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In this work, the regularizatiogsmethod of S.A. Lomov (1; 2) is generalized for problems for an
integro-differential equation withsa Fapidly changing kernel and with a right-hand side depending
on a rapidly oscillating cosine

t ésf 0)d9 t48)y(s,e)ds + h(t )cos b yef (y.t), y(0,e) =y°, te0,7). (1)

:“I@
O%

Problem (1) is considered under the following conditions:
Du(t),5'(t),h(t) € C([0,T],R), K(t,s) € C*(0<s<t<T R);
2) u(t) <0,5'(t) > 0 Vt € [0,T7;
N
3) f(y,t) is a polynomial, i.e. f(y,t) = Y. f(t)y™ with the coefficients f,,(t) € €
m=0

C>=([0,T],R),m=0,N, N < oo.

We introduce a new unknown function

-/

m\»—x

O K s)y(s, ).
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Differentiating it by ¢, we will have

dz LT (o) L (o) 0)d0 0K (t, s)
== / s)y(s, 5)d5-|-/ o y(s,e)ds &
0 0
d o) OK (¢
P w(t)z +eK(t, t)y + 8/ e [ ( ’S>y(5,5)ds.
dt 0 ot
Instead of (1), we get the system
L1 [ u(6)do
et Aty + A (w+ = [e "Gl shls, ) ds+ 2)

+H(t,e) +eF(w,t), w(O,s[)) =uw’ = {y°,0}

where w = {y, 2}, F(w,t) = {f(y,t),0}, H(t,e) = {h(t) cos @,O}, and the matrices A(t),
Ay(t),G(t, s) are of the form

0= by )40y 0 ) 6@ (o o)

For convenience, let us denote A (t) = —if3'(t), Ao (t )=, RiJ' (1), A3(t) = p(t). It should be noted
that in the study of problem (2.1), resonances can @gisetbetween the spectral values A\ (t) = —if'(t),
Ao(t) = +if'(t) and A3(t)=pu(t), i.e. for all #& [0, B], the identities (m = (mq, my, m3) — multi-
index, =mq + my + ms)

(m, A(t)) = maAi(t) + g d36E) + mgAs(t) =0, |m| > 2, )
(m, A1) = ma A (BeH s (t) + mads(t) = A\i(t),|m| > 2,5 =1,3 (20)

hold. However, due to the fact'tatP\, (¢) and A\(t) is a purely imaginary functions, but A3(t) is a
real function, we obtain the fellowing sets of resonant multi-intexes:

F=1(s+1,80),s>1}U{(s+1,s,1),s >0},
Py ={(s,5+1,0),s > 1}U{(s,s + 1,1),5 > 0}
with multi-indexes from I'; satisfying the relation (m, A (t)) = A\; (¢), |m| > 2, and multiindexes

from I'y satisfying the relation (m, A (t)) = Ay (t), |m| > 2 (here s is an integer).
We introduce regularizing variables (see (1))

€ £
0
and consider the following problem:
L1 g
el 4+ Z Aj(t ) —c [e"s G(t, s)w(s, @,g)ds— (3)
0
—5A1( )w H(t T)+6F( t), Wt 7,0,6)]_g,—g =’
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where H(t,7) = {@(enal +e™03),0}, 0 = e PO gy = 72O for the function @ =
=w(t,7,0,¢), where 7 = (11,79, 73), ¥ = (11,1, 13). It is clear that 1fw = w(t,T,0,¢) is the

¥(t)

solution to problem (3), then the vector function w = w <t, , 0, 6> is an exact solution to

problem (2); therefore, the problem (3) is extended with respect to the problem (2). However, the
problem (3) cannot be considered completely regularized, since the integral operator

t t
L X3(0)do
1523 (0t ) = [ Gt (S,@,€> ds.
0

is not regularized. To regularize it, we introduce a class M. = U|__u ,that is asymptotically

invariant with respect to the operator J (see (1), p. 62]). In this case, we take U as the space of
vector functions representable by sums of the form

w(t,7,0) = wo(t, o) + ij(t o)eTi + Z W N 2,
j=1 2<|m|< Ny (4)
w;(t, o), w™(t,0) € C*((0,T],C?),j =0,3_N [ < N,

where (*) over the sum means that there are no terms with [m{"> 2, satisfying the resonance
relations (2)) . Let us show that the class M., is asymiptotieally invariant with respect to the
operator J. To do this, it is necessary to show that thé image Jw(t, 7) on functions of the form (4)
can be represented as a series

Ju(t,7) =Y ek (Z wi(t)e + w” (t))

J=1

converging asymptotically to FuXas* € — +0) uniformly with respect to ¢ € [0, 7. Substituting
(4) in Jw(t, 7), we have

t s
L [ Ra(0)do> —2 [ 2s(6)do
Jw(t,T) £e Ry [ G(t,s)wo(s)e s ds+
0
t s t
L [ x3(0)do ¢ L [(2j(0)—X3(6))do L [ x3(0)d6 1
‘|‘ZJ2-:1€ 0 [G(t, sywj(s)e™d T ds et [ G(t, s)ws(s)ds+
0 0

oft s)ds + iﬁ”ﬂ D" [(T5 (Gt s)wo(s))) =y —

éfsxo,(e)
0

‘|’Z:l§(_ ) v+1

(I(G(t, 5)w1<3>))82t6
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t
1

(Gt s)wi(s) e *

t
* © L [(m(6))do
+ > (=Dt 0

2<|m| <Ny, v=0

- (ITI;1<G(t, s)w(m) (8>)>5:0€ OIAS(G)dQI |

(L (Gt )w'™(s))) e

™ |

It is easy to show (see, for example, (3), pp. 291-294) that this series converges asymptotically for
£ — +0 to (uniformly in ¢ € [0, 7). This means that the class M. is asymptotically invariant (for
e — +0) with respect to the operator .J.

Then the image Jw(t, 7) can be written in the form

Juw(t,7) = Row(t,7) + Y ™ Ryquw(t,»)

m=0

¥(t)

where 7 = =~ Let us now extend the operator / to series of theforfi

Wt e) =Y Wik (5)

with coefficients wy (t,7) € U,k > 0.
Definition. A formal extension .J of the opesator ./ on series of the form (5) is the operator

w(t, e) Z ZR,, sWs(t, 7). (6)

Despite the fact that hefextension .J of the operator J is defined formally, it is quite possible
to use it in constructing an ‘asymiptotic solution of finite order of ¢. Now it is easy to write out the
regularized (withsespect to»(3)) problem:

%y T Z Aj(t ) — At — eAy () — eJiw =
= H<t7 7_) + EF(”LU,t), @(t77 , 0, 5>|t:0,7':0 — U}O

(7)

where J is the operator (6).
Substituting series (5) into (7) and equating the coefficients at the same degrees of ¢, we obtain
the following iterative problems:

3 h(t) h(t)

Loun(t7) = 2 A% - Al = (2,7 ) e+ (57 e, w0.0) =0 (&)

j=1

0
Lowy (t,7) = —% + A (t)wo + F(wo,t) + Rowy, wi(0,0) = 0; (81)
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Low(t,7) = 8% L+ Ay (D wp—1 4 Prlwo, .. ., wi—1, ) + Rowp—1+ (84)
FRwp_s+ ...+ Rkwo, we(0,0) =0, k>1 ’

where Py (w, ..., wx_1,t) is some polynomial of wy, . .., w,_1, linear with respect to wy_;.
Let us introduce a scalar product (at each ¢ € [0, T) in the space U :

<y >=<yo )+ 1w e+ >y (1) emm),

2<[m[<N.

o)+ z) et Y 2 () emT) > =
i=1 2<Im|<Ny

z@ﬂmaﬁ»+§@M%%@H- > (), (1)

2<|m|<min(N,Ny)

where the usual scalar product in the complex space ? is denoted by (x, *) .
Each of the iterative systems has the form

Low(t, ) = Z At >§_: — A(t)w = P{L, 7) (9)

Jj=1

3 *
where P(t,7) = Py(t) + Y. Pi(t)em + Y. PM(#e™ c U,
J=1 Np>|m|22
Theorem. Let conditions 1) - 3) be satisfied andy, P(, 7) € U. For system (9) to have a solution
in U it is necessary and sufficient that

<P(), 3 ()€ >= 0w \P) () =0, j=03, WeDT. (10
where x((t), x3(t) are the eigenfufictions of the matrix A*(t) corresponding to the eigenvalues

Mo(t) =0, A3(t) = p(t), respectively:
Remark. If conditions (10) axesatisfied, that system (9) has the following solution in the space

Po(t), Pi(t), Py (t)x: .
w(t,7) = o o+uﬁ%ﬁ%w+F%%@w@+%%ﬁ%%wkhr
[( 2 (t). +< ((t)) (()))w?)(t)} et
[ (Bs(Bxol) ]eu S {llm, AT — A)] P (1) Y el
Np>|m|>2

where o(t) € C* ([0, T, C) are arbitrary functions, j = 0, 3.

We will not prove the unique solvability of iterative problems. Note that when solving two
consecutive iterative problems (8) and (8. ), the solution to the problem (8;) in the space U
will be found uniquely.
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Let {uy}, {a,} and {b, } be given non-negative sequences™Let p, ¢ € (0, 00). We will investigate
the following inequalities:

(g B

n=1

= (é‘:fn"zZ“) y

for non-negative, non-increasing sequences = = {x,} and the constant C' > 0 is independent of
.

Q=
3 =

<C (i x;;bn) 2)

n=1

Theorem KLet0% 7 < 0o, 1 < p < 0o. Assume that {a,, } and {b, } are given non-negative
weight sequences.¥[l€n the inequality (1) holds for all non-negative, non-increasing sequences
{x,} if and only if the following inequality:

1 1
[ ) 0 q q [ P
(Z ( sup u; Y (Z y)> an) <cC (Z Yo By 1 By bi:i) , (3)
n=1 \"S<® 1 \j=k n=1
holds for all non-negative sequences {y, }, where B, =3/, by, ne€N.

Theorem 2. Let 0 < ¢ < 00, 1 < p < 00. Assume that {a,,} and {b, } are given non-negative

weight sequences.Then the inequality (2) holds for all non-negative, non-increasing sequences
{x,} if and only if for any @ > 0 the following inequality:

00 00 7 q % 00 %
(Z ( sup u; Z ﬁ (Z B,‘j‘“%)) an> <C (Z Yo Blb,~ p) ; (4)
i=n =~ ! k=1 n=1

o 1<i<n
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