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Abstract. A simulation of the Stirling engine was carried out, where the temperature variability in the cooler 

and heater is taken into account, and the engine itself generates electric current. The study was carried out in the 

temperature range when the piston and displacer move synchronously. The possibility of increasing engine power 

by reducing hydraulic resistance in the regenerator is shown. It was also discovered that as the electrical load on 

the generator increases, the work produced by the engine can also increase. This indicates that there is a maximum 

of electrical energy production depending on the load. The increased rigidity of the displacer spring contributes to 

an increase in engine power and its efficiency. 
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1. Introduction  

Due to the limited reserves of oil, gas and high-quality coal on the planet, the problem of energy shortages 

will arise in the near future. Therefore, new thermodynamic cycles and the possibility of creating heat engines 

based on them are being sought [1–4]. In this context, the Stirling engine deserves attention; it unites a large 

family of devices whose operation is based approximately on the thermodynamic Stirling cycle [5, 6]. It 

belongs to a wide class of low-power motors for producing mechanical work and/or electrical energy from 

low-potential heat sources [7–11]. Based on the Stirling engine, it is possible to create an energy system with 

distributed generation [12, 13]. This is important for Kazakhstan, which has a low population density and rich 

solar energy resources. Mathematical modeling of the Stirling engine makes it relatively easy to find the most 

important conditions and parameters necessary to create devices with the highest efficiency.  

Widely used isothermal models [1–3, 6, 13−15] have low accuracy and are not convenient for designing 

real Stirling engines, although they allow us to understand their basic properties. Therefore, a model is needed 

that takes into account the temperature change in all parts of the engine, since the temperature changes greatly 

and this factor can have a significant impact on the physical characteristics of the designed devices.  

In addition, there is another important question about the role of spring 4 (Fig. 1) in the engine operation. 

The fact is that the Stirling engine can operate without this spring, and no separate studies devoted to its 

influence on such important characteristics as power and efficiency can be found. 

The proposed work analyzes the operation of a Stirling engine with a free working piston; in contrast to 

earlier works, the temperature variability in the heater and cooler is taken into account. This is very important, 

since widespread isothermal models [1–3, 7, 14, 15] are not convenient for designing real engines, although 

they allow one to understand their basic properties. 
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An attempt to take into account the temperature variability in work [14] does not solve the problem, since 

it uses approximate equations that are valid only for the steady-state heat exchange mode. The same is done in 

[1-3, 6]. It is not possible to find other studies that describe in detail the temperature change over time in a 

Stirling engine. In addition, the proposed study, unlike [1-3, 6, 14], is based on a simpler and at the same time 

more advanced model [13]; in it, the engine is considered to consist of three parts (instead of five) ⎯ a heater, 

cooler and regenerator. There is another difference: a non-stationary equation of conservation of momentum 

is used for the regenerator. This equation more accurately takes into account the momentum transfer in the 

regenerator and, for a steady gas flow, goes over to the Darcy-Weisbach equation from works [1-3, 6, 14]. 

2. Engine design diagram and model equations 

In Fig. 1 shows a diagram of the design of a Stirling machine with a free piston [14, 15]. Compression 

volume 6 is a cooler and is designated Vc, expansion volume 7 is a heater with volume Ve. This means that the 

volumes Vc and Ve are essentially a cooler and a heater, they are cylindrical in shape with a diameter d2. 

Accordingly, their temperatures are Tc and Te. Volumes Vc and Ve are in contact with “external environments” 

with minimum Tmin and maximum Tmax temperatures. The gas masses in each of the indicated volumes are 

equal to mc and me. 

 

 
 

Fig. 1. Simplified diagram of the structure of a Stirling engine with a free piston and the direction of the x coordinate:  

1 – working piston; 2 – displacer; 3 – displacer rod; 4 – displacer spring; 5 – regenerator; 6 – cooling area; 7 – heating 

area 

 

The origin of coordinates x coincides with the initial position of the working piston when it is in the 

equilibrium position xp = 0. This state corresponds to the initial position of the displacer xd = xd,0. Regenerator 

5 is a narrow and long channel in the space between two coaxial cylinders with diameters d1 and d2 = d1 + 2dr. 

In it, gas moves in the direction of coordinate x with a cross-sectional average speed u and density r. The 

buffer space includes volume Vb, pressure pb in it, according to the results of [15], it does not play a big role.  

The displacer and the working piston have the shape of a disk of equal diameter d1. The working piston 

1 moves freely along the rod 3 of the displacer 2, the last two are rigidly connected to each other, and one of 

the ends of the rod is attached to the spring 4 with a stiffness coefficient kd. The displacer can move freely 

inside the cylinder, surrounded by a cylindrical regenerator with length Lr and working space thickness dr. 

When the piston moves, an electric current is generated, the linear generator in Fig. 1 is not shown, but its 

reverse effect on the operation of the machine is taken into account by the damping coefficient Dp [14]. 

A new isothermal model of the engine is presented in [15], it includes the equations of motion of the 

displacer, piston and gas in the regenerator, and takes into account the relaxation property of the regenerator 

of a hydrodynamic nature. The coordinate of the displacer xd with mass md is measured from the equilibrium 

position xd,0, the initial state of the piston coordinate xp and mass mp coincides with the x coordinate. The gas 

in the buffer volume compresses and expands under adiabatic conditions with index . External and initial 

pressure p0. The equations of motion of the displacer and piston have the form 

depcrodbddd
d

d ApApApxxk
dt

xd
m −+=−+ )( 0,2

2

,                                                                     (1) 
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They are supplemented by formulas for determining pressures: 
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The volumes contained here are found by the equations 
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Here Xe,0 is the distance from the right wall of the heater to the equilibrium position of the displacer; Arod is the 

cross-sectional area of rod of the displacer; Ad is the cross-sectional area of the displacer, and 4/2
1dAd = . 

In equations (1) and (2) there are no reaction forces from the walls that arise when the piston and displacer 

reach the extreme positions on the left xd,min, xp,min and on the right xd,max, xp,max. In this study, only such operating 

modes are considered when such values of the coordinates of the piston and displacer are not achieved. The 

gas masses in the displacer mc and heater me are determined by solving the equations (further, the top stroke 

means the derivative with respect to time) 

r
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c m
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=−= , .                                                                                                                     (5) 

Let mc,0 and me,0 are the initial values of the gas masses in the cooler and heater, then from the sum of 

equations (5) and after integration the equality follows 

)( 0,0, eecc mmmm −−=− .                                                                                                                    (6) 

The pressure pr and temperature Tr in the regenerator are taken to be the average values in the heater 

and cooler: 
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Equalities (7) mean accepting a linear dependence on the x coordinate of changes in pressure and 

temperature in the regenerator. Then the average gas density in the regenerator r is determined from the 

equation of state 
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For the gas mass flow rate in the regenerator mr(t) = u(t)rAr, the equation is used [15] 
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According to the diagram in Fig. 1, the positive direction of gas movement corresponds to the positive 

sign of the pressure drop p, therefore p = pc − pe. 

Writing the energy equation comes down to finding an equation for the temperature of the heater Te and 

cooler Tc; these parts of the machine are surrounded by media with temperatures Tmax and Tmin. In real devices, 

Tmax is the temperature of the liquid or gaseous medium that serves as a heat supplier for the machine; Tmin is 

the ambient temperature. 

Heat exchange with the external environment occurs according to Newton's law with heat transfer 

coefficients e and c through the wall surfaces with the contact area Se and Sc. Using Newton's law does not 
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accurately model heat transfer through the wall during fast transient processes, but is acceptable as a first 

approximation. 

The heat capacity of a gas at a constant volume c = const, the mass of the gas m, the internal energy of 

the gas U = cmT, when a small heat dQ is supplied, its volume changes by the value dV, then the law of 

conservation of energy is written as the equality 
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dt
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+−= . 

 

The rate of heat supply/removal Q is determined by the sum of the following factors: 

- convective transfer across the boundaries of the volume under consideration Qc (or, Qe), 
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- exchange of heat with the external environment Qin (or, Qout). 
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- thermal equivalent of the operation of an electric generator Qgen, 
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- thermal equivalent of the work of pushing gas through the regenerator Qr,c (or, Qr,e), 
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Thermal powers Qr,c and Qr,e always have a positive sign; if the gas flows from left to right, then the 

pushing work is performed by the coolant gas; if the gas flows in the opposite direction, then it is the heater 

gas.  The rates of change in the volumes of the cooler and heater are equal 
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Then, from the law of conservation of energy, the rates of temperature changes Tc and Te are determined, 

 

,,crgencout

pd
pc

c
c

c
c QQQQ

dt

dx

dt

dx
Ap

dt

dm
Tc

dt

dT
mc −−−−













−−−=   

erein
d

de
e

e
e

e QQQ
dt

dx
Ap

dt

dm
Tc

dt

dT
mc ,

−++−−=  . 

 

Using equalities (4) allows the temperature equations to be written in a convenient form: 
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Here, the first terms on the right sides of the equalities have the same structure, so they can be combined 

with convective heat sources. After simple transformations, the final forms of the equations for temperatures 

are obtained: 
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The inclusion of thermal powers (11) and (12) explicitly in the temperature equations (13) makes it 

possible to more accurately determine the temperature in the cooler and heater. 

3. Modeling tools, construction of computational grid and verification of model accuracy 
and adequacy 

The solution of equations (1), (2), (5), (9) and the system of equations (13) was carried out using the 

numerical Runge-Kutta method with second order accuracy [19]. The computational grid is taken from the 

same book. The program code for implementing the computational algorithm was written by one of the authors 

in C++ using the DevCpp 5.11 package. 

The integration step is t = 10–5 s; such a small value allows one to obtain reliable results with wide 

variations in engine parameters. The accuracy of the model was verified by decreasing the integration step t; 

the invariance of the results at different steps indicates the accuracy of the calculations [19]. The adequacy of 

the model was verified by checking the coincidence of the results with the results from work [15], obtained in 

the isothermal approximation. 

4. Stirling machine simulation results 

The analysis of its operation was carried out with the following set of input parameters: 

−  displacer mass md = 0.1 kg; 

−  heater length Le = 0.17 m; 

−  spring stiffness kd = 500 N/m; 

−  cross-sectional area of the displacer rod Arod = 0.01 m2; 

−  diameter d1 = 0.24 m and displacer cross-sectional area Ad = 0.045 m2; 

−  piston area Ap = Ad – Arod = 0.035 m2; 

−  piston mass mp = 0.2 kg; 

−  damping coefficient (characterizes the reverse effect of an electric generator on a machine) Dp = 8.0 

Ns/m; 

−  initial pressure p0 = 105 Pa; 

− working gas: adiabatic index (air)  = 1.4, gas constant Rg = 287 J/(kgK), heat capacity at constant 

volume c = 710 J/(kgK); 

−  heat transfer coefficients с = e = 250 Вт/(м2K); 
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−  heat exchange surface area of the cooler Sc = 0.65 m2; 

−  heater heat exchange surface area Se = 0.19 m2; 

−  heat source temperature Tmax = 593 K (320 оC); 

−  cooler (ambient) temperature Tmin = 293 K (20 оC); 

−  distance Xe,0 = 0.26 м; 

−  initial volumes Ve,0 = 1.4610−2 m3, Vb,0 = 2.5105 m3,  Vc,0 = 5.710−3 m3; 

−  neutral position of the displacer xd,0 = 0.15 m; 

−  geometric parameters of the regenerator Lr = 0.18 m,  dr = 0.01 m,  Ar = 7.8510−3 m2;  Vr = 1.410−3m3; 

−  hydraulic parameters of the regenerator Kr = 0.5,    = 0.06. 

The volume of the buffer space is taken to be very large, Vb,0 = 2.5105 m3; in fact, it is excluded from 

consideration.  High values of the heat transfer coefficients c and e suggest a rough account of the convective 

movement of the gas. But such movement is not considered in detail here, so as not to complicate the analysis 

of engine operation. The accepted value  corresponds to the weak porous structure of the regenerator;  = 

0.03 is realized in the free space of a channel with smooth walls [18]. 

The following was discovered during the simulation: 

− the time it takes to reach a steady state of engine operation depends on the initial conditions for the 

differential equations; 

− oscillations with very different frequencies occur in the system, so numerical integration of the 

equations must be carried out with a small-time step; 

− under certain initial conditions, oscillations with very large amplitudes may occur in the first 0.01...0.1 

s; 

− with low spring stiffness kd, the displacement of the displacer xd may not correspond to the design of 

the engine and then the displacer rod may rest against the right or left wall. Sometimes this appears as a 

negative volume value Ve. 

Results in Fig. 2–4 were obtained with initial conditions 

 

t = 0:   xp = 0; dxp/dt = 0; xd = xd,0; dxd/dt = 1 m/s;  mr = 0. 

 

In addition to them, at the initial pressure p0 and temperatures Te(t = 0) = Tmax, Tc(t = 0) = Tmin, the gas 

masses in the cooler and displacer are equal 
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4.1. Methodology for calculating the generated power of electricity 

Since the reverse influence of the electric current generator on the operation of the Stirling engine lies in 

the Dpxp complex, it characterizes the production of electrical energy. The coefficient Dp depends on the 

properties of the generator [14]. The Dpxp complex is the resistance force resulting from self-induction in the 

generator windings. Then the instantaneous electrical power is equal to 

 

( )2ppgen xDQP == . 

To assess the efficiency of the engine, the amplitude, or the average value over several periods of 

oscillation <P> in a steady state, is of interest. The positions of the displacer and piston (Fig. 2) are gradually 

established to a periodic oscillation mode with constant amplitudes. Clock frequency of oscillations in steady 

state  = 12.3 Hz. The piston and the displacer perform synchronous oscillations; the presence of a noticeable 

phase shift between xd and xp is not detected. Such a small phase shift exists in the model [14], but not between 

pressure fluctuations in the heater and cooler. 

Within one period of oscillation, the maximum speed of the piston is greater when moving to the right 

than in the opposite direction. Since the piston stroke is the same in both directions, the travel time is different. 

Due to the indicated difference in velocity amplitudes, the power graph (Fig. 3) in steady-state mode shows 

two maximum points Pmax,1 = 427 W and Pmax,2 = 598 W. Thus, the greatest engine power is developed when 

cold gas expands. 
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Fig. 2. Changes in the coordinates of the displacer xd and piston xp over time 

 

 
Fig. 3. Dependence of electrical power P on time t 

 

The gas temperature in the heater Te at certain moments of time exceeds Tmax (Fig. 4). This occurs as a 

result of adiabatic compression of the gas under the influence of the inertia force of the displacer mass. But 

the average value <Te> is always less than Tmax. The gas temperature in the cooler Tc can increase both due to 

the incoming mass from the heater and as a result of adiabatic compression. In addition, Tc oscillations have a 

weakly expressed relaxation character, when the temperature increases faster than the decrease. Temperature 

data <Te> allows an approximate estimate of the electrical efficiency of the engine . The temperature 

difference between the heater and the external temperature Tmax is T = Tmax − <Te> = 84 K. Then the heat 

entering the engine is Qin = eSeT = 4012 W. The net power produced is approximately <P> = 254 W, and 

then the efficiency is  = 0.063, or 6.3%. 

 

 
Fig. 4. Dependence of the temperature of the refrigerator Tc and the heater Te on time t 
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It should be noted that the use of values with a temperature difference Qin (or Qout) is inconvenient, since 

the value T is much smaller than the temperatures themselves, so they must be calculated with high accuracy. 

Various thermodynamic cycles are realized in the heater and cooler; in the p-V coordinates one close to the 

Stirling cycle is observed, and in the cooler its almost mirror image is observed relative to the vertical axis 

(Fig. 5). A special feature of them is the presence of a small loop in the upper part of the figure; in addition, 

line 1 is not a Stirling cycle, since a decrease in pressure corresponds to an increase in volume. An increase in 

the hydraulic resistance coefficient Kr leads to a decrease in engine efficiency  (Fig. 6) and average power 

<P> (Fig. 7), the opposite phenomenon is observed depending on Dp.  

 

 
Fig. 5. Image in p-V coordinates of cycles in the heater (line 1) and cooler (line 2) in steady-state engine operation 

 

 

 
Fig. 6. Dependence of the electric efficiency of the engine  on the parameter Kr 

 

 

 
Fig. 7. Dependences of electric power <P> (lines 1, 2) and incoming heat Qin (lines 3, 4) on the Kr parameter 
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The power of heat supplied to the engine Qin decreases at low Kr, and the observed increase in <P> means 

a more efficient conversion of heat into mechanical work. However, at low values of Kr, excessively large 

displacements of the displacer may be observed due to low spring stiffness kd or small volume Ve, which do 

not correspond to the engine design. As the damping coefficient Dp increases, the pressure in the heater and 

cooler, as well as the difference between them, increases. This is explained by an increase in resistance to the 

movement of the piston, which leads to more mechanical work and the production of electrical power P. 

In this regard, it would seem that the coefficient of hydraulic resistance Kr should have the same effect, 

but here the opposite phenomenon is observed (Fig. 7) the power <P> drops. The reason for this is a reduction 

in the exchange of heat and mass between the heater and cooler, which is fundamentally necessary in the 

Stirling cycle. An increase in engine power and efficiency can also be achieved by increasing the rigidity of 

the displacer spring, and at the same time this leads to an increase in the oscillation frequency (Fig. 8). Over 

the range of kd changes indicated here, the power <P> increases from 64 to 251 W. 

 

 
Fig. 8. Changes in frequency, efficiency and power when spring stiffness changes; Kr = 0.5, Dp = 8.0 Ns/m 

 

The above results indicate the existence of an optimal operating mode for the Stirling engine depending 

on the spring stiffness, the hydraulic resistance of the regenerator, the connected electrical load and the 

geometric characteristics of the heater. The optimization procedure necessary in this case was not carried out; 

this is a separate and complex task due to the presence of a large number of parameters.  

Here, the increase in efficiency  and power P depending on the load parameter kd deserves special 

attention. Obviously, an unlimited increase in kd will ultimately lead to the engine stopping. This means that 

the functions (kd) and P(kd) must have a maximum point. 

 
5. Comparison with the isothermal model [15] 
 

Now temperatures Tc = Tmin, Te = Tmax, equations (1.13) are not considered. In the isothermal 

approximation, the efficiency calculation is performed based on the value of the total engine power Pm (or the 

rate of production of mechanical work), it is equal to 

 

=−+−=
dt

dV
pp

dt

dV
ppP e

e
c

ecm )()( 0 |(𝑝𝑐 − 𝑝𝑒)𝐴𝑝 (
𝑑𝑥𝑑

𝑑𝑡
−

𝑑𝑥𝑝

𝑑𝑡
)| + |(𝑝𝑒 − 𝑝0)𝐴𝑑

𝑑𝑥𝑑

𝑑𝑡
|. 

 

The necessity of the module sign is explained by the fact that useful work is performed both during 

expansion and compression of gas in volumes. The engine efficiency  was determined by the average values 

of power P  and mP : 

mP

P
= . 

The initial physical parameters remain the same as those used to construct Figures 6 and 7. Changing the 

resistance coefficient Kr from 0.1 to 0.9 does not change the efficiency, but the power is constantly reduced. 

And this result does not depend on the generator electrical load characteristic Dp. The obtained data are placed 

in Table 1. 
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Table 1. Dependence of average electrical power on the resistance coefficient Kr 

Dp = 8 Ns/m 

Kr 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

 17 % (for all Kr) 

P , W 
28 21 16 13 10 9 7 6 5 

Dp = 10 Ns/m 

 19 % (for all Kr) 

P , W 
53 40 31 24 20 17 14 12 10 

 

It is also worth paying attention to the decrease P  when switching to an isothermal model (power in 

Table 1 is measured in watts), but at the same time the efficiency increases. The constancy of the efficiency  

found here is another distinctive feature of the isothermal model. It is generally accepted that friction always 

reduces the efficiency of the engine, but this is not observed in Table 1. Apparently, this is a shortcoming of 

the isothermal approximation. 

6. Conclusion 

Simulation of the Stirling engine showed a strong dependence of the results (temperatures in the heater 

and cooler, power and frequency) on the geometric and physical properties of the regenerator and the amount 

of work generated by the electric generator. In this case, the engine power increases with a decrease in the 

coefficient of hydraulic resistance in the regenerator and an increase in the load of the electric generator. An 

increase in power is also observed with an increase in the spring stiffness of the displacer, leading to an increase 

in the oscillation frequency. It was also found that the greatest power is observed in the absence of a phase 

shift between the oscillations of the displacer and the piston. The motor cannot run when the phase shift gets 

close to . Increasing the stiffness of the displacer spring also leads to an increase in oscillation frequency, 

power and efficiency. Thermodynamic processes according to the Stirling cycle occur in the heater; in the 

cooler, a cycle is implemented that is close to mirror reflection relative to the pressure axis in p-V coordinates. 

Comparison with an earlier isothermal model showed the following: 

1) taking into account the change in temperature (in contrast to the isothermal model) in the engine leads 

to an increase in its power (for example, approximately 8.9 times with a spring stiffness of kd = 500 N/m and 

Dp = 8 Ns/m); 

2) but at the same time the efficiency of the engine increases for example, approximately 2.74 times with 

a spring stiffness of kd = 500 N/m and Dp = 8 Ns/m); 

3) in the isothermal approximation, the efficiency can remain constant with an increase in the hydraulic 

resistance of the regenerator Kr from 0.1 to 0.9, and this result does not depend on the damping coefficient Dp. 

The obtained data are the result of calculations (simulation) under the specified simulation conditions and 

will be further analyzed for compliance with experimental data under similar operating conditions of the 

Stirling engine. 
 

Notation 

Ad − the cross-sectional area of the displace, m2; 

Ap − the cross-sectional area of the working piston, m2; 

Arod − the cross-sectional area of the rod (displacer), m2; 

Ar, Lr − cross-sectional area and length of the regenerator, m2 and m; 

Dp − the coefficient characterizing the electric generator, Ns/m; 

dr − the height of the working section of the regenerator, m; 

d1 − the diameter of the piston and displacer, m; 

d2 − diameter of the heater and cooler, m; 

kd − spring stiffness coefficient, N/m; 

mc − the mass of gas in the cooler, kg; 

me − the mass of gas in the heater, kg; 

mr, mr − mass and mass flow rate of gas in the regenerator, kg and kg/s; 

P − electric power of the generator, W; 
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pb, Vb − pressure and volume of buffer space, Pa and m3; 

p0 − initial and external pressure, Pa; 

Qin and Qout − heat input and output power in the engine, W; 

Qr,c and Qr,e − thermal equivalents of the work of pushing gas through the regenerator, W; 

Qc and Qe − thermal capacities of convective transfer across the boundaries of the cooler and heater, W; 

Rg − gas constant, J/(kgK); 

Tmin, Tmax − minimum and maximum temperature, K; 

t − time, s; 

Vc, pc and Tc − volume, m3, pressure, Pa, and gas temperature, K, in the cooler; 

Ve, pe and Te − volume, m3, pressure, Pa, and gas temperature, K, in the heater; 

Vr, pr and Tr − volume, m3, pressure, Pa, and gas temperature, K, in the regenerator; 

xd, xp − the coordinates of the displacer and piston, m; 

u − gas velocity in the regenerator, m/s; 

с, e − heat transfer coefficients in the cooler and heater, W/(m2K); 

  − adiabatic index; 

  − electrical efficiency; 

r − gas density in the regenerator, kg/m3; 

 − the oscillation frequency of the piston and the displacer, s−1; 

, Kr − hydraulic resistance coefficients.  

Subscripts: c – compression; e – expansion; b – buffer; d – displacer; gen – generator; in − inlet; out − output; p – piston; r – 
regenerator; g – gas. 
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