri(y)=—=)> m-A"-exp| — |, |M| <1, yeR;
* ( ) 275(—9)3/2 m=1 (4)/]
(M)
h(1)=2 D \J-pi -exp(p,-y)+2 Z - exp(p, -y
k=—0 k=N, +1
2
1 P m m
+——— > —exp|— |, Rep, >0, 21, yeR -
2n(-y) k=10 [ 4y J '

~N,<k<N,, N, {M} N, Z{M}

2 2

Jluaum, omnuchIBaeMble ypaBHEHHEM |X|=exp (|

) , ACJT KOMIUICKCHYIKO IINIOCKOCTb

nmapamerpa A Ha Hemepecekaromuecs obnactu D,, m=0,1, 2,..., cnegyromum o6pa3om:
2n

D, ={D' D} UDk, D, =3, D, ={DUDP\JD;; (22)
k=0

rae
D :{7» |7»|<exp[ 2n+1 Tc argﬂ} :{7» |7»|<exp 2nn+argk]}, n=0,12,..
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O6 uHTerpanbHoOM ypaBHeHUM BonbTeppa...

Bremnue yactu rpanuy 0D,, m=0,1,2,..., obnacteit D,, m=0,1,2,..., 0003HaYMM, COOTBETCTBEHHO,
yepes [’ ,m=0,1,2,...
Teneps HaiiieM pelieHre UCXOTHOTO HHTETPATBHOTO YPaBHEHUS METOIOM peryispu3anuu KapiemaHna-
Bexya. Benem o6o3HaueHmE
K(r,t)sz (r,t)—K(r,t) (23)
1 3aIHIIIeM UCXOHOE HHTETPpAIbHOE ypaBHEeHHE (2) B BUIC

K, Ev(t)—kTK(r,t)v(r)dr = XOJ?IE(T,t)V(T)aIT+g1 (¢). (24)

PaccmatpuBas ypaBHeHue (24) kak XxapaKTepUCTUYECKOE, T.€. CUATAs MPABYIO YacTh 3TOTO.yPaBHEHHS
BPEMEHHO M3BECTHOH, 3aMMIIEM €TO PEIICHUE:
1+oa/2
(0} t(x

, (r)zg(t)—xofzz(t, r)v(r)d1+kof(£j oty [

a o

X

) N,
x gl(r)dr+7uj.[€(§,r) v(i)d@}dﬂ— Z cktHO‘/2 exp(&ta}
T o

k=N,
1
[IpeoOpaszyem npaByro 4acTh MOCIEIHETO PABEHCTBA:
0 1+o/2

a
v(t)zgl(t)+XI(£j ‘ca_ll’x_ L g (x)dt+
T\ T o o

N, oo’
+ c exp(&.taj+ij( nt)w(t)dt +
k:—Nl T
0 %, I+o/2 B o0 }
+kjv(<";) dE j(—j Sy N TR (g 1)dr (25)
Y +\ T o o

IToMeHsIB POJISIMM  TIEPEMEHHBIE WHTErPUPOBAHMA & W T B IIOBTOPHOM HHTErpaje MOCIEIHErO

YpaBHEHUS, MOJIYYHM HOBOE PETYJISIPU30BaHHOE ypaBHEHUE OTHOCUTENHFHO NCKOMON (DYHKIHH V (t) :

o N,
K;VE(]—XK*)VEv(t)—ljk(‘t,l)v(‘t)d‘t=§(t)+ Z c, grel? -exp(%-tuj, (26)
t k=—N,
i€ MCIIOIb30BaIl 0003HAYECHHS;
D 1+a/2 1 ~
[%(t, ’IZ) = [%(t, r)+ XI[EJ F;a_lrk_ %—tg K( T, @)d@ = [%(t, ’E)+ M%(t, 7:); (27)
t
o, 1+a/2 o« 0
gl(t)=g1 (t)+7»j(—) r“_lrx_ v gl(r)dl’. (28)
+\T o o

[lokaxkem, 4TO HHTErpanbHOE ypaBHeHHE (26) NEHCTBUTENBHO PETYIApPHOE (MMEET EeIUHCTBEHHOE
peleHue), 1J1 3TOro A0CTaTOYHO [10Ka3aTh CIPaBEeIIMBOCTh CIIEAYIOILEH OLICHKHU:

t—E

‘IE(T)‘ <C(a) 2o/ (r—t)”z -exp{—C(oc)- - }; (29)

T—1
O<e<a/2, a>0, O0<t<t<o0
Jlist perysisipusauy 0CoObIX HHTEIPATbHBIX YPABHEHUH ¢ GECKOHEUHBIM TPEIESIOM UHTErPUPOBAHHS
1eecoo0pasHee MEPEXOMTh K YPAaBHEHHSM HA KOHEYHOM HMHTepBale. [103TOMy BHauase mpeobpaszyem
MHTErPAIbHOE ypaBHeHHE (25) K YPaBHEHMIO Ha KOHEYHOM MHTepBaie. JlJisi 3TOro B HEM IPOU3BEIEM
3aMeHbl HE3aBUCHMBIX TEPEMEHHBIX:
P
(=" =T
¥ [IOJTy9MM
f 4
v (tl)—kIK (¢, 7, )v(7,)dr, =XIK (t,t)v(r)dt+g (1) (30)
0

0
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rae

K(tl”cl):KZ(tUTl)_K(tprl); (3D
U sapa K'2 (tl,t1 ), K (tl,rl) onpenenstores u3 paBeHCTB (13). CooTBeTcTBEHHO paBeHCTBa (26)—(28) mpumMyT
BU/I

K;‘:ﬁz(]—Mg*’)vzv (tl)—Xj‘Ie(tl ,tl)v(tl)dt1 =
0
Ny
=§(tl)+ z c, 177 exp (ﬂ-t“} (32)
k=-N, (o

3/1eCh UCIIOJIL30BAHbI 0003HAUYEHUS

K (t,7)=K(t,7,) +7uj[gjlwz'§a1-rk_([(xtl°‘]1—[a<§°‘]1)~1€"(1:1,§)d§=

=K' (t,7)+ % K (4,7)); (33)
2 I+a/2 » »
g, (t)=g(1 )MMJ .tl_a_l-rk_([a-tﬁ} _[a-rﬂ j-gl(rl)drl. (34)

Tenepp mokaxem, 4To UHTETpaJIbHOE ypaBHEeHHE (32) NeHCTBUTENHHO PETYISPHOE (BOJIBTEPPOBO), IS
ATOT0 JOCTATOYHO JI0Ka3aTh CIPABEUIMBOCTh CIICIYIOIICH JICMMBI:

Jlemma 2. Slnpo uHTErpaibHOro ypaBHeHus (32) uMeeT ciiadyr 0COOCHHOCTD, T.€. CIPaBEeIMBa OLICHKA

tl/ 2+e

; exp{—c(a) i }; (35)
_Tl)

T}—a/2+a (l‘ -1,

K (17| <C
1
O<e<o/2; a>0; 0<7 <t <oo.

loxazamenvcmeo. Tak Kak K '(Z,T) MMeeT< MpeCTaBICHUE K '(t,r)+/1 K '(t,r) TO oreHka (35)

ciemyeT u3 (15) v mpuBeCHHBIX HIDKE COOTHOMICHHH. YCmonb3ysl clieyroIee TBOiTHOEe HEpaBEHCTBO [5]:

C M (t-r)<t" =1 <Gu*i(t-7), € =min{l, af, C, =max{l, af,

BHAYaJIe MOJydHM ((1 =1-20> O)

Ié 1,7) <M, ( jn“l[ﬂjm/z \/am V' p[ Cl(a)(t_n)jdn+

T n-t yi-n m"

o I=al2  (a-1)/2 P2 C tna
(X)Jn o 1[2) ?/F (t_l)m exp(_ Z(t_)n Jdn:]l (1,7)+J,(t,7).

3neck C,(a), M;(e), wj=1,2 — MOCTOSIHHBIC, 3aBHCSIIME TONBKO OT O, (YHKIMH Ji(t.7), J,(2.7)

COOTBCTCTBCHHO paBHH

’ o[ GO N
e _[naﬂ \/T p( m jdn Ml( )Tl—u/z ]1(’ )a

(
J \/; j t) (a+1)/2 )1/2 exp (_MJ dn:Mz(a) 1\7/3/2 [2(t"t).
(r,

1(1/2 t_n T

Hanee xaxmyro u3 (byHKuHH 1, ) ( ) MIPEICTaBUM B BHIE CYMMEI U3 ABYX CJIaraeMbIX:

]l(t,r)—]“(t,r)+112 (t,’t) ;1 (t,’t) =121(t,1:)+122(t,r),

TUTST KQXKI0T0 U3 KOTOPBIX TOCTIEA0BaTEIFHO OyIeM HMETh:

1+t

7 1 C(a)(t—
Jll(t,‘c)=J. pyTE exp (—%j dn<

2 (n-1)(t-n)
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Cla) p o dz_C(&) (7= 7).
x/t—r'([\/zz+r/z_\/t—rl ( EENT +1)
C(

Ot)1 1+1+1/t C(Ot)1 1+\/§S

<

<

=]

B t—1 N/t t—t  ~t/t
1 1
S\/:{C1+C2(r/t)8 ln§~(t/r)8}= t_T[c1+c3(z/r)}
€

3nech 3HaYeHUE mapameTpa ¢ BeIOMpaetcs u3 ycnoBus 0 <

1,(t,7)= j o l_T exp(—m dn<

(l‘+t) I=7T (s 4 f
C t— <
of LA | CloD o < L),
t -1 t—7

(t+7)/2 \/; (a-1)/2 ()t n® 5
]21(t97): I (t_n)sz (77_7)1/2 CXp [_Mj dUSC(a)I (
<! [cl +C(c/0) I ©

— ; ~(t/T)gi|=ﬁ|:Cl+C3(t/T)gj|;
(

r7ie TMOC/IeHee HEepPaBEHCTBO IOJMyHaeTcs Tak Jke, Kak W Npu onenke ¢ynkmmm 1, (7, 1:), A 3HAYCHUE

In

napamerpa ¢ BbIOMpaeTcs Takxe u3 ycnoBus 0 <e<a/2;

t (cx—l)/Z C ¢ o
t o
I, (t, 7:) = N — €Xp (——2( ) N J dn <

o2 (t=m)" (n—1)

-1 (H—r)/z(t n) r=n !
~ t(u+1)/2
o (a+1)2 o+l _2 f—
= o) .[ t 52 CXP = (o) n= (a+1)/zn -
t—1 0( —n) t—m P t d;/qz
4(1-n)
o0
= C(a) f exp{—zz} dz < C(a)
t—1 a2/ t—1

B s1ux Hepasenctax mocrosrupie C(a), C,(a), j=1,2,3,4, pasHble u 3aBUCAT TONBKO OT o. M3

MOJTYYCHHBIX HCPABCHCTB CJICAYCT UCKOMas OLICHKA (35) Jlemma JOKa3aHa.
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Urak, B cumy ouenku (35) anst 3agaHHON MpaBoi yacT, ypaBHeHHe (32), a BMecTe C HUIM U ypaBHEHHUE
(26) WMEOT TONMBKO EAWMHCTBEHHOE pEIICHHE, CYIIECTBOBAHWE KOTOPOTO MOXKHO TIIOKa3aTh METOJIOM
MIOCJICIOBATENBHBIX MTPUOIMKESHUH.

W3 cootHomenuit (24) u (26) ciaenyeT, YTO OAHOPOJHOE ypaBHEHUE

Kyv=(I-JK,)v=v(t)-%A I K, (t,t)v(t)dt=0, teR, (36)
t
PaBHOCHIJIBHO HEOJHOPOJHOMY YPaBHCHHIO
Kiv=v(t) kj t)dt= Z c, 17 cexp (&'taj, teR.. (37)
a

k=—N,

Paccmotpum BMecTo (37) ceMelCTBO MHTETPANIbHBIX YPABHEHUN:

+

Kn=v(t XI v(t)dr=1""". exp(p"-aj k=-N,,...,0, N,, teR.. (38)
o
Hanee B cmiry TOro, 4To Kakaoe M3 ypaBHeHUil (38) mMeeT eMWHCTBEHHOE HETPUBUANBHOE pelleHHE

Vix (t), k=-N,,...,0,...,N,, cOOTBeTCTBYIOIIEe TPaBoii yacTu ypaBHenus (38) ¢"**.exp [l:; -ta} TO JUIs

KaXJoro 3HaueHus mnapamerpa Ae€C\D, 3t OGyHKIMH  V,, (t), k==N,...,0,...,N,, Oyayr
COOTBETCTBYIOIIMMH COOCTBEHHBIMH (DYHKIHSAMH OJHOPOAHOTO ypaBHEHH (36)-(a 3HAUUT, M OHOPOIAHOTO
uist (2) ypaBHEHHS.

Teopema 3. 3nauenust A € D, u3 (22) ABIAIOTCS PeryIApHBIMUA YKCIAMu oneparopa K, (2).

Teopema 4. Muoxecteo C\ D, cocrasmnsiior xapakrepuctiueckue ucna oneparopa K, (2). Ilpuuem

ecmu AeD, UT, | { (-1)" e’"“} , m=1,2,.., T1O0 dim Ker(K;x ) =m; W  COOTBETCTBYIOLINMHU

coOCTBeHHBIMH (DYHKUUSAMH OYIyT pelieHus ypaBHeHui (38):

v, (t)=[12;]71 [t”‘”z -exp (% -taﬂ, k=1,.., m=N,+N, +1.

OO0muM perreHneM HEOJHOPOIHOTO WHTETrpalibHOro ypaBHeHHs (26), paBHO Kak W ypaBHEHHUs (2),
Oyner QyHKIHs
w_ < m=N,+N,+1
vy (t) = [Kk] g(t)+ z G Vag (t), teR,,
k=1
I1e ¢, — NPOM3BOJIBHBIC OCTOSHHBIC, k=1,...,m.
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JeabTa Topizai e3exti BosibTeppa nHTErpaabIK TeHaeYi TYpaJibl

Makasiazia )KYKTEIIreH KbUTyOTKI3TIIITIK TeHIEYi YLIIH HISTTIK ecenTep KaTapblHa PeAyLHpIICHETIH eKiHII
TekTi Bonbreppa CHHIYJIApIbl HMHTETPAJIbIK TEHACYl KapacThIpbUFaH. HHTerpaniay apajbiFbIHbIH
IIEKCI3/iriHe JKOHE IeNbTa TOpi3Al e3eriHe OailmaHBICTBI MyHAa OIpTIHAEN JKYBIKTay ONIiCIH KOJIaHyFa
kenmeiini. [llemimi afikplH Typae TaObUIFaH COMKeC CHUIATTaMalblK TEHIEY KypacThIpbUIFaH. bacramksbl
TEHJIEYTe TEH KyaTTbl peryJIpu3alusiiay d/ici KOJJaHbUIbII, OHBIH CHEKTP] TaObUIFaH.
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D.M.Akhmanova, A.Ye.Omirbekova

On an integral of equation of Voltaire with delta-type kernel

The article considers the singular integral equation Volterra of the second kind, which reduces number of
boundary value problems for the heat equation loaded. In view of unbounded intervals of integration and del-
ta kernel does not apply to it the method of successive approximations. Construct the corresponding charac-
teristic equation, the solution of which is found in explicit form. For the original equation, the method of
equivalent regularization, found its spectrum.

References

Nakhushev A.M. Equations of Mathematical Biology, Moscow: Vysh. shk, 1995, 205 p.

Nakhushev A.M. Loaded equations and their applications, Moscow: Nauka, 2012, 232 p.

Polyanin A.D., Manzhirov A.V. Handbook of Integral Equations, Moscow: Fizmatlit, 2003, p. 608.
Akhmanova D.M., Dzhenaliyev M.T., Ramazanov M.1. Siberian Mathematical Journal, 2011, 52, 1, p. 1-12.
Hardy G.G., Littlewood D.E., Polya G. Inequalities, Moscow: Inostrannaya literatura, 1948, p. 55.

O N

YK 621.3.019

A.I/I.FO[[yHOBl, B.)K.KyaTOBZ, I[.M.Cymm(2

1 . .
Tensenckuii 2cocyoapcmeennuiil ynusepcumem, Poccus;
2 . .
Boennviii uncmumym Cun o30yuirou 060ponsi, Akmobe
(E-mail: kuatov.baurjan@mail.ru)

AJITOPUTMBbI KOHTPOJIA AeiCTBUI JIETHOI0 IKHIIAKA
110 YIIPABJICHHIO JI€TATEJbHbIM aNlIAPATOM

B crathe paccMOTpeHB! alrOPUTMBL KOHTPOJIST AEHCTBUH JIETHOIO SKUIAXKa IO YIPaBICHUIO JICTaTEIbHBIM
anmaparoM (JIA). B 3Toii cBA3M OTMEUEHO, UTO yIIPaBICHUE JICTATSIBHBIM alllapaToM, Pealn3yeMoe YeIoBe-
KOM-0TIEpaTOpPOM, HOCUT KYCOYHO-HEITPEPHIBHBIN XapaKTep U MPENCTaBIIeT cOO0 COBOKYITHOCTh OTIEIBHBIX
onepanuii. [Ipu s3ToM nox omeparuent OHUMaETCs TaKOe JecTBHE YenloBeKa 1o ynpasienuto JIA, 1ist koro-
pOro CyuiecTByeT COBOKYIIHOCTD YCJIOBUHM, ONpEAESIIOIIMX €ro Hadano U KoHel. Jlornyeckuilt KOHTPOJb
yIpaBlIeHUs IBIKEHUEM JIETaTeIbHbIM alllapaToM 3aK/II04acTcs B IPOBEPKE COOTBETCTBU eiCTBUI omnepa-
Topa TpeOyeMoil JIorrKe YIpaBjieHHs B TEKYIIM MOMEHT BpeMeHHU. [IpOBeeHHbI aHalli3 OnepaTopcKon
JIeSITEeNbHOCTH JIETHBIX OKUHa)Kei IpU yIpaBJI€HUHU JIETATEeIbHOrO arnapara Mo3BOJIMI OIPeIeuTh epedeHb
BO3MOJKHBIX OIIMOOK, BO3HUKAIOIIMX B IPOLIECCE 3TON AEATETBHOCTH.

Knrouegvie ciosa: neraTenbHBIN armapar, S5KUIaXX, KOHTPOJIb YIIPABJICHUSA IBUKCHUEM.

CoKHOCTh pa0OThI SKHITAXKa OMPEACIIAETCS HEOOXOAUMOCTHIO BOCTIPUATHS B KK MOMEHT BpeMe-
HU-00QJIBIIOrO KOIWYECTBA Pa3IMYHBIX CUTHAJIOB, IPUHATHUS PEIICHUS Ha OCHOBE BCEU moirydyaeMon MH(Op-
MaIliH, BBITIOJIHEHUSI HEOOXOAUMBIX IEHCTBHI B COOTBETCTBHU C NMPUHATHIM PEIICHHWEM 332 OrpaHHYEHHBIC
MPOMEXYTKA BpeMeHH. PaccMaTpuBasi yrpaBlieHHE JIETaTeIhbHOrO ammapaTa, pealn3yeMoe YelIOBEKOM-
OTIEPATOPOM, CJIEyeT OTMETUTh, YTO TaKOE B3aUMOJICHCTBHE HOCUT KyCOYHO-HEIIPEPBHIBHBINA XapakTep H
MpeICTaBIsIeT CO00H COBOKYITHOCTh OTACIBHBIX omeparuid. [Ipu 3ToM 10j omepalyell OHUMAeTCs TaKoe
NeiCTBHE YelloBeKa Mo yrmpaBieHHuo JIA, mjs KOTOPOTro CYHIECTBYET COBOKYITHOCTH YCIOBHH, OMPEEIISIO-
IIUX €ro HaYaJio M KOHEIl.

OKHUMNaX, BBIMONHASA MOJIET M0 33/JIaHHOM TPAaeKTOPHUH, TOJKEH YIPABIATH MpoleccoM ABMKeHus JIA.
Ecnu skunax oOHapykKMBaeT OTKIOHSHHsI OT Kypca JBHUKCHHS JINOO OT 3aJaHHOM BBICOTHI U CKOPOCTH, TO B
ITYPBAIILHOM M IUPEKTOPHOM PEKUMAaX TaKHe OTKIOHCHHS JIMKBHIUPYIOTCS ACUCTBUSIMHU CAaMOTO JKHITaXKa.
JIJs OTICHKHM TOYHOCTH MHJIOTUPOBAHUS PACCMOTPUM IOHSTHE OJIM30CTH KPUBBIX.

Kpugsie y = f'(x) u y = f; (x) OJu3KH B CMBICIIC OJIM30CTH k-T'O MOPsKA, €CJIM MOIYJIM pa3HOCTEH qocTa-
TOYHO MaJsl [ 1-5].
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