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Solvability of a semi-periodic boundary value problem
for a third order differential equation with mixed derivative

This article is devoted to the study of the solvability of a semi-periodic boundary value problem for
an evolution equation of the pseudoparabolic type. Nonlocal problems for high order partial differential
equations have been investigated by many authors [1–4]. A certain interest in the study of these problems is
caused in connection with their applied values. These problems include highly porous media with a complex
topology, and first of all, soil and ground. Such equations can also describe long waves in dispersed systems.
To solve this problem, new functions are introduced in the work and the method of a parameterizations
applied [5]. Then the boundary value problem for a third order differential equation is reduced to a periodic
boundary value problem for a family of systems of ordinary differential equations [6–18]. New constructive
algorithms for finding an approximate solution are proposed and in terms of the initial data, coefficient-like
signs of the unique solvability of the problem under study are obtained.
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Introduction

On Ω = [0, ω]× [0, T ] we consider the semi-periodic boundary value problem

∂3u

∂x2∂t
= A(x, t)

∂2u

∂x2
+B(x, t)

∂u

∂t
+ C(x, t)u+ f(x, t), (x, t) ∈ Ω, (1)

u(x, 0) = u(x, T ), x ∈ [0, ω], (2)

u(0, t) +
∂u(0, t)

∂x
x = ϕ(x, t), (x, t) ∈ Ω, (3)

where (n × n) - are the matrices A(x, t), B(x, t), C(x, t), n-vector functions f(x, t), ϕ(x, t) continuous

on Ω, here ‖u(x, t)‖ = max
i=1,n

|ui(x, t)|, ‖A(x, t)‖ = max
i=1,n

n∑
j=1
|aij(x, t)|.

Let C(Ω, Rn) - be the function space u : Ω→ Rn continuous on Ω, with the norm

‖u‖0 = max
(x,t)∈Ω

‖u(x, t)‖.

A function u(x, t) ∈ C(Ω, Rn), having partial derivatives

∂u2(x, t)

∂x2
∈ C(Ω, Rn),

∂u(x, t)

∂t
∈ C(Ω, Rn),

∂3u(x, t)

∂x2∂t
∈ C(Ω, Rn)

is called a solution to problem (1)–(3) if it satisfies system (1) for all (x, t) ∈ Ω, and conditions (2), (3).
To find a solution, we introduce the functions v(x, t) = ∂2u(x,t)

∂x2
, w(x, t) = ∂u(x,t)

∂t and reduce problem
(1)–(3) to a family of periodic boundary value problems for a system of ordinary differential equations
of the form

∂v

∂t
= A(x, t)v +B(x, t)w + C(x, t)u+ f(x, t), (x, t) ∈ Ω, (4)

v(x, 0) = v(x, T ), x ∈ [0, ω], (5)
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functional relationships

w(x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂v(ξ1, t)

∂t
dξ1dξ, (6)

u(x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

v(ξ1, t)dξ1dξ. (7)

To solve problem (4)–(7) we apply the method of a parametrization.

By the step h > 0 : Nh = T we make fragmentation [0, T ) =
N⋃
r=1

[(r − 1)h, rh), N = 1, 2, . . . .

Moreover, the area Ω is divided into N parts. By vr(x, t), ur(x, t) we denote, respectively, the restriction
of the function v(x, t), u(x, t) in Ωr = [0, ω]× [(r − 1)h, rh), r = 1, N.

By λr(x) we denote the value of the function vr(x, t) at t = (r−1)h, i.e. λr(x) = vr(x, (r−1)h) and
make the replacement ṽr(x, t) = vr(x, t) − λr(x), r = 1, N . We obtain an equivalent boundary value
problem with unknown functions λr(x):

∂ṽr
∂t

= A(x, t)ṽr +A(x, t)λr(x) +B(x, t)wr + (x, t)ur + f(x, t), (8)

ṽr(x, (r − 1)h) = 0, x ∈ [0, ω], r = 1, N, (9)

λ1(x)− λN (x)− lim
t→T−0

ṽN (x, t) = 0, x ∈ [0, ω], (10)

λs(x) + lim
t→sh−0

ṽs(x, t)− λs+1(x) = 0, x ∈ [0, ω], s = 1, N − 1. (11)

wr(x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂ṽr(ξ1, t)

∂t
dξ1dξ, (12)

ur(x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

λr(ξ1)dξ1dξ +

x∫
0

ξ∫
0

ṽr(ξ1, t)dξ1dξ, (x, t) ∈ Ωr, r = 1, N, (13)

where (11) is the condition for combining functions in the internal lines of the partition. Problem
(8), (9) for fixed λr(x), wr(x, t), ur(x, t) is a one-parameter family of Cauchy problems for systems of
ordinary differential equations, where x ∈ [0, ω], and is equivalent to the integral equation

ṽr(x, t) =

t∫
(r−1)h

A(x, τ)ṽr(x, τ)dτ +

t∫
(r−1)h

A(x, τ)dτ · λr(x) +

t∫
(r−1)h

F (x, τ, wr, ur)dτ, (14)

where

t∫
(r−1)h

F (x, τ, wr, ur)dτ =

t∫
(r−1)h

B(x, τ)wr(x, τ)dτ +

t∫
(r−1)h

C(x, τ)ur(x, τ)dτ +

t∫
(r−1)h

f(x, τ)dτ.

Instead of ṽr(x, τ) we substitute the corresponding right-handed part of (14) and by repeating this
process ν (ν = 1, 2, . . .) times we obtain

ṽr(x, t) = Dνr(x, t)λr(x) + Fνr(x, t, wr, ur) +Gνr(x, t, ṽr), r = 1, N, (15)
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where

Dνr(x, t) =
ν−1∑
j=0

t∫
(r−1)h

A(x, τ1)dτ1 . . .

τj∫
(r−1)h

A(x, τj+1)dτj+1 . . . dτ1,

Fνr(x, t, wr, ur) =

t∫
(r−1)h

[
B(x, τ1)wr(x, τ1) + C(x, τ1)ur(x, τ1) + f(x, τ1)

]
dτ1+

+
ν−1∑
j=1

t∫
(r−1)h

A(x, τ1) . . .

τj−1∫
(r−1)h

A(x, τj)

τj∫
(r−1)h

[
wr(x, τj+1)+C(x, τj+1)ur(x, τj+1)+f(x, τj+1)

]
dτj+1dτj . . . dτ1,

Gνr(x, t, ṽr) =

t∫
(r−1)h

A(x, τ1) . . .

τν−2∫
(r−1)h

A(x, τν−1)

τν−1∫
(r−1)h

A(x, τν)ṽr(x, τν)dτνdτν−1 . . . dτ1,

τ0 = t, r = 1, N. Passing to the limit as t→ rh− 0 in (15) we have

lim
t→rh−0

ṽr(x, t) = Dνr(x, rh)λr(x) + Fνr(x, rh, wr, ur) +Gνr(x, rh, ṽr),

x ∈ [0, ω], r = 1, N. Substituting in (10), (11) instead of lim
t→rh−0

ṽr(x, t), r = 1, N, the corresponding

right-handed parts for unknown functions λr(x), r = 1, N, we obtain the system of functional equations:

Qν(x, h)λ(x) = −Fν(x, h, w, u)−Gν(x, h, ṽ), (16)

where Qν(x, h) =

=

∣∣∣∣∣∣∣∣∣∣∣∣

I 0 . . . 0 −[I +DνN (x,Nh)]
I +Dν1(x, h) −I . . . 0 0

0 I +Dν2(x, 2h) . . . 0 0
0 0 . . . 0 0
. . . . . . . . . . . . . . .
0 0 . . . I +Dν,N−1(x, (N − 1)h) −I

∣∣∣∣∣∣∣∣∣∣∣∣
,

Fν(x, h, w, u) = (−FνN (x,Nh,wN , uN ), Fν1(x, h, w1, u1), . . . , Fν,N−1(x, (N − 1)h,wN−1, uN−1)),

Gν(x, h, ṽ) = (−GνN (x,Nh, ṽN ), Gν1(x, h, ṽ1), . . . , Gν,N−1(x, (N − 1)h, ṽN−1)),

I− is the unit matrix of dimension n.
To find a system of five functions {λr(x), ṽr(x, t), wr(x, t), ur(x, t)}, r = 1, N, we have a closed

system consisting of equations (16), (15), (12) and (13).
Assuming the invertibility of the matrix Qν(x, h) for all x ∈ [0, ω], from equation (16), where

ṽr(x, t) = 0, ur(x, t) = ϕ(x, t), wr(x, t) = ϕ′t(x, t),

we find λ(0)(x) = (λ
(0)
1 (x), λ

(0)
2 (x), . . . , λ

(0)
N (x))′ :

λ(0)(x) = −[Qν(x, h)]−1{Fν(x, h, ϕ′t, ϕ) +Gν(x, h, 0)
}
.

Using equation (15), for λr(x) = λ
(0)
r (x) we find the functions {ṽ(0)

r (x, t)}, r = 1, N, i.e.

ṽ(0)
r (x, t) = Dνr(x, t)λ

(0)
r (x) + Fνr(x, t, ϕ

′
t, ϕ) +Gνr(x, t, 0).
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The functions w(0)
r (x, t), u

(0)
r (x, t), r = 1, N, are determined from the relations

w(0)
r (x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂ṽ
(0)
r (ξ1, t)

∂t
dξ1dξ,

u(0)
r (x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

λ(0)
r (ξ1)dξ1dξ +

x∫
0

ξ∫
0

ṽ(0)
r (ξ1, t)dξ1dξ, (x, t) ∈ Ωr.

For the initial approximation of the problem (8)-(13) we take the system (λ
(0)
r (x), ṽ

(0)
r (x, t),

u
(0)
r (x, t)), r = 1, N and successive approximations are constructed according to the following algorithm:
Step 1. A) Assuming that wr(x, t) = w

(0)
r (x, t), ur(x, t) = u

(0)
r (x, t), r = 1, N, are first approxi-

mations in λr(x), ṽr(x, t), r = 1, N, we find by solving problem (8)-(11). By taking

λ(1,0)
r (x) = λ(0)

r (x), ṽ(1,0)
r (x, t) = ṽ(0)

r (x, t),

the system couple {λ(1)
r (x), ṽ

(1)
r (x, t)}, r = 1, N, we find as the limit of the sequence λ(1,m)

r (x), ṽ
(1,m)
r (x, t),

are defined the next way:
Step 1.1. Assuming the invertibility of the matrix Qν(x, h), x ∈ [0, ω], equation (16), where

ṽr(x, t) = ṽ(1,0)
r (x, t),

we find λ(1,1)(x) = (λ
(1,1)
1 (x), λ

(1,1)
2 (x), . . . , λ

(1,1)
N (x))′ :

λ(1,1)(x) = −[Qν(x, h)]−1
{
Fν(x, h, w(0), u(0)) +Gν(x, h, ṽ(1,0))

}
.

Substituting the found λ(1,1)
r (x), r = 1, N, in (15) we find

ṽ(1,1)
r (x, t) = Dνr(x, t)λ

(1,1)
r (x) + Fνr(x, t, w

(0), u(0)) +Gνr(x, t, ṽ
(1,0)).

Step 1.2 From equation (16), where ṽr(x, t) = ṽ
(1,1)
r (x, t), we define

λ(1,2)(x) = −[Qν(x, h)]−1
{
Fν(x, h, w(0), u(0)) +Gν(x, h, ṽ(1,1))

}
.

By using expression (15), again, we find the functions {ṽ(1,2)
r (x, t)}, r = 1, N,

ṽ(1,2)
r (x, t) = Dνr(x, t)λ

(1,2)
r (x) + Fνr(x, t, w

(0), u(0)) +Gνr(x, t, ṽ
(1,1)).

At the (1,m) step, we obtain the system of couple {λ(1,m)
r (x), ṽ

(1,m)
r (x, t)}, r = 1, N.

Let’s suppose that the solution of problem (8)–(11) is a sequence of systems of
couples {λ(1,m)

r (x), ṽ
(1,m)
r (x, t)} is defined and for m → ∞ converges to continuous, respectively, on

x ∈ [0, ω], (x, t) ∈ Ωr functions λ(1)
r (x), ṽ

(1)
r (x, t) , r = 1, N.

B) The functions w(1)
r (x, t), u

(1)
r (x, t), r = 1, N, are determined from the relations

w(1)
r (x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂ṽ
(1)
r (ξ1, t)

∂t
dξ1dξ,

u(1)
r (x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

λ(1)
r (ξ1)dξ1dξ +

x∫
0

ξ∫
0

ṽ(1)
r (ξ1, t)dξ1dξ, (x, t) ∈ Ωr.
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Step 2. A) Assuming that

wr(x, t) = w(1)
r (x, t), ur(x, t) = u(1)

r (x, t), r = 1, N,

are the second approximations in λr(x), ṽr(x, t), r = 1, N, we find solving problem (8)–(11). Taking

λ(2,0)
r (x) = λ(1)

r (x), ṽ(2,0)
r (x, t) = ṽ(1)

r (x, t),

the system of couples {λ(2)
r (x), ṽ

(2)
r (x, t)}, r = 1, N, we find as the limit of the sequence λ(2,m)

r (x),

ṽ
(2,m)
r (x, t), that defines in the following way:

Step 2.1 Assuming the matrix Qν(x, h), x ∈ [0, ω], is invertible, from equation (16), where

ṽr(x, t) = ṽ(2,0)
r (x, t),

we find λ(2,1)(x) = (λ
(2,1)
1 (x), λ

(2,1)
2 (x), ..., λ

(2,1)
N (x))′ :

λ(2,1)(x) = −[Qν(x, h)]−1
{
Fν(x, h, w(1), u(1)) +Gν(x, h, ṽ(2,0))

}
.

By substituting the found λ(2,1)
r (x), r = 1, N, in (15) we find

ṽ(2,1)
r (x, t) = Dνr(x, t)λ

(2,1)
r (x) + Fνr(x, t, w

(1), u(1)) +Gνr(x, t, ṽ
(2,0)).

Step 2.2 From equation (16), where

ṽr(x, t) = ṽ(2,1)
r (x, t),

we define
λ(2,2)(x) = −[Qν(x, h)]−1

{
Fν(x, h, w(1), u(1)) +Gν(x, h, ṽ(2,1))

}
.

Using expression (15), again, we find the functions {ṽ(2,2)
r (x, t)}, r = 1, N :

ṽ(2,2)
r (x, t) = Dνr(x, t)λ

(2,2)
r (x) + Fνr(x, t, w

(1), u(1)) +Gνr(x, t, ṽ
(2,1)).

At the (2,m) step, we obtain the system of couples

{λ(2,m)
r (x), ṽ(2,m)

r (x, t)}, r = 1, N.

Let’s suppose that the solution to problem (8)–(11) is a sequence of systems of couples {λ(2,m)
r (x),

ṽ
(2,m)
r (x, t)} are defined and at m→∞ converges to {λ(2)

r (x), ṽ
(2)
r (x, t)}, r = 1, N.

B) The functions w(2)
r (x, t), u

(2)
r (x, t), r = 1, N, are determined from the ratios

w(2)
r (x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂ṽ
(2)
r (ξ1, t)

∂t
dξ1dξ,

u(2)
r (x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

λ(2)
r (ξ1)dξ1dξ +

x∫
0

ξ∫
0

ṽ(2)
r (ξ1, t)dξ1dξ, (x, t) ∈ Ωr.

By continuing the process, at the step k we obtain the system {λ(k)
r (x), ṽ

(k)
r (x, t), w

(k)
r (x, t), u

(k)
r (x, t)},

r = 1, N.
The conditions of the following statement provide feasibility and convergence of the proposed

algorithm, as well as unique solvability problems (8)–(13).
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Theorem 1. Let’s suppose that for some h > 0 : Nh = T,N = 1, 2, ..., and ν, ν ∈ N, (nN × nN)
the matrix Qν(x, h) is invertible for all x ∈ [0, ω] and the inequalities are carried out
1) ‖[Qν(x, h)]−1‖ ≤ γν(x, h);

2) qν(x, h) (α(x)h)ν

ν! ≤ µ < 1, where qν(x, h) = 1 + γν(x, h)
ν∑
j=1

(α(x)h)j

j! .

Then there is a unique solution of problem (8)–(13) and the estimates are valid

a) max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (x, t)
∂t

− ∂ṽ
(k)
r (x, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(x)− λ(k)
r (x)‖+ max

r=1,N
sup

t∈[(r−1)h,rh)
‖ṽ(k+p)
r (x, t)− ṽ(k)

r (x, t)‖
}
≤

≤ d0(x)

∞∑
j=k−1

1

j!

( x∫
0

d0(ξ)dξ

)j x∫
0

ξ∫
0

ξ1∫
0

max
{
d2(ξ2), d1(ξ2)

}
dξ2dξ1dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
,

b) max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

‖w∗r(x, t)− w(k)
r (x, t)‖, max

r=1,N
sup

t∈[(r−1)h,rh)
‖u∗r(x, t)− u(k)

r (x, t)‖
}
≤

≤
x∫

0

ξ∫
0

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (ξ1, t)

∂t
− ∂ṽ

(k)
r (ξ1, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(ξ1)− λ(k)
r (ξ1)‖+ max

r=1,N
sup

t∈[(r−1)h,rh)
‖ṽ∗r (ξ̃, t)− ṽ(k)

r (ξ̃, t)‖
}
dξ, k = 1, 2, . . .

where
α(x) = max

t∈[0,T ]
‖A(x, t)‖, β(x) = max

t∈[0,T ]
‖B(x, t)‖, σ(x) = max

t∈[0,T ]
‖C(x, t)‖,

ρ1(x) = β(x) + σ(x) + 1, ρ2(x) = α(ξ)

(
1 + qν(ξ, h)h

ν−1∑
j=0

(α(ξ)h)j

j!

)
+ 1,

ρ3(x) =

(qν(x, h) + γν(x, h))h
ν−1∑
j=0

(α(x)h)j

j!

1− qν(x, h) (α(x)h)ν

ν!

,

d0(x) = max

{ x∫
0

ρ2(ξ)[β(ξ) + σ(ξ)]dξ, ρ3(x)[β(x) + σ(x)]

}
,

d1(x) =
1 + γν(x, h) (α(x)h)ν

ν!

1− qν(x, h) (α(x)h)ν

ν!

qν(x, h) + γν(x, h)
][
h
ν−1∑
j=0

(α(x)h)j

j!
β(x)

x∫
0

ρ1(ξ)ρ2(ξ)dξ+

+h
ν−1∑
j=0

(α(x)h)j

j!
σ(x)

x∫
0

ξ∫
0

ρ(ξ1)θν(ξ1, h)dξ1dξ +
(α(x)h)ν

ν!
ρ1(x)qν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
,

d2(x) =

x∫
0

ρ2(ξ)

[
β(ξ)

ξ∫
0

ρ2(ξ1)ρ1(ξ1)dξ1 + σ(ξ1)

ξ∫
0

ξ1∫
0

ρ(ξ2)θν(ξ2, h)dξ2dξ1

]
dξ.
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Proof. We have the following inequality

‖Fν(x, h, w, u)‖ ≤ h
ν−1∑
j=0

(α(x)h)j

j!
max
r=1,N

sup
t∈[(r−1)h,rh)

[
β(x)‖wr(x, t)‖+ σ(x)‖ur(x, t)‖+ ‖f(x, t)‖

]
,

‖Gν(x, h, ṽ)‖ ≤ (α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽr(x, t)‖,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖Dνr(x, t)‖ ≤
ν∑
j=1

(α(x)h)j

j!
.

The following estimates follow from the zero step of the algorithm:

max
r=1,N

‖λr(0)(x)‖ ≤ ρ1(x)γν(x, h)h
ν−1∑
j=0

(α(x)h)j

j!
max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖ ≤

≤
ν∑
j=1

(α(x)h)j

j!
max
r=1,N

‖λr(0)(x)‖+ [β(x) + σ(x) + 1]h

ν−1∑
j=0

(α(x)h)j

j!
max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
≤

≤ ρ1(x)qν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(0)
r (x, t)− ϕ′t(x, t)‖ ≤

x∫
0

ρ2(ξ)ρ1(ξ)dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(0)
r (x, t)− ϕ(x, t)‖ ≤

x∫
0

ξ∫
0

ρ(ξ1)θν(ξ1, h)dξ1dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
.

The following estimates are valid:

max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖ ≤

≤ γν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
β(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖w(0)

r (x, t)− ϕ′t(x, t)‖+

+γν(x, h)h
ν−1∑
j=0

(α(x)h)j

j!
σ(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖u(0)

r (x, t)− ϕ(x, t)‖+

+γν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖ ≤

≤ qν(x, h)h
ν−1∑
j=0

(α(x)h)j

j!
β(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖w(0)

r (x, t)− ϕ′t(x, t)‖+
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+qν(x, h)h
ν−1∑
j=0

(α(x)h)j

j!
σ(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖u(0)

r (x, t)− ϕ(x, t)‖+

+qν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(0)
r (x, t)‖.

Select the inequality

∆(1,1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖ ≤

≤ θν(x, h)β(x)

x∫
0

ρ1(ξ)ρ2(ξ)dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
+

+θν(x, h)σ(x)

x∫
0

ξ∫
0

ρ1(ξ1)θν(ξ1, h)dξ1dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
+

+θν(x, h)
(α(x)h)ν

ν!
ρ1(x)qν(x, h) max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
.

Thus,
max
r=1,N

‖λr(1,m+1)(x)− λr(1,m)(x)‖ ≤

≤ γν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m)
r (x, t)− ṽ(1,m−1)

r (x, t)‖,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,m)

r (x, t)‖ ≤

≤ qν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m)
r (x, t)− ṽ(1,m−1)

r (x, t)‖.

Due to the inequality qν(x, h) (α(x)h)ν

ν! < 1 follows the uniform convergence v
(1,m+1)
r (x, t), at

(x, t) ∈ Ωr, to v
(1)
r (x, t) and the convergence of a sequence of systems of functions λ(1,m+1)

r (x) to
continuous x ∈ [0, ω] functions λ(1)

r (x) for all r = 1, N :

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,0)

r (x, t)‖ ≤

≤
m∑
j=0

[
qν(x, h)

(α(x)h)ν

ν!

]j
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖.

max
r=1,N

‖λr(1,m+1)(x)− λr(1,0)(x)‖ ≤

≤
m∑
j=0

[
qν(x, h)

(α(x)h)ν

ν!

]j
γν(x, h)

(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+

+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖.

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,m+1)
r (x, t)− ṽ(1,0)

r (x, t)‖+ max
r=1,N

‖λr(1,m+1)(x)− λr(1,0)(x)‖ ≤
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≤
m∑
j=0

[
qν(x, h)

(α(x)h)ν

ν!

]j[
1 + γν(x, h)

(α(x)h)ν

ν!

]
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1,1)
r (x, t)− ṽ(1,0)

r (x, t)‖+

+ max
r=1,N

‖λr(1,1)(x)− λr(1,0)(x)‖.

Moving to the limit at m→∞, we obtain estimates:

∆(1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(1)
r (x, t)− ṽ(0)

r (x, t)‖+ max
r=1,N

‖λr(1)(x)− λr(0)(x)‖ ≤

≤ d1(x) max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
.

∆̃(1)(x) = max
r=1,N

sup

∥∥∥∥∂ṽ(1)
r (ξ, t)

∂t
− ∂ṽ

(0)
r (ξ, t)

∂t

∥∥∥∥≤ d2(x) max

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
.

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(1)
r (x, t)− w(0)

r (x, t)‖ ≤
x∫

0

ξ∫
0

∆̃(1)(ξ1)dξ1dξ,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(1)
r (x, t)− u(0)

r (x, t)‖ ≤
x∫

0

ξ∫
0

∆(1)(ξ1)dξ1dξ.

For difference systems λr(k+1)(x) − λr
(k)(x), ṽ

(k+1)
r (x, t) − ṽ

(k)
r (x, t), w

(k+1)
r (x, t) − w

(k)
r (x, t),

u
(k+1)
r (x, t)− −u(k)

r (x, t), r = 1, N, k = 1, 2, . . . valid estimates:

max
r=1,N

‖λr(k+1,1)(x)− λr(k+1,0)(x)‖ ≤

≤ γν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
β(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖w(k)

r (x, t)− w(k−1)
r (x, t)‖+

+γν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
σ(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖u(k)

r (x, t)− u(k−1)
r (x, t)‖,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖ ≤

≤ qν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
β(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖w(k)

r (x, t)− w(k−1)
r (x, t)‖+

+qν(x, h)h

ν−1∑
j=0

(α(x)h)j

j!
σ(x) max

r=1,N
sup

t∈[(r−1)h,rh)
‖u(k)

r (x, t)− u(k−1)
r (x, t)‖,

max
r=1,N

‖λr(k+1,m+1)(x)− λr(k+1,m)(x)‖ ≤

≤ γν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m)
r (x, t)− ṽ(k+1,m−1)

r (x, t)‖,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m+1)
r (x, t)− ṽ(k+1,m)

r (x, t)‖ ≤
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≤ qν(x, h)
(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m)
r (x, t)− ṽ(k+1,m−1)

r (x, t)‖.

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,m+1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖ ≤

≤
m∑
j=0

[
qν(x, h)

(α(x)h)ν

ν!

]j
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖.

max
r=1,N

‖λr(k+1,m+1)(x)− λr(k+1,0)(x)‖ ≤

≤
m−1∑
j=0

[
qν(x, h)

(α(x)h)ν

ν!

]j
γν(x, h)

(α(x)h)ν

ν!
max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1,1)
r (x, t)− ṽ(k+1,0)

r (x, t)‖+

+ max
r=1,N

‖λr(k+1,1)(x)− λr(k+1,0)(x)‖.

Moving to the limit at m→∞, we obtain estimates:

max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (x, t)− ṽ(k)

r (x, t)‖ ≤

≤
qν(x, h)h

ν−1∑
j=0

(α(x)h)j

j! β(x)

1− qν(x, h) (α(x)h)ν

ν!

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k)
r (x, t)− w(k−1)

r (x, t)‖+

+

qν(x, h)h
ν−1∑
j=0

(α(x)h)j

j! σ(x)

1− qν(x, h) (α(x)h)ν

ν!

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖, (17)

max
r=1,N

‖λr(k+1)(x)− λr(k)(x)‖ ≤

≤
γν(x, h)h

ν−1∑
j=0

(α(x)h)j

j! β(x)

1− qν(x, h) (α(x)h)ν

ν!

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k)
r (x, t)− w(k−1)

r (x, t)‖+

+

γν(x, h)h
ν−1∑
j=0

(α(x)h)j

j! σ(x)

1− qν(x, h) (α(x)h)ν

ν!

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖. (18)

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k+1)
r (x, t)−w(k)

r (x, t)‖ ≤
x∫

0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∂v(k−1)
r (ξ1, t)

∂t
−∂v

(k)
r (ξ1, t)

∂t

∥∥∥∥dξ1dξ,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+1)
r (x, t)− u(k)

r (x, t)‖ ≤
x∫

0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

‖v(k+1)
r (ξ1, t)− z(k)

r (ξ1, t)‖dξ1dξ,

Summing, respectively, the left and right parts of inequalities (17), (18) we have

∆(k+1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+1)
r (x, t)− ṽ(k)

r (x, t)‖+ max
r=1,N

‖λr(k+1)(x)− λr(k)(x)‖ ≤
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≤ ρ3(x)β(x) max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k)
r (x, t)− w(k−1)

r (x, t)‖+

+ρ3(x)σ(x) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (x, t)− u(k−1)

r (x, t)‖. (19)

∆̃(k+1)(x) = max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∥∂ṽ(1)
r (ξ, t)

∂t
− ∂ṽ

(0)
r (ξ, t)

∂t

∥∥∥∥≤
≤

x∫
0

ρ2(ξ)β(ξ) max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k)
r (ξ, t)− w(k−1)

r (ξ, t)‖dξ+

+

x∫
0

ρ2(ξ)σ(ξ) max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k)
r (ξ, t)− u(k−1)

r (ξ, t)‖dξ. (20)

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k+1)
r (x, t)− w(k)

r (x, t)‖ ≤
x∫

0

ξ∫
0

∆̃(k+1)(ξ1)dξ1dξ,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+1)
r (x, t)− u(k)

r (x, t)‖ ≤
x∫

0

ξ∫
0

∆(k+1)(ξ1)dξ1dξ.

For the function
{

∆̃(k+1)(x),∆(k+1)(x)

}
based on (19), (20) we establish the inequality

max{∆̃(k+1)(x),∆(k+1)(x)} ≤

≤ max

{ x∫
0

ρ2(ξ)[β(ξ) + σ(ξ)]dξ, ρ3(x)[β(x) + σ(x)]

} x∫
0

ξ∫
0

ξ1∫
0

max{∆̃(k)(ξ2),∆(k)(ξ2)}dξ2dξ1dξ ≤

≤ d0(x)

x∫
0

ξ∫
0

ξ1∫
0

max{∆̃(k)(ξ2),∆(k)(ξ2)}dξ2dξ1dξ, (21)

max
{

∆̃(k+1)(x),∆(k)(x)
}
≤ d0(x)

(k − 1)!

( x∫
0

d0(ξ)dξ

)k−1
x∫

0

ξ∫
0

ξ1∫
0

max{∆̃(1)(ξ2),∆(1)(ξ2)}dξ2dξ1dξ.

Establish inequalities

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ(k+p)
r (x, t)

∂t
− ∂ṽ

(k)
r (x, t)

∂t

∥∥∥,
max
r=1,N

‖λ(k+p)
r (x)− λ(k)

r (x)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+p)
r (x, t)− ṽ(k)

r (x, t)‖
}
≤

≤ max
{

∆̃(k+p)(x),∆(k)(x)
}

+ max
{

∆̃(k+p−1)(x),∆(k+p−1)(x)
}

+ ...+ max
{

∆̃(1)(x),∆(1)(x)
}
≤
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≤ d0(x)

k+p−2∑
j=k−1

1

j!

( x∫
0

d0(ξ)dξ

)j x∫
0

ξ∫
0

ξ1∫
0

max{∆̃(1)(ξ2),∆(1)(ξ2)}dξ2dξ1dξ ≤

≤ d0(x)

k+p−2∑
j=k−1

1

j!

( x∫
0

d0(ξ)dξ

)j x∫
0

ξ∫
0

ξ1∫
0

max
{
d2(ξ2), d1(ξ2)

}
dξ2dξ1dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
,

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

‖w(k+p)
r (x, t)− w(k)

r (x, t)‖, max
r=1,N

sup
t∈[(r−1)h,rh)

‖u(k+p)
r (x, t)− u(k)

r (x, t)‖
}
≤

≤
x∫

0

ξ∫
0

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ(k+p)
r (ξ1, t)

∂t
− ∂ṽ

(k)
r (ξ1, t)

∂t

∥∥∥,
max
r=1,N

‖λ(k+p)
r (ξ1)− λ(k)

r (ξ1)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ(k+p)
r (ξ1, t)− ṽ(k)

r (ξ1, t)‖
}
dξ1dξ,

proceeding to the limit for p→∞, for all (x, t) ∈ Ωr, r = 1, N, obtain the estimates of Theorem 1.
We prove uniqueness. Let there be (λ∗∗r (x)+ṽ∗∗r (x, t), w∗∗r (x, t), u∗∗r (x, t)), r = 1, N, another solution

to the boundary value problem (8)–(13).

Similarly to relation (21) for the differences λr∗(x)−λr∗∗(x), ṽ∗r (x, t)−ṽ∗∗r (x, t),
∂ṽ∗r (x, t)

∂t
− ∂ṽ∗∗r (x, t)

∂t
,

r = 1, N, for all (x, t) ∈ Ω we get:

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (x, t)
∂t

− ∂ṽ∗∗r (x, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(x)− λ∗∗r (x)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ∗r (x, t)− ṽ∗∗r (x, t)‖,
}
≤

≤ d0(x)

x∫
0

ξ∫
0

ξ1∫
0

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (ξ2, t)

∂t
− ∂ṽ∗∗r (ξ2, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(ξ2)− λ∗∗r (ξ2)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ∗r (ξ2, t)− ṽ∗∗r (ξ2, t)‖
}
dξ2dξ1dξ ≤

≤ d0(x)
x3

6

x∫
0

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂v∗r (ξ, t)
∂t

− ∂ṽ∗∗r (ξ, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(ξ)− λ∗∗r (ξ)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ∗r (ξ, t)− ṽ∗∗r (ξ, t)‖
}
dξ.

Using the Bellman-Gronwall inequality [19] we have

max

{
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (x, t)
∂t

− ∂ṽ∗∗r (x, t)

∂t

∥∥∥,
max
r=1,N

‖λ∗r(x)− λ∗∗r (x)‖+ max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ∗r (x, t)− ṽ∗∗r (x, t)‖,
}

= 0.
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Whence it follows that ṽ∗r (x, t) = ṽ∗∗r (x, t), λr
∗(x) = λr

∗∗(x),
∂ṽ∗r (x, t)

∂t
=
∂ṽ∗∗r (x, t)

∂t
, r = 1, N.

From the inequalities

max
r=1,N

sup
t∈[(r−1)h,rh)

‖w∗r(x, t)− w∗∗r (x, t)‖ ≤
x∫

0

ξ∫
0

max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥∂ṽ∗r (ξ1, t)

∂t
− ∂ṽ∗∗r (ξ1, t)

∂t

∥∥∥dξ1dξ,

max
r=1,N

sup
t∈[(r−1)h,rh)

‖u∗r(x, t)− u∗∗r (x, t)‖ ≤

≤
x∫

0

ξ∫
0

( max
r=1,N

sup
t∈[(r−1)h,rh)

‖ṽ∗r (ξ1, t)− ṽ∗∗r (ξ1, t)‖+ max
r=1,N

‖λ∗r(ξ1)− λ∗∗r (ξ1)‖)dξ1dξ

we have w∗r(x, t) = w∗∗r (x, t), u∗r(x, t) = u∗∗r (x, t), r = 1, N, for all (x, t) ∈ Ωr. Theorem 1 is
proved.

Because of the equivalence of problems (1)–(3) and (8)–(13) Theorem 1 implies
Theorem 2. Let’s suppose that the conditions of Theorem 1 are satisfied. Then problem (1)–(3) has

a unique solution u∗(x, t) and the estimate are valid

max

{∥∥∥∥∂u∗(x, t)∂t
− ∂u(k)(x, t)

∂t

∥∥∥∥
0

, ‖u∗(x, t)− u(k)(x, t)‖0
}
≤

≤
x∫

0

ξ∫
0

d0(ξ1)
∞∑

j=k−1

1

j!

( ξ1∫
0

d0(ξ2)dξ2

)j ξ1∫
0

max
{
d2(ξ2), d1(ξ2)

}
dξ2dξ1dξmax

{
‖ϕ′t‖0, ‖ϕ‖0, ‖f‖0

}
.
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А.Б. Кельдибекова

Аралас туындысы бар үшiншi реттi дифференциалдық теңдеу
үшiн жартылай периодты шеттiк есептiң шешiлуi

Мақала псевдопараболалық типтегi эволюциялық теңдеу үшiн жартылай периодты шеттiк есептiң
шешiлуiн зерттеуге арналған. Жоғары реттi дербес туындылы дифференциалдық теңдеулер үшiн
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локальды емес есептердi көптеген авторлар зерттеген [1–4]. Мұндай есептердi зерттеуге деген қызы-
ғушылық олардың қолданбалы мағынасына байланысты туындады. Осындай есептерге күрделi топо-
логиясы бар қатты кеуектi орта, бiрiншi кезекте топырақ және жер жатады. Сонымен бiрге, мұндай
теңдеулер дисперсиялық жүйелердегi ұзын толқындарды да сипаттауы мүмкiн. Мақалада осындай
есептердi шешу үшiн жаңа функциялар енгiзiлген және параметризациялау әдiсi қолданылған [5].
Онда үшiншi реттiк дифференциалдық теңдеу үшiн шеттiк есеп, қарапайым дифференциалдық тең-
деулер жүйелер тобы үшiн периодтық шеттiк есебiне келтiрiледi [6–18]. Жуық шешiмдi табудың жаңа
конструктивтiк алгоритмi ұсынылған және бастапқы есеп терминдерi негiзiнде зерттелiп отырған
есептiң бiрмәндi шешiлуiнiң коэффициенттiк белгiлерi алынған.

Кiлт сөздер: дербес туынды теңдеу, үшiншi реттi псевдопараболалық теңдеу, алгоритм, жуық шешiм.

А.Б. Кельдибекова

Разрешимость полупериодической краевой задачи
для дифференциального уравнения третьего порядка

со смешанной производной
Статья посвящена исследованию разрешимости полупериодической краевой задачи для эволюцион-
ного уравнения типа псевдопараболических. Нелокальные задачи для дифференциальных уравнений
с частными производными высокого порядка были исследованы многими авторами [1–4]. Опреде-
ленный интерес к изучению данных задач вызван в связи с их прикладными значениями. К таким
задачам относятся сильно пористые среды со сложной топологией, и, в первую очередь, почва и
почвогрунт. Также такие уравнения могут описывать длинные волны в дисперсных системах. Для
решения данной задачи в работе введены новые функции и применен метод параметризации [5]. То-
гда краевая задача для дифференциального уравнения третьего порядка сводится к периодической
краевой задаче для семейства систем обыкновенных дифференциальных уравнений [6–18]. Предложе-
ны новые конструктивные алгоритмы нахождения приближенного решения, и в терминах исходных
данных получены коэффициентные признаки однозначной разрешимости исследуемой задачи.
Ключевые слова: уравнение в частных производных, псевдопараболическое уравнение третьего по-
рядка, алгоритм, приближенное решение.
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