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Solvability of a semi-periodic boundary value problem
for a third order differential equation with mixed derivative

This article is devoted to the study of the solvability of a semi-periodic boundary value problem for
an evolution equation of the pseudoparabolic type. Nonlocal problems for high order partial differential
equations have been investigated by many authors [1-4]. A certain interest in the study of these problems is
caused in connection with their applied values. These problems include highly porous media with a complex
topology, and first of all, soil and ground. Such equations can also describe long waves in dispersed systems.
To solve this problem, new functions are introduced in the work and the method of‘a parameterizations
applied [5]. Then the boundary value problem for a third order differential equation is reduced to a periodic
boundary value problem for a family of systems of ordinary differential equations.[6-18]. New constructive
algorithms for finding an approximate solution are proposed and in terms of the initial data, coefficient-like
signs of the unique solvability of the problem under study are obtained.
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Introduction

On Q = [0,w] x [0,T] we consider the semi-periodic boundary value problem

u 0%u ou
FrorTae A(a:,t)@ + B(x,t)a + C(z,t)u+ f(z,t), (x,t) € Q, (1)
w(z;0) = u(x,T), z¢€[0,w], (2)
u(0,t) + Ml’ =o(x,t), (x,t)€Q, (3)

Ox
where (n x n) - are the matrices A(x,t), B(xz,t), C(z,t), n-vector functions f(z,t), p(x,t) continuous
n
on , here [lu(z, t)|| =max |u;(z,t)], [|A(z,t)]] = max > |a;(2,t)].
i=1n 1=1nj5=1

Let C(€, R™) - be the function space u : 2 — R™ continuous on 2, with the norm

[ullo = max_[lu(z, 1)
(z,t)€

A function u(zx,t) € C(Q2, R™), having partial derivatives

ou?(x,t) ou(z,t) " O3u(x,t) n
o2 —o € C(, R"), “ont0r € C(Q, R")

is called a solution to problem (1)—(3) if it satisfies system (1) for all (x,t) € 2, and conditions (2), (3).
2

To find a solution, we introduce the functions v(x,t) = g gg(caé’t) ,w(z,t) = augf’t) and reduce problem

(1)=(3) to a family of periodic boundary value problems for a system of ordinary differential equations

of the form

€ C(Q, R,

(3: = A(z,t)v+ B(z,t)w + C(x, t)u + f(x,t), (x,t) €, (4)
v(z,0) =v(z,T), z€[0,w], (5)
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functional relationships
z &

w(z, ) = ¢z, 1) + / / 21D e, (6)
0 0

T

u(z,t) = art—i—/
0

To solve problem (4)—(7) we apply the method of a parametrization.

v(&1, t)dérds. (7)

o\m

N
By the step h > 0 : Nh = T we make fragmentation [0,7) = | [(r — 1)h,rh); N = 1,2,4...
r=1
Moreover, the area (2 is divided into N parts. By v, (z, t), u,(z,t) we denote, respectively, the restriction
of the function v(z,t), u(x,t) in Q, = [0,w] x [(r — 1)h,rh), r=1,N.
By Ar(x) we denote the value of the function v,(x,t) at t = (r—1)h, i.e. \p(&) = v (2, (r—1)h) and
make the replacement v,(x,t) = v,(z,t) — \.(z),r = 1, N. We obtainsan eéquivalent boundary value
problem with unknown functions A, (x):

O A1), + Al O (x) + Bla, iy + (.t t 1 (1.1), (3)
S, (r—Dh) =0, z€[0,u), r=I,N, 9)
M) = An(@) = lim T, A= 00 € [0,u], (10)
Asl@) T T 1) = o1 (=0, Na € [0,0], s=TN 1L (11)
wy (2, ) _gpt(x,t)+/x/£%’“(ail’t)dg s, (12)
x & x0§0
up(x,t) —i—/o/)\r & dfldf—i-/o/vr &1,t)dédé,  (z,t) €y r=1,N, (13)

where (11) is the condition for combining functions in the internal lines of the partition. Problem
(8), (9) for fixed A\, (@), wy(z,1), ur(x,t) is a one-parameter family of Cauchy problems for systems of
ordinary differential equations, where = € [0,w], and is equivalent to the integral equation

t

v (z,t) = / A(z, 7)o, (2, 7)dT + _[) A(l’,T)dT')\r(l‘)—l—_{) F(x,7,wy,u,)dr, (14)

(r=1)h (r=1)h (r—1)h

where
t

t t t
F(x, 7, wp,up)dr = B(z, T)w,(x,7)dT + C(x, )up(z, 7)dT + f(z,7)dr.
j J j J

(r—=1)h (r—=1)h (r—=1)h (r—1)h

Instead of v,(z,7) we substitute the corresponding right-handed part of (14) and by repeating this
process v (v =1,2,...) times we obtain

Up(x,t) = Dyp(x, t) A\ (x) + Fpr(x, t, wr, up) + Gup(x, t,0), 7 =1,N, (15)
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where
v—1 ¢ i
Dy, (x,t) = Z / A(z,m)dTy ... / Az, Tj41)dTjq1 . .. dry,
7=00: 1) (r—1)h

For(z, t,we,u,) = / [B(z, m)wr(z,m1) + C(z, 71)ur(z, 1) + f(z,71)]dn+
(r—=1)h
+Z / Az, 1) ... / Az, ) / [w (@, 7j41)+C (@, Tjp1)ur (@, Tj1)+f (@, T4 1) | dTjgadr; ..

=1 "1)n (r—1)h (r—1)h

t Tv—1
Gur(z,t,0,) = / (z,711) / Az, 1y-1) / A(z, 7)) (z, 7))dTdTy—1 .. . dT1,
(r—=1)h (r=1)h (r=1)h

170 =t,r = 1, N. Passing to the limit as ¢ — rh — 0 in (15) we have

lim v,(x,t) = Dyp(x,rh) A\ (2) + Fup(x, rh, Wy, uy) + Gop(z, mh, 0,),

t—rh—0

z € [0,w],r = 1, N. Substituting in (10), (11) instead oft lir]? O'ﬁr(x,t),r =1, N, the corresponding
—rh—

right-handed parts for unknown functions A\, (z),r = 1, N, we obtain the system of functional equations:

Qu(x7h))\(x) - —Fy(.'L',h,’U),'LL) _GV(x7h7:6)7 (16)
where Qu(x,h) =
I 0 0 —[I + Dyn(z, Nh)]
I+ Dyi(z,h) -1 0 0
_ 0 I+ Dys(a, 2h) 0 0
o 0 0 0 0 ’
0 0 I—i—Dy,N_l(a:, (N —1)h) I

F(x, h,w,u) = (#F,n(x, Nh,wn,un), F1(x, h,wi,u), ..., Fy n—1(z, (N — 1)h,wy_1,un—1)),
GV(SL‘, h,i) = (—GVN({L‘, Nh, 5]\[), Gyl(l‘, h, 51), ey Gu,N—1($7 (N — 1)h,€7N_1)),

I— is the unit matrix of dimension n.

To find a system of five functions {A.(z),v,(x,t), w,(z,t), uy(z,t)}, r = 1, N, we have a closed
system consisting of equations (16), (15), (12) and (13).

Assuming the invertibility of the matrix @, (z, h) for all z € [0,w], from equation (16), where

Ur(z,t) = 0,ur(z,t) = o2, 1), w(z, 1) = ©)(z,1),
we find A (z) = A (2), AP (@), ..., AP (@) :

A (@) = = [Qu(x, W) {F, (2, h,¢},0) + Gu(x,h,0)}.

Using equation (15), for A\, (z) = )\540)(33) we find the functions {E(«O) (z,t)}, r=1,N, ie.

'ﬁﬁo) (x,t) = Dw(x,t))\go) () + Fyr(,t, 05, 0) + Gup(w,t,0).
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(0)

The functions wy "’ (z,t), u © (x,t),r =1, N, are determined from the relations

z &
~(0)
wfﬂo)(:c,t) —gp;(ar,t)—i—//a (€1,%) déde,
0 0

w0 () = p(z, 1) + /

0 0

3 z &
MO (gy)dede + (&1, t)d&rdE,  (x,t) € Q.
[

For the initial approximation of the problem (8)-(13) we take the system ()\50) (x), ESO)(x,t),

u7(~0) (z,t)),r =1, N and successive approximations are constructed according to the following algorithm:

Step 1. A) Assuming that w,(z,t) = w® (x,t), up(z,t)= u? (z,t), r =1, Nyare first approxi-
mations in A.(z),v,(z,t),r = 1, N, we find by solving problem (8)-(11). By taking

AL (1) = A (), 539(z, 1) = 3O (a, 8),

the system couple {)\9) (z), e (x,t)},r =1, N, we find as the limit of the sequence AL (x), oebm) (x,t),
are defined the next way:
Step 1.1. Assuming the invertibility of the matrix Q,(z, h), = € [0,w]; equation (16), where

(@, t) = 00 (x, 1),
we find A0V () = WD (@), A8 (@), .. A (@)

NOD (@) = [Qu (e, W) { @ B ™) + Gy, 5O0) .

Substituting the found )\1(},1)(33)’ r=1,N,in (15) we find

o)

" (1) = Dy, )A @)t B (2, 8,00, @) 4 G (2,1, 500)).
Step 1.2 From equation (16), where v,(z,?) = (1 b (x,t), we define

X2 ()= [Qulir, 1)) { By 0 ®, wl0) + Gy, , 50D .

By using expression (15), again; we find the functions {'177(01’2) (x,t)}, r=1,N,
352 (@ t)= D, (2, )OI (2) + By (2, 8, w0 0O + Gy (2, t, 70D),

At the (1, m) step, we obtain the system of couple {Afnl’m)( ), ek (x,t)},7=1,N.

Let’s/ suppose = that the solution of problem (8)—(11) is a sequence of systems of
couples {)W(«l’m)(:c), Hﬁl’m) (x,t)} is defined and for m — oo converges to continuous, respectively, on
z.€ [0,w], (z,t) € Q, functions )\7(})(56), ’171@)(;5,@ ,r=1,N.

B) The functions wV (x,1), uq(nl)(x, t),r =1, N, are determined from the relations

P on)( 5
wi(z,t) = ¢}(z,1t) // L) e, de,

0

z & z &
uD(w,t) = o(a,t)+ [ [ AD(€)dgde + [ [ 30 (&,t)dede,  (a,t) € Q.
[ [ [ [
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Step 2. A) Assuming that

we(z,t) = wW(2,1), up(z,t)=uV(z,t), r=1,N,

are the second approximations in A.(x),v,(z,t),r = 1, N, we find solving problem (8)—(11). Taking
ACO(z) = D), 529z, 8) = 70z, 1),

the system of couples {)\7(?)(1’), 57(«2)(:1:,t)}, r = 1, N, we find as the limit of the sequence A& (x),

eam) (x,t), that defines in the following way:

Step 2.1 Assuming the matrix Q,(z, h), € [0,w], is invertible, from equation (16), where
O, t) = 029 (2, 1),

r

we find XD (z) = APV (@), A&V (@), ..., GV ()«

A (@) = ~[Qu(a. W { B, b o, u) + G (@, h, 320 |

By substituting the found AZ 1)( ), =1,N, in (15) we find
32D (z,t) = Dy (2, OAZY (2) + By (2, t, w®, 4V + G (£, 730).
Step 2.2 From equation (16), where
Ur(z,t) = T (ay),

we define

B2 (@) = —[Qu ()~ { B (@, w0 uV) + Gy, 53D) .

Using expression (15), again, we find the functions {51(?’2) (z,t)}, r=1,N:
522 (2,t) = Dy (@, OA®2 (2) + (2, t, 0D 0D + Gy (2, t, 73D),

At the (2,m) step, we obtain the system of couples

AR (2), 5™ (2, 1)}, r = TN,

Let’s suppose that the solution to problem (8)—(11) is a sequence of systems of couples {)\(2 m)( ),
oeam) (x,t)} aredefinedrand at m — oo converges to {)\7(?)( ), v7(o2)(a:,t)}, r=1,N.
B) The functions w!® )(CL‘, t), u'? (x,t), r=1,N, are determined from the ratios

z & 052 &
W () = (1) + / / Por (611 e, ge,
0 0

z &

3
ul? (z,t) = p(x,t) + A2 (&))de de + 02 (&, t)dede,  (z,t) € Q.
[ [ [ [

T

By continuing the process, at the step k we obtain the system {)\T (x), 5tk (x,t), w (&) (x,t), u () (x,t)},
r=1,N.

The conditions of the following statement provide feasibility and convergence of the proposed
algorithm, as well as unique solvability problems (8)—(13).
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Theorem 1. Let’s suppose that for some h > 0: Nh =T,N = 1,2,..., and v, v € N, (nN x nN)
the matrix @, (z, h) is invertible for all z € [0,w] and the inequalities are carried out
D Qv )M < w(x, h); 3}

2) q(x, h)M < <1, where ¢,(z,h) =1+ y,(x,h) > (a(j'!)h)j.
j=1
Then there is a unique solution of problem (8)—(13) and the estimates are valid

H aur(x,t) 00 (x,1)
ot ot

)

a) max{ max  sup
r=1,N te[(r—1)h,rh)

max A} (z) = AV ()| + max sup  [[olP) (2, ) — 0 (x, t)l}

r=LN r=1,N t[(r—1)h,rh)
x4 x iz £ &
<do(a) Y j|</dg(§)d§> [ ][ max{auteo dl(gg)}d@dgldgmax{MHO,ywuo,uﬂo},
J=k=1""7% 000
pmac{ max  swpuf(et) - w0l mox sup M) - o) <
=L N te[(r—1)h,rh) r=LN te[(r—1)h,rh)
// { H%;f(&l,) 9o (€1,1)
maxs max sup y
r=1,N t€[(r—1)h,rh) ot ot
max [Ar(&1) — A (€)]| + max  sup ||'5I(§,t)—’5§k)(5t)||}d€, k=12,...
r=1,N r=1,N te[(r—1)h,rh)

where

a(e) = max |40, 58 = s B0, ofe) = max [Cla, 1)

ax { [ @15 + o), i 5(@) + a@]},
0

1+ (z,h) (a(a;)h)“ 1 a(x)h)?
(a(x)!h)u QV(CU, h) + 'y,,(x, h):| [h Z M

dl(l‘) = -
1 —q(z,h)= g J!

v—1 z &

J a(z)h)” 2 (a(2)h)?
Y o / [ ot mede + O gy ayg, o n 3 CERE,
0

J=0 J=0

3

da(x) Zj [ /02 &)p1(&)dé + o(&) 770 0, (&, h d§2d§1} d§.
0 0

0
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Proof. We have the following inequality

al(z)h)?
1F G hw,w <SSO e sup (8@l B + 0@l D] + 1 0],
]:0 j' T:11N te[(rfl)h,rh)
G n )l < PO e sup e

r=LN te[(r—1)h,rh)

v h j
max sup | Dyr(z,2)| < Z M‘
r=T,N te[(r—1)h,rh) =

The following estimates follow from the zero step of the algorithm:

v—1 .
a(x)h)?
maoe [, O < pr(e)te. S P o ool Mo
r=1, =0 :
max  sup |00 (x,1)]| <
r=1,N te[(r—1)h,rh)
v ; v—1 ;
a(x)h)’ a(x)h)?
< 50 O e 1,00 + (8(0) + o) + 110 3 TG max{ o el 7o b=
2y My

v—1 i
< pa(a)aste. 3 P o [l o 110

J=0

max s [l (e0) — @ e pQ(é)m(ﬁ)dSmaX{llsoiHmHs@HoallfHo}y

r=1,N te[(r—1)h,rh)
T

0
£
max s (o) St Olhs I/ p(fne,,(sl,h)dadgmax{usoguo,usono,nfuo}.
0 0

r=LN te[(r—1)h,rh

The following estimates are-valid:

max ||, (0 (2) = 2,00 ()] <

r=1,N
< (a(x)h)
Sy h)h Yy ~———pBx) max  sup [w®(x,t) — @iz, )|+
=0 J: r=1,N te[(r—1)h,rh)
v—1 j
(RS O ) max  sup O, 8) — e, £+
=0 J: r=1LN te[(r—1)h,rh)

+(z, h)M max sup [[50 (x, 1)),
v! r=1,N te[(r—1)h,rh)

max sup [0 (1) — 500 1)) <
r=1,N te[(r—1)h,rh)

Y o) max  sup O, ) — el )|+
=0 J: r=1,N te[(r—1)h,rh)
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J
+qu(x, h)h Z Ma(z) max sup
5 r=1,N te[(r—1)h,rh)

Il () = (. )|+

Fa ) @O s s 5O, 0],
r=1,N te[(r—1)h,rh)

Select the inequality

A(l’l)(x) = max sup ”Eﬁl’l)(%t) - (
r=1,N te[(r—1)h,rh)

M, )] + max A1 (@) = A0 (@) <

r=1,N =

xT

< 6,(z, h)B(x) / (€ <s>dsmax{|so;uo, lello. Hfuo}+

13
/ / o (€00, (61, h d&dsmax{uso;no,||so||o,||f||o}+
0 0

(oo

o1 ()4 (2, 1) max{nsoguo,usouo,nfuo}.

Thus,

max || A7) (@) = AL )| <
r=1,N

< %(x,h)M

' max  sup o [0 (2, 1) — 3D (2, 1)
V! r=1,N te[(r=1)h,rh)
max sup H?J(l m+1)(x7 t) — 17£17m) (B <

r=1,N te[(r—1)h,rh)

< @O T T 5 (@) — 5D (@, 1))
VICL r=1,Nue[(r—1)h,rh)

Due to the inequality qy(:c,h)ﬂaz)!hJ
(x,t) € Qp, to e

< 1 follows the uniform convergence v(l’m+1)(x, t), at
A

N
(z,t) and the convergence of a sequence of systems of functions )\7(~1’m+1)(x)

to
continuous z € [0, w| funetions Aq(nl)(x) forallr=1,N:

max  sup [ (@, 6) - 580 (a2, 0)]) <
r=1,N te[(r—1)h,rh)

& (a(z)h)” )h)'/ 7 ~(1,1) _ ~(1,0)
SZ qv(x, h) max  sup [0, (@, 1) — o (1) .

j= r=1,N te[(r—1)h,rh)

max || A7) (@) = 2,00 ()] <

r=I,N " -
m h)Y J h)Y ~
<y [qy o, h) ”)] ) EON s sup D @, 1) — O, 1)+
=0 : v r=1,N te[(r—1)h,rh)

+ mal”Ar(l’l)(x) - )‘7’(1’0)(5’5)”-
r=1,N

max  sup [ (2, 8) = 5O (2, )] + max AL (2) = A0 (@) <
r=1,N te[(r—1)h,rh)

r=1,N -
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m v1J v
<3 oo O T ) O s 00 - 509 @0+
§=0 : v r=1,N te[(r—1)h,rh)

+ max |\, (@) = A0 ().
r=1,N

Moving to the limit at m — co, we obtain estimates:

AW(z) = max  sup o) (z,t) = 5 (2, )] + max ||\ (z) = A O ()] <
r=1,N te[(r—1)h,rh) r=1,N

< di(a) max{\sozuo, lelo. Hfuo}.

one) o, ;
U (‘9§£ t) _ov 8? t)Hg da(z) maX{H(PtHOa ll¢llo, ||f||0}

AW (z) = max sup‘
r=1,N

z &
max sup (oo, t) ~ 00 < [ A 0e)devae,
0 0

r=1,N te[(r—1)h,rh)

T

max  swp  [u®(z,t) - s [ e
0

r=1,N te[(r—1)h,rh)

o\m

For difference systems A.*tD(z) — A% (x), ok (x,t) = otk (x,t), w£k+1)(:v,t) - w,(«k)(x,t),
u£k+1)(a:,t)— —uﬁk)(a:,t), r=1,N, k=1,2(.. valid estimates:

max || A, (@)X, 10 (2)] <
r=1,N

@) max  sup (lw () — w2, 1)+
J: r=1L,N te[(r—1)h,rh)

v=1 j
o, RS AL 0y sup (e, 1) — u D (a, 1),
=0 J: r=1,N te[(r—1)h,rh)

max  sup [0 (2, 6) — 5RO (2 1) <
r=1,N te[(r—1)h,rh)

% e h S O g0y e sup (1) — w0+
jzo -7' T:13N te[(r—l)h,rh)
v—1 j
(e 3 LMYy e s ), ) — D),
]:0 j’ T:17N te[(’l’—l)hﬂ‘h)

max || A, FHHED (@) — A, B ()| <

r=1,N
<l ) XM e up I () — D )
v r=1,N te[(r—1)h,rh)
max  sup A (g, 1) - B (g )| <

r=1LN te[(r—1)h,rh)
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<a@ @O a sup [ (@, 0 — 5D (@, )
v r=1,N te[(r—1)h,rh)
max  sup LD (@, 0) - 5O (o, 1)) <

r=1,N te[(r—1)h,rh)

- (a(@)h)" 79 ~(k+1,1) ~(k+1,0)
< v(x, h max su DN x,t) — vy T (z, )]
<> [q (@, h)—— } rzl,Nte[(r—II))h,rh)H (1) (z,2)]

7=0
max ||\, (k+1m+1)( ) — )\T(k-i-l,O)(x)” <
r= 1N
m—1 v v
oG N iy @O e sup 0 ) — 5 0, )4
iy v vl =T N te(r—1)hirh)

+ maixn)\r(k—i_l’l)(x) - )\T(k—’—l’o)(x)H'
r=1,N

Moving to the limit at m — co, we obtain estimates:

max  sup [T, 1) — 30 (o, IS
r=1,N te[(r—1)h,rh)

S =0 ” max sup w,(nk) T, t —wﬁkil) x,t)||+
o ) o @) T:LNte[(r;Wh)H (z,1) (z, )]

+ = B0 max, sup [l (z,1) — w7 (@, 1)), (17)
1— g, (z,h) ) r=1,N te[(r=1)h,rh)

wtasg ||, D (2) = 2, B ()| <

r=1,N

v—1 .

(@, hh 3 R )

¢ g maxsw (ol t) — o o)+
1 —q(x,h) a(a;! ) r=T,N te[(r—1)h,rh)

v—1 .

(@, )iy LD 5 ()

+ =0 max sup Hu,(ﬂk) (x,t) — U,?(nk*l)(x, t)] (18)

I'—q,(z,h) (a(?!h)u r=T,N te[(r—1)h,rh)

z &

i | s (o o) -w e < [ [ max s
r=1,Nte[(r—1)h,rh) 9 r=1,N te[(r—1)h,rh)

vt Ve t) ou” 51,
ot

deldéa

£

max o ) a0l < [ me s e, 06,0l
r=1,N te[(r—1)h,rh) - r=1,N te[(r—1)h,rh)

Summing, respectively, the left and right parts of inequalities (17), (18) we have

AF (@) = max sup (D (@, ) = 3 (@, 1))+ max LS (@) - 4O (@) <
r=1,N te[(r—1)h,rh) r=1,N
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< ps(@B@) max  swp u® (@ 1) — w0+
r=1,N te[(r—1)h,rh)

tos()o(e) max sup uP (e, 6) — u Dz, 1) (19)
r=1,N te[(r—1)h,rh)

z(k-i-l) (,CL‘) — max sup 8?)7’ ai& t) 87)7‘ 6(5 t) H

r=LN te[(r—1)h,rh)

s/m@mamu sup [P (e 1) — wkD(E, 1) de+

r=1,N te[(r—1)h,rh)

+/m ymax  sup  [u®(E ) — uFD(E 1) de. (20)
/ r=T,N t€[(r—1)h,rh)
z &
max  sup  [wl*(z,1) — ul //AHD&%%
r=1,N te[(r—1)h,rh) 0
3 G
max  sup [ D(z6) — u® / / AED (¢))dgy de.
r=1,N te[(r—1)h,rh) 00

For the function {A(kﬂ)(x), A(Hl)(x)} based on (19), (20) we establish the inequality

max{AFHD (@), AGH ()} <

x z £ &
Smw{{m@%@+dﬂ%m@W(Hﬂ }/Zmemw@) B (&) ydeaderde <

z &

//7MMA )(€2), A (&) deadt de, (1)
0 0

z &£ &

max{NHl)(x),A(’f)(m)} < (;lo_(wl))!< 0/ do(g)d§>k_l 0/ 0/ 0/ max{AW (&), AW(&) ydérdé, dE.

Establish inequalities

r

ot ot

i

H oo (@, t)  on (a,t)

max{ max  sup
r=1,N te[(r—1)h,rh)

e N9 0) P+ e sup [ a,t) — o )] | <
r=1,N r=1,N te[(r—1)h,rh)

< max {E(kﬂ’) (z), A (x)} + max {A(k“’*l)(az), A(k“’*l)(x)} + ...+ max {3(1)(@, A(l)(:v)} <
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k+p— j z £ &
<do(a) Y. ,( [ d&) ] [ maxtB ). A0 @) deaderde <
J=k— 000
k+p—2 1 ;o £ &
<aoie) > 1 [anierae) [ [ [ mae {tnteo. o) aadsdeman st ol 11 |
J=k=1"""7%p 000
max{ max sup || w P (2, 1) — wF) (z,t)]|, max sup  JJulfP) (1) — ul) (x,t)“}§
r=1,N te[(r—1)h,rh) r=1,N te[(r—1)h,rh)
r &
/ / { o () o ()
< maxq max sup ‘ )7
) r=L,N te[(r—1)h,rh) ot ot
max [\ (€1) = AP ()] + max - sup ||5£’““’><51,t>—5£k><§1,t)ll}d€1d§,
r=1,N r=1,N te[(r—1)h,rh)

proceeding to the limit for p — oo, for all (z,t) € Q,, r = 1, N, obtain the estimates of Theorem 1.
We prove uniqueness. Let there be (A\*(z)+0 " (z, t), wi* (&, t), ur*(z,¢t)), r = 1, N, another solution
to the boundary value problem (8)-(13).

Similarly to relation (21) for the differences A, (x) =\ ** (2); 05 (2, ) —v* (x, 1),
r=1,N, for all (z,t) € Q we get:

vy (z,t)  0vi*(,1)
ot ot

)

H dog(z,t)  9v7*(x,1)
ot ot

maX{ max sup
r=1,N te[(r—1)h,rh)

max [[A;(z) = A" ()| + max.” sup |[op(x,t) —W(%t)H,} <

r=LN r=1,N te[(r—1)h,rh)
z & &1 - . e

< do(fﬁ)// max{ max sup H vy (€2, ) (52, t) ’
5o r=1,N te[(r—1)h,rh) ot

max [AN(&2) — A7 (&)|| + max  sup  |[or(&2,t) — 0 (&2 )H}d§2d§1df <
r=1,N. r=1,N te[(r—1)h,rh)

max [AHE) ~ AT + max  sup (6 1) — ~**<,t>\}d5.
r=1,N r=L1,N te[(r—1)h,rh)

a’ ur(&,t)  9ur (&)
< R r\S> )
> d0($) 6 O/max{rrgiii[ te[(rsj%)h’rh) H ot ot

Using the Bellman-Gronwall inequality [19] we have

vy (z,t)  Ov7*(x,1)
ot ot

9

max{ max sup H
r=1,N te[(r—1)h,rh)

max [[Ax(z) — A7 (2)]| + max  sup vy (z, ) — 07" (2, )], } =0.
r=1,N r=1,N te[(r—1)h,rh)
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ovy(x,t)  Ovy*(w,t)

Whence it follows that v} (z,t) = v (x,t), A5 (x) = A" (2), e % 0 = 1,N.
From the inequalities
P O (&4,
max  sup |wi(z,t) —w //m sup H O (nt) 61’ Hdﬁldf,
r=1,N te[(r—1)h,rh) 0 r=1,N te[(r—1)h,rh) ot
max  sup [lur(e,) — ul (@) <
r=1,N te[(r—1)h,rh)
z &
S/ max sup [or(€r, ) — 07 (60, £ + max [[A(€1) — A7 (€)]])dErdE
9 r=L1,N te[(r—1)h,rh) r=1,N
we have w)(z,t) = w*(z,t), ui(z,t) = uw*(zx,t), r=1,N, forall (z,t) € Q.. Theorem 1 is

proved.

Because of the equivalence of problems (1)—(3) and (8)—(13) Theorem 1'implies

Theorem 2. Let’s suppose that the conditions of Theorem 1 aresatisfied. Then problem (1)—(3) has
a unique solution u*(z,t) and the estimate are valid

ou(z,t)  ou(z,t)
HMX{H or ot

e, u<k><x,t>ro}s

0

x &1

¢
< O/O/do(fl ;<O/d0(§2 d€2> /max da(&2); d1(§2)}d§2d§1d§max{HcptHO,||30H0,Hf||0}
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A.B. Keinmnbexkosa

Apanac TybpIHABICHI Oap yIIiHIII peTTi auddepeHnnaJablK TeHaey

YIIiH >KapThljail IePUO/THI MIETTIK eCeIlTiH IeIniryi

MakaJta 1iceBoapaboOJIaJIbIK, TUIITEr] SBOJIIONUSIBIK TEHJEY VIINH KapThLIAH MMePUOJITHI IIETTIK €CeITiH
mennisryin 3eprreyre apHasraH. 2Korapel perri mepbec TyBIHABLIBL AupdEPEeHITNAIIBIK, TeHIeyIep YIIiH
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JIOKAJIBbJIBI €MEC eCerrTepii KorrereH apropsap 3eprreret [1-4]. Myrnaii ecentepai 3epTreyre JereH KbI3bl-
FYIIBLIBIK, OJTAPIBIH, KOIIAHOABI MaFbIHACKIHA GafJIAaHBICTHI TYBIHAAIbI. OChIHAl ecerrTepre Kypesi TOmo-
JIOTHSICHI 6ap KATTHI KEyeKTi opTa, OipiHIm Ke3eKTe TOMbIpaK, koHe Kep kaTtaabl. CoHbiMeH 6ipre, MyHmait
TeHJeYJIeP IUCIIEPCUSIIBIK KYiiesepaeri Y3bIH TOJIKBIHIAAP/IBI 1a CANATTaybl MyMKiH. Makantana ocblHmait
ecenTepAi miemry yiniH »kaHa (OYHKIMsIAD €HII3LINeH »KoHe HapaMeTpHu3alysiiay dfici KosjgaHburaH [5].
Onpa yurinmi pertik auddepeHnuaiibk TeHgey YIiH MeTTiK ecel, KapamnaibiM 1uddepeHualiiblK, TeH-
JieyJiep Kyiiesiep TOObI YIIIH IEPUOJTHIK, MIETTIK ecebine Kearripineni [6-18]. ZKybik memimai Taby 11y, KaHa
KOHCTPYKTHBTIK AJFOPUTMI YCBIHBLIFaH JKOHE OACTAIKbI €Cell TEPMMHEPi Heri3iHie 3epTTesil OTBIpFaH
ecerrtig, 6ipMoHi mmerminyiHiH Koad durmenTTiK Oerisiepi aJabHFAH.

Kiam cesdep: nepbec TybIHABI TEHIEY, VIIIHII PETTI IICeBA0NapaboIablK TEHIEY, AJITOPUTM, XKy bIK, TNEIIiM.

A.B. Keinanbexkosa

PazpermmumMocTh nmojrynepuoanvdeckoii KpaeBoii 3ajadn
aaga aunddepeHnmaaIbHOr0 ypaBHEHNsT TPETHEro MopaaKa
CO CMeNIaHHO NPOU3BOAHON

CraTbsl HOCBSIIEHA UCCIEIOBAHUIO PA3PENINMOCTH IIOJIYIEPUOIUTIECKON KPAEBON 3a1a4n [JIsi SBOJIIOIINOH-
HOI'O ypaBHEHUsI THUIIA IIceBIonapaboandeckux. HemokaabHble 3ada4n 11s1 aud@epeHuaabHbIX ypaBHEHUH
C YaCTHBIMH IPOU3BOAHBIMU BBICOKOIO HODsIIKa OBLIM MCCIENOBaHbl MHOrUMu apropamu [1-4]. Oupene-
JIGHHBIII WHTEpEC K M3YUEeHUIO JAHHBIX 33729 BBI3BAH B CBA3U ¢ MX MPUKJIAJHBIMU 3HadYeHHsMHU. K Takmm
3a/[adaM OTHOCSTCS CHJIbHO IOPUCTBHIE CPEIbl CO CJIOXKHOM TOMOJIOTHel, U, B MEPBYIO O4Yepe/ib, [MOYBA U
MoYBOrpyHT. Tak»Ke Takue ypaBHEHUsI MOI'YT OIKCHIBATH JJIMHHBIE BOJIHBI B JUCIEPCHBIX cucTtemax. JIjst
pEIlleHns TaHHOH 3aa9u B paboTe BBEAEHBI HOBbIe (bYHKIUMY U ITPUMEHEH MeTo/| napamerpusanun [5]. To-
raa Kpaesas 3a/a4a A auddepeHInaIbHoro ypaBHeHusT TPETHero MOPsIKa CBOIUTCH K IIEPHOIUIECKOMN
KPaeBoii 3a/1aue JJIsi CeMelCTBa CUCTeM OOBIKHOBEHHBIX g depeHnmababix ypasHenuit [6—18]. IIpesoxe-
HBI HOBbI€ KOHCTPYKTUBHBIE aJTOPUTMBI HAXOXK/ICHUS] MPUOJIMZKEHHOTO PEIeHNsI, 1 B TEPMIHAX MUCXOIHBIX
JAHHBIX TOJIyYeHbl KOI(DDUIINEHTHbIE TPU3HAKY OIHO3HAYMHON Pa3PEIINMOCTH HCCIEAYEMOM 3a0atn.

Karowesvie crosa: ypaBHEHHE B JACTHBIX NPOM3BOJHBIX, ICEBIONAPabOINIECKOe ypaBHEHHE TPEThEro IIo-
psiiKa, aJITOPUTM, IIPUOJIMKEHHOE DelleHue.
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