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a b s t r a c t 

In this paper we study the solvability of a singular integral equation arising in the theory 

of boundary value problems for the heat equation in an infinite angular domain. The par- 

ticular case of the corresponding homogeneous integral equation was investigated earlier 

in [1, 2] and it was shown that in a weight class of essentially bounded functions it has, 

along with a trivial solution, a family of non-trivial solutions up to a constant factor. In this 

paper we study the more general case of a nonhomogeneous integral equation for which 

a representation of the general solution is found with using the resolvent constructed by 

us. Estimates of the resolvent and of the solution of the boundary value problem are es- 

tablished. 
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1. Introduction 

In domain G = { x, t : 0 < x < k t, t > 0 } it is considered the boundary value problem 

∂u (x, t) 

∂t 
− a 2 

∂ 2 u (x, t) 

∂x 2 
= g(x, t) , { x, t} ∈ G ; (1) 

∂u ( x, t ) 

∂x 
| x =0 = u 0 ( t ) , b 

∂u ( x, t ) 

∂x 
| x = k t + 

d ̃  u ( t ) 

dt 
= u 1 ( t ) ; (2) 

where ˜ u (t) = u (k t, t) , b = const > 0 , k = const > 0 . Buk
e
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We note that problem (1) –(2) , is studied in [3] for a finite time interval, where it was noted that the case of a non-

homogeneous boundary value problem “turns out to be useful in the study of certain problems with free boundaries”. For 

example, for a single-phase Stefan problem “under the following assumptions: liquid phase with a positive temperature 

u (x, t) occupies a segment 0 < x < s (t) , at x = 0 a positive flux of heat is given, and the free boundary x = s (t) begins at

the solid wall x = 0 , i.e. the condition s (0) = 0 is satisfied”. In the work [3] a theorem on the unique solvability of the

considered boundary value problem in weight Holder spaces is established. 

Previously, under the conditions b = 1 , k = 1 in [1,2] we have studied the homogeneous and nonhomogeneous integral

equations, to which the homogeneous and inhomogeneous boundary value problems (1) –(2) are reduced. For a homoge- 

neous problem it was established that, along with the trivial solution in the class of essentially bounded functions with 

a given weight, there exist nontrivial solutions up to a constant factor. In [2] the general solution of the inhomogeneous

integral equation was found. We also mention the works [4–7] , that are close to our subject, in which the boundary value

problems are studied for a parabolic equation in domains, that are linearly and nonlinearly degenerate at the initial moment 

of time. However, in contrast to our work, they study boundary value problems under the condition of a limited time inter-

val. In works [4–7] theorems on unique solvability in anisotropic Sobolev spaces are established. It should be noted that the

need to study mathematical problems from the works [1,2,4–10] arises in the questions of describing temperature regimes 

in high-precision electro-contact devices, the spread of pollutants in liquid and gas areas, etc. 

2. Discussion of BVP (1) –(2) 

Our approach of research was initially tested on a simple case, as it seemed to us, where b = 1 , k = 1 [1,2] . However, our

further study showed that the feature of the problem (related to its reduction to a singular integral equation) was preserved.

However, the more general case where the coefficients b and k are only required to be strictly positive, in our view, is

important for at least the following two reasons: 

(i) When considering a problem with a nonlinear law of motion x = s (t) of a moving part of the boundary, we can apply

our results from this paper if we require additionally from the function s (t) , for example, the following properties: 

(i.1) The function s (t) is differentiable on the interval (0 , ∞ ) and there is a sufficiently small t ∗ > 0 such that, 

s ′ (t) = μ > 0 at t ∈ (0 , t ∗) ; s ′ (t) ≥ 0 at t > t ∗. 

(i.2) The motion of the boundary obeys the linear law: s (t) = μt, 0 < t < t ∗. We have the following boundary value

problem 

∂u 1 (x, t) 

∂t 
− a 2 

∂ 2 u 1 (x, t) 

∂x 2 
= g(x, t) , { 0 < x < μt, 0 < t < t ∗}; (1a) 

∂u 1 ( x, t ) 

∂x 
| x =0 = u 0 ( t ) , b 

∂u 1 ( x, t ) 

∂x 
| x = μ t + 

d ̃  u 1 ( t ) 

dt 
= u 1 ( t ) ; (2a) 

where ˜ u 1 (t) = u 1 (μ t, t) . 

In this case, the equality μ = 1 will be a very restrictive and undesirable fact. Continuing obtained boundary value prob-

lem (1a)–(2a) to an infinite angle, we obtain a boundary value problem of type (1) –(2) , where k = μ. We can apply our

results from present paper to solve it. Further, taking from the obtained solution its restriction on the interval (0 , t ∗) , we

obtain a required solution to boundary value problem (1a)–(2a) in the domain { x, t : 0 < x < μt, 0 < t < t ∗} . 
(i.3) s ′ (t) ≥ 0 on the interval (t ∗, ∞ ) and s (t ∗) = μt ∗. We have the following boundary value problem in a non-

degenerating domain 

∂u 2 (x, t) 

∂t 
− a 2 

∂ 2 u 2 (x, t) 

∂x 2 
= g(x, t) , { 0 < x < s (t) , t > t ∗}; (1b) 

∂u 2 ( x, t ) 

∂x 
| x =0 = u 0 ( t ) , b 

∂u 2 ( x, t ) 

∂x 
| x = s ( t ) + 

d ̃  u 2 ( t ) 

dt 
= u 1 ( t ) , t > t ∗; (2b) 

u 2 ( x, t ) | t = t ∗ = u 1 ( x, t ∗) , 0 < x < μt ∗; (3b) 

where ˜ u 2 (t) = u 2 (s (t ) , t ) and u 1 (x, t) is a solution to boundary value problem (1a)–(2a). 

We introduce a new unknown function v 2 (x, t) = 

∂u 2 (x,t) 
∂x 

. Formally, by differentiating equation ( 1 b) with respect to the

variable x, we get: 

∂v 2 (x, t) 

∂t 
− a 2 

∂ 2 v 2 (x, t) 

∂x 2 
= 

˜ g (x, t) , 0 < x < s (t) , t > t ∗; (1c) 

v 2 ( x, t ) | x =0 = v 0 ( t ) , 
(

∂v 2 ( x, t ) 

∂x 
+ 

˜ a v 2 ( x, t ) 

)
| x = s ( t ) = v 1 ( t ) , t > t ∗, (2c) 

v 2 ( x, t ) | t = t ∗ = 

∂u 1 ( x, t ∗) 
, 0 < x < μt ∗; (3c) 
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where ˜ g (x, t) ≡ ∂g(x,t) 
∂x 

, v 0 (t) ≡ u 0 (t) , v 1 (t) ≡ u 1 (t) 

a 2 
, ˜ a = 

c 
a 2 

, c = b + s ′ (t) . 

Using thermal potentials, boundary problem (1c)–(3c) reduces to solving the classical (regular) Volterra integral equation 

of the second kind, which is uniquely solvable ( [11] , part 6, 4.1–4.2). By a solution to problem (1c)–(3c), using the inverse

transformation u 2 (x, t) = 

x ∫ 
0 

v 2 (ξ , t) dξ + C 1 , we will have a solution to problem (1b)–(3b) up to a constant C 1 . Note that this

does not contradict the formulation of boundary value problem (1) –(2) , the solution of which is found up to a constant

term. 

Further, by gluing together solutions to boundary value problems (1a)–(2a) and (1b)–(3b), we obtain a solution to the 

original boundary value problem with the nonlinear law of motion x = s (t) of the part of the boundary, where that law

satisfies the aforesaid conditions from (i.1)–(i.3). 

However, we would like to note the following. For the general nonlinear law of motion x = s (t) of a part of the boundary,

our approach is not applicable, since in our work we reduce the obtained singular integral equation to an integral equation

with a difference kernel. This is the key point of our research. 

(ii) there are some difficulties in applying our approach to the study of boundary problems of heat conduction in de-

generating domains with degeneration at the initial moment of time at b > 0 and k > 0 in comparison with the case when

b = 1 and k = 1 . Namely, 

(ii.1) in this paper, the weighted space of essentially bounded functions (14) for the solution of integral Eq. (10) differs

from the class of solutions (11) for integral Eq. (9) in [2] . Although in these works, at small values of the time variable, the

singularity t −1 / 2 of the solution is preserved, however, in the present work, from the solution of Eq. (10) it is additionally

required that it decreases at infinity no more slowly than the given exponent, which depends on the parameter k . Moreover,

the solution of Eq. (10) should decrease faster as the parameter k increases, which corresponds to the increasement of an

angle of the domain of independent variables. The latter is not required in [2] . 

At the same time, it should be noted that in the presented paper the exponential order of decrease is precisely deter-

mined depending on the parameter k . 

(ii.2) In this paper, it has been clarified: how does the value of the angle in the domain of independent variables affect

the class of solutions of a singular integral equation? From the increasement of value of the parameter k, that corresponds

to the increasement of an angle in the domain of independent variables, the decrease rate of the solution of the singular

integral equation at t → ∞ should increase. At the same time, it should be noted that in the presented paper the exponential

order of decrease is precisely determined depending on the parameter k . 

(ii.3) We also note that in the present paper, at finding the resolvent, series (27) arises, which is associated with the

expansion of the fractional Newton binomial (1 + α) 2 c 1 −1 , c 1 = (b + k ) /k (with binomial coefficients C 
2 c 1 −1 
m 

), which causes

certain difficulties in further calculations. Whereas in our previous work [2] we dealt with a finite sum (21) over the index

m, which in [2] greatly simplified the study. 

3. Transformation of problem (1) –(2) and reduction of it to an integral equation 

We introduce the function v (x, t) = 

∂u (x,t) 
∂x 

. Formally by differentiating Eq. (1) with respect to the variable x, we get: 

∂v (x, t) 

∂t 
− a 2 

∂ 2 v (x, t) 

∂x 2 
= 

˜ g (x, t) , 0 < x < k t, t > 0 ; (3) 

v ( x, t ) | x =0 = v 0 ( t ) , 
(

∂v ( x, t ) 

∂x 
+ 

˜ a v ( x, t ) 

)
| x = k t = v 1 ( t ) , (4) 

where ˜ g (x, t) ≡ ∂g(x,t) 
∂x 

, v 0 (t) ≡ u 0 (t) , v 1 (t) ≡ u 1 (t) 

a 2 
, ˜ a = 

c 
a 2 

, c = b + k. 

The solution of problem (3) –(4) we are looking for as a sum of thermal potentials ( [11] , part 6, 4.1–4.2): 

v (x, t) = 

1 

2 a 
√ 

π

t ∫ 
0 

∞ ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
− (x − ξ ) 2 

4 a 2 (t − τ ) 

}
˜ g (ξ , τ ) dξdτ + 

+ 

1 

4 a 3 
√ 

π

t ∫ 
0 

x 

(t − τ ) 3 / 2 
exp 

{
− x 2 

4 a 2 (t − τ ) 

}
ν(τ ) dτ + 

+ 

1 

2 a 
√ 

π

t ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
− (x − k τ ) 2 

4 a 2 (t − τ ) 

}
ϕ(τ ) dτ, (5) 

where the functions ν(t) and ϕ(t) are unknown and must be defined. 

Satisfying solution (5) to the first condition in (4), we have: 

ν(t) = − a √ 

π

t ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
− k 2 τ 2 

4 a 2 (t − τ ) 

}
ϕ(τ ) dτ − (6) 
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− a √ 

π

t ∫ 
0 

∞ ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
− ξ 2 

4 a 2 (t − τ ) 

}
˜ g (ξ , τ ) dξdτ + 2 a 2 v 0 (t) . (6) 

Using representation (5) and equality (6) , we obtain the following expression for the solution of problem (3) –(4) : 

v (x, t) = 

1 

2 a 
√ 

π

t ∫ 
0 

1 

(t − τ ) 1 / 2 

[
− exp 

{
− (x + k τ ) 2 

4 a 2 (t − τ ) 

}
+ 

+ exp 

{
− (x − k τ ) 2 

4 a 2 (t − τ ) 

}]
ϕ(τ ) dτ + F 1 [ x, t; ˜ g ; v 0 ] , (7) 

where 

F 1 [ x, t; ˜ g ; v 0 ] ≡ 1 

2 a 
√ 

π

t ∫ 
0 

x 

(t − τ ) 3 / 2 
exp 

{
− x 2 

4 a 2 (t − τ ) 

}
v 0 (τ ) dτ + 

+ 

1 

2 a 
√ 

π

t ∫ 
0 

∞ ∫ 
0 

1 

(t − τ ) 1 / 2 

[
− exp 

{
− (x + ξ ) 2 

4 a 2 (t − τ ) 

}

+ exp 

{
− (x − ξ ) 2 

4 a 2 (t − τ ) 

}]
˜ g (ξ , τ ) dξdτ. (8) 

Taking into account (7) , according to the second boundary condition from (4) we have: (
∂v (x, t) 

∂x 
+ 

c 

a 2 
v (x, t) 

)
| x = k t 

= 

= 

ϕ(t) 

2 a 2 
+ 

1 

4 a 3 
√ 

π

t ∫ 
0 

k (t + τ ) 

(t − τ ) 3 / 2 
exp 

{
− k 2 (t + τ ) 2 

4 a 2 (t − τ ) 

}
ϕ(τ ) dτ−

− 1 

4 a 3 
√ 

π

t ∫ 
0 

k 

(t − τ ) 1 / 2 
exp 

{
−k 2 (t − τ ) 

4 a 2 

}
ϕ(τ ) dτ−

− c 

2 a 3 
√ 

π

t ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
− k 2 (t + τ ) 2 

4 a 2 (t − τ ) 

}
ϕ(τ ) dτ+ 

+ 

c 

2 a 3 
√ 

π

t ∫ 
0 

1 

(t − τ ) 1 / 2 
exp 

{
−k 2 (t − τ ) 

4 a 2 

}
ϕ(τ ) dτ = F 2 [ k t, t; ˜ g ; v 0 ; v 1 ] , (9) 

where 

F 2 [ x, t; ˜ g ; v 0 ; v 1 ] = −∂F 1 [ x, t; ˜ g ; v 0 ] 
∂x 

− c 

a 2 
F 1 [ x, t; ˜ g ; v 0 ] + v 1 (t) . 

Using equalities t + τ = 2 t − (t − τ ) , (t + τ ) 2 = (t − τ ) 2 + 4 tτ, from (9) we have the following integral equation for the

unknown function ϕ(t) : 

ϕ(t) −
t ∫ 

0 

K(t, τ ) ϕ(τ ) dτ = f (t) , t > 0 , (10) 

where 

K(t, τ ) = k (t, τ ) exp 

{
−k 2 (t − τ ) 

4 a 2 

}
, (11) 

k (t, τ ) = − 1 

2 a 
√ 

π

[
2 k t 

(t − τ ) 3 / 2 
exp 

{
− k 2 tτ

a 2 (t − τ ) 

}
−

− 2 c + k 

(t − τ ) 1 / 2 
exp 

{
− k 2 tτ

a 2 (t − τ ) 

}
+ 

2 c − k 

(t − τ ) 1 / 2 

]
, (12) 
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f (t) = 2 a 2 F 2 [ x, t; ˜ g ; v 0 ; v 1 ] . (13) 

Note that kernel K(t, τ ) (11) has the following property: 

lim 

t→ 0+ 

t ∫ 
0 

K(t, τ ) dτ = 1 . 

This means that the method of successive approximations is not applicable to integral Eq. (10) . Therefore, in the paper

integral Eq. (10) is called a singular equation. 

The solution of integral Eq. (10) will be sought in the class 
√ 

t exp 

{
k 2 t/ (4 a 2 ) 

}
ϕ(t) ∈ L ∞ 

(R + ) , 

i.e. ϕ(t) ∈ L ∞ 

(
R + ;

√ 

t exp 

{
k 2 t/ (4 a 2 ) 

})
. (14) 

Remark 1. The notation L ∞ 

(R + ; t 1 / 2 exp { k 2 t/ (4 a 2 ) } ) means that we are dealing with the space of essentially bounded func-

tions on the semi-axis R + = (0 , ∞ ) with weight t 1 / 2 exp { k 2 t/ (4 a 2 ) } . Functions of this class for small values of t can admit a

singularity of order t −1 / 2 , and at infinity they must decrease no slower than the exponential law exp {−k 2 t/ (4 a 2 ) } . 
We note that similar Volterra integral equations of the second kind were studied in papers [1,2,8–10] . 

4. Reducing integral equation (10) to a differential equation in Laplace images 

If we introduce new functions: 

ϕ 1 (t) = ϕ(t ) exp 

{
k 2 t 

4 a 2 

}
, f 1 (t ) = f (t) exp 

{
k 2 t 

4 a 2 

}
, 

then from (10) –(13) we get: 

ϕ 1 (t) −
t ∫ 

0 

k (t, τ ) ϕ 1 (τ ) dτ = f 1 (t) , t > 0 . (15) 

In integral Eq. (15) we make a replacement of the independent variable and introduce a new unknown function 

t = 

1 

t 1 
, τ = 

1 

τ1 

, ϕ 2 (t 1 ) = 

1 √ 

t 1 
ϕ 1 (1 /t 1 ) , f 2 (t 1 ) = 

1 √ 

t 1 
f 1 (1 /t 1 ) , 

as a result from (13) and (15) we obtain: 

ϕ 2 (t 1 ) + 

1 

a 
√ 

π

∞ ∫ 
t 1 

k 

(τ1 − t 1 ) 3 / 2 
exp 

{
− k 2 

a 2 (τ1 − t 1 ) 

}
ϕ 2 (τ1 ) dτ1 −

− 1 

2 a 
√ 

π

∞ ∫ 
t 1 

1 

(τ1 − t 1 ) 1 / 2 

[ 
(2 c + k ) exp 

{ 

− 1 

a 2 (τ1 − t 1 ) 

} 

−

− (2 c − k ) 
] 

1 

τ1 

ϕ 2 (τ1 ) dτ1 = f 2 (t 1 ) . (16) 

We note that from the solution of integral Eq. (16) , returning to the initial independent variable and the initial unknown

function, we can obtain the solution of the initial integral Eq. (10) . 

To solve initial integral Eq. (16) we will use the Laplace transformation. We have: [
1 + exp 

{
−2 k 

a 

√ −p 

}]
ˆ ϕ 2 (p) −

− 1 

2 a 
√ −p 

[
(2 c + k ) exp 

{
−2 k 

a 

√ −p 

}
− (2 c − k ) 

] ∞ ∫ 
p 

ˆ ϕ 2 (q ) dq = 

ˆ f 2 (p) . (17) 

Here we have used the following formulas of the Laplace transformation ( [12] , p.472; and [13] , p.158): 

L 

[∫ ∞ 

t 1 

k (t 1 − τ1 ) ϕ 2 (τ1 ) dτ1 

]
= 

ˆ k (−p) ˆ ϕ 2 (p) , L 

[ 
1 

t 1 
ϕ 2 (t 1 ) 

] 
= 

∞ ∫ 
p 

ˆ ϕ 2 (q ) dq, 
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We pass from integral Eq. (17) to a differential equation, introducing a new unknown function-image: 

ˆ ψ (p) = 

∞ ∫ 
p 

ˆ ϕ 2 (q ) dq, i.e., ˆ ϕ 2 (p) = −d ˆ ψ (p) 

dp 
, (18) 

d ˆ ψ (p) 

dp 
+ 

(2 c + k ) exp 

{
− 2 k 

a 

√ −p 
}

− (2 c − k ) 

2 a 
√ −p 

[
1 + exp 

{
− 2 k 

a 

√ −p 
}] ˆ ψ (p) = −

ˆ f 2 (p) 

1 + exp 

{
− 2 k 

a 

√ −p 
} . (19) 

Remark 2. Proceeding analogously to the results of work [1,2] , we obtain a solution of the homogeneous equation (when
ˆ f 2 (p) ≡ 0 ), corresponding to (19) in the form: 

ˆ ψ (p) = C 
exp 

{
− 2 c−k 

a 

√ −p 
}

(
1 + exp 

{
− 2 k 

a 

√ −p 
}) 2 c 

k 

, (20) 

and correspondingly, 

ˆ ϕ 2 (p) = C 

[
−2 c − k 

2 

+ 

2 c + k 

2 

exp 

{
−2 k 

a 

√ −p 

}]
×

×
exp 

{
− 2 c−k 

a 

√ −p 
}

a 
√ −p 

(
1 + exp 

{
− 2 k 

a 

√ −p 
}) 2 c 

k 
+1 

. (21) 

Further, as in works [1,2] from (19) and (21) we find the original ψ hom 

(t 1 ) and ϕ 

2 hom 

(t) and, following the correspond-

ing transformations given at the beginning of this section, we determine the solution ϕ hom 

(t) : 

ϕ hom 

(t) = 

1 

2 a 
√ 

π

∞ ∑ 

n =0 

B 

2 c 1 +1 
n 

[
(2 c + k ) ϕ 

(1) 
n (t) − (2 c − k ) ϕ 

(2) 
n (t) 

]
, (22) 

where 

B 

2 c 1 +1 
n = (−1) n 

(2 c 1 + 1)(2 c 1 + 2) . . . (2 c 1 + n ) 

n ! 
, c 1 = 

c 

k 
= 

b 

k 
+ 1 , 

⎧ ⎪ ⎨ 

⎪ ⎩ 

ϕ 

(1) 
n (t) = exp 

{ 

−{ [2 c+ k (2 n +1)] 2 + k 2 } t 
4 a 2 

} 

, 

ϕ 

(2) 
n (t) = exp 

{ 

−{ [2 c+ k (2 n −1) 2 ]+ k 2 } t 
4 a 2 

} 

. 

(23) 

Solution (22) –(23) belongs to the class L ∞ 

(
R + ;

√ 

t exp 

{
k 2 t/ (4 a 2 ) 

})
(14) , this follows from relation ( [12] , p.486) 

lim 

p→∞ 

p ̂ h (p) = lim 

t→ +0 
h (t) , where in our case h (t) = 

√ 

t ϕ hom 

(t) . And for all t ≥ ε > 0 series (22) –(23) is absolutely con-

vergent. 

5. Particular solution of nonhomogeneous equation (19) . Image of the resolvent 

We find its particular solution 

ˆ ψ part (p) of equation (19) . Using the solution (20) of homogeneous equation, we have: 

− ˆ ψ part (p) = 

exp 

{
− 2 c−k 

a 

√ −p 
}

(
1 + exp 

{
− 2 k 

a 

√ −p 
}) 2 c 

k 

p ∫ 
−∞ 

ˆ f 2 (q ) exp 

{
2 c − k 

a 

√ −q 

}
×

×
(

1 + exp 

{
−2 k 

a 

√ −q 

}) 2 c 
k 

−1 

d q, (24) 

where 

ˆ f 2 (q ) = 

∞ ∫ 
0 

f 2 (τ1 ) exp { qτ1 } dτ1 , Re { q } < 0 . 

We carry out the following transformation of equality (24) : 

− ˆ ψ part (p) = 

∞ ∫ 
0 

f 2 (τ1 ) ̂  R 

∗(p, τ1 ) dτ1 , (25) 

Buk
eto

v U
niv

ers
ity
6 



M. Amangaliyeva, M. Jenaliyev, S. Iskakov et al. Applied Mathematics and Computation 399 (2021) 126009 
where ˆ R ∗(p, τ1 ) is the image of the resolvent that is determined by the following formula 

ˆ R 

∗(p, τ1 ) = 

p ∫ 
−∞ 

exp { τ1 q } 
exp 

{
− 2 c−k 

a 

√ −p 
}

(
1 + exp 

{
− 2 k 

a 

√ −p 
}) 2 c 

k 

exp 

{
2 c − k 

a 

√ −q 

}
×

×
(

1 + exp 

{
−2 k 

a 

√ −q 

}) 2 c 
k 

−1 

d q, (26) 

Using the following representation: 

exp 

{
− 2 c−k 

a 

√ −p 
}

(
1 + exp 

{
− 2 k 

a 

√ −p 
}) 2 c 

k 

= 

∞ ∑ 

n =0 

B 

2 c 1 
n exp 

{
−2 c + k (2 n − 1) 

a 

√ −p 

}
, c 1 = 

c 

k 
, 

where c = b + k, we write down resolvent ˆ R ∗(p, τ1 ) (26) in the form 

ˆ R 

∗(p, τ1 ) = 

∞ ∑ 

m =0 

C 2 c 1 −1 
m 

ˆ I ˆ R ∗ (p, m, τ1 ) 
∞ ∑ 

n =0 

B 

2 c 1 
n exp 

{
−2 c + k (2 n − 1) 

a 

√ −p 

}
, (27) 

where 

ˆ I ˆ R ∗ (p, m, τ1 ) = 

p ∫ 
−∞ 

exp 

{
τ1 q − k (2 m + 1) − 2 c 

a 

√ −q 

}
d q, (28) 

C 2 c 1 −1 
m 

= 

(2 c 1 − 1)(2 c 1 − 2) . . . (2 c 1 − m ) 

m ! 
, 

B 

2 c 1 
n = (−1) n 

2 c 1 (2 c 1 + 1) . . . (2 c 1 + n − 1) 

n ! 
. 

To obtain the above series we have used the known decomposition: 

1 

(1 + z) 2 c 1 
= 

∞ ∑ 

n =0 

B 

2 c 1 
n z n , z = exp 

{
−2 k 

a 

√ −p 

}
, | z| < 1 . 

Replacing the variable 
√ −q = η and introducing the notation α = 

k (2 m +1) −2 c 
a , we get for (28) : 

ˆ I ˆ R ∗ (p, m, τ1 ) = 2 

∞ ∫ 
√ −p 

η exp 

{
−τ1 η

2 − αη
}

dη. 

Then integral (28) is represented as the following difference: 

ˆ I ˆ R ∗ (p, m, τ1 ) = 

1 

τ1 

exp 

{
τ1 p − k (2 m + 1) − 2 c 

a 

√ −p 

}
−

−
√ 

π [ k (2 m + 1) − 2 c] 

2 aτ 3 / 2 
1 

exp 

{
[ k (2 m + 1) − 2 c] 2 

4 a 2 τ1 

}
×

×erfc 

(
√ −τ1 p + 

k (2 m + 1) − 2 c 

2 a 
√ 

τ1 

)
. (29) 

Using relations (27) –(29) , we obtain the following expression for the image of the resolvent: 

ˆ R 

∗(p, τ1 ) = 

ˆ R 

∗
1 (p, τ1 ) − ˆ R 2 (p, τ1 ) , (30) 

where 

ˆ R 

∗
1 (p, τ1 ) = 

1 

τ1 

exp { τ1 p} + 

1 

τ1 

∞ ∑ 

m,n =0 , 

m + n 
 =0 

C 2 c 1 −1 
m 

B 

2 c 1 
n exp 

{
τ1 p − (m + n ) 

2 k 

a 

√ −p 

}
, (31) 

ˆ R 2 (p, τ1 ) = 

1 

τ1 

√ 

π

2 

∞ ∑ 

m =0 

C 2 c 1 −1 
m 

k (2 m + 1) − 2 c 

a 
ˆ I 1 ( p, τ1 , m ) 

∞ ∑ 

n =0 

B 

2 c 1 
n 

ˆ I 2 (p, τ1 , n ) , (32) 

ˆ I 1 (p, τ1 , m ) = 

1 

τ 1 / 2 
exp 

{
[ k (2 m + 1) − 2 c] 2 

4 a 2 τ1 

}
ˆ I ∗1 (p, τ1 , m ) , (33) 
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ˆ I ∗1 (p, τ1 , m ) = exp { −τ1 p } erfc 

(
√ −τ1 p + 

k (2 m + 1) − 2 c 

2 a 
√ 

τ1 

)
, 

ˆ I 2 (p, τ1 , n ) = exp 

{
τ1 p − 2 c + k (2 n − 1) 

a 

√ −p 

}
. (34) 

6. Constructing the resolvent R(t, τ) 

For this purpose first we find the originals of the images ˆ R ∗
1 
(p, τ1 ) and 

ˆ R 2 (p, τ1 ) . For the image ˆ R ∗
1 
(p, τ1 ) we have: 

ˆ R 

∗
1 (p, τ1 ) � 

1 

τ1 

δ(τ1 − t 1 ) + R 1 (t 1 , τ1 ) , (35) 

R 1 (t 1 , τ1 ) = 

1 

τ1 

∞ ∑ 

m,n =0 , 

m + n 
 =0 

C 2 c 1 −1 
m 

B 

2 c 1 
n 

(m + n ) k 

a 
√ 

π(τ1 − t 1 ) 3 / 2 
exp 

{
− (m + n ) 2 k 2 

a 2 (τ1 − t 1 ) 

}
. (36) 

In deriving relations (35) –(36) from (31) we have used the following formulas from ( [12] , 1965, p.525; [14] , 20 0 0, p.921,

formula 82, Appendix D): 

exp {−pτ } � δ(t − τ ) , exp {−k 
√ 

p } � 

k 

2 

√ 

π t 3 / 2 
exp 

{
−k 2 

4 t 

}
. 

And to get the original of the image ˆ R 2 (p, τ1 ) according to (32) –(34) it is enough to find originals for images
ˆ I 1 (p, τ1 , m ) , m = 0 , 1 , 2 , 3 , . . . , (33) and 

ˆ I 2 (p, n ) , n = 0 , 1 , 2 , . . . , (34) . 

Lemma 1. The original of image ˆ I 1 (p, τ1 , m ) (33) is calculated by the formula 

ˆ I 1 (p, τ1 , m ) � I 1 (t 1 , τ1 , m ) = 

1 

2 π
√ 

t 1 (τ1 + t 1 ) 
exp 

{
− [ k (2 m + 1) − 2 c] 2 

4 a 2 t 1 

}
. (37) 

Proof of Lemma 1.. We introduce the notation γ = 

k (2 m +1) −2 c 
a . For further calculations, it will be more convenient for us

to pass from the complex plane (p) to the plane (−p) . As a result of this, and also applying the Jordan lemma ( [12] , p.478,

81: XI), we have: 

ˆ I ∗1 (p, τ1 , m ) � I ∗1 (t 1 , τ1 , m ) = 

1 

2 π i 

−σ+ i ∞ ∫ 
−σ−i ∞ 

ˆ I ∗1 (p, τ1 , m ) exp {−p t 1 } d p = 

= 

1 

2 π i 

σ+ i ∞ ∫ 
σ−i ∞ 

ˆ I ∗1 (−p, τ1 , m ) exp { p t 1 } d p = 

∥∥∥∥∥
p = −x, 

I : p = xe −iπ , II : p = xe iπ , √ 

p = −i 
√ 

x , 
√ 

p = i 
√ 

x 

∥∥∥∥∥
= lim 

r→ 0 
R →∞ 

1 

2 π i 

{ 

−
r ∫ 

R 

exp {−(τ1 + t 1 ) x } erfc 

(
−i 

√ 

τ1 x + 

γ

2 

√ 

τ1 

)
d x −

−
R ∫ 

r 

exp {−(τ1 + t 1 ) x } erfc 

(
i 
√ 

τ1 x + 

γ

2 

√ 

τ1 

)
d x 

} 

= 

= 

1 

2 π i 

∞ ∫ 
0 

exp {−(τ1 + t 1 ) x } 
[

erfc 

(
−i 

√ 

τ1 x + 

γ

2 

√ 

τ1 

)
−

−erfc 

(
i 
√ 

τ1 x + 

γ

2 

√ 

τ1 

)]
d x = 

= 

√ 

τ1 

4 π(τ1 + t 1 ) 
√ 

t 1 
exp 

{
−γ 2 (τ1 + t 1 ) 

4 τ1 t 1 

}
erfc 

(
− iγ

2 

√ 

t 1 

)
+ 
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+ 

1 

4 π i (τ1 + t 1 ) 
erfc 

(
γ

2 

√ 

τ1 

)
+ 

+ 

√ 

τ1 

4 π(τ1 + t 1 ) 
√ 

t 1 
exp 

{
−γ 2 (τ1 + t 1 ) 

4 τ1 t 1 

}
erfc 

(
iγ

2 

√ 

t 1 

)
−

− 1 

4 π i (τ1 + t 1 ) 
erfc 

(
γ

2 

√ 

τ1 

)
= 

= 

√ 

τ1 

4 π
√ 

t 1 (τ1 + t 1 ) 
exp 

{ 

−γ 2 τ1 + t 1 
4 t 1 τ1 

} 

[
erfc 

(
−i 

γ√ 

t 1 

)
+ erfc 

(
i 

γ√ 

t 1 

)]
. 

�

We note that in deriving the last relation we have used the formula from the book [15] , p.30, formula 10). 

Finally, taking into account the equality erfc 

(
−i 

γ√ 

t 1 

)
+ erfc 

(
i 

γ√ 

t 1 

)
= 2 , we obtain the assertion of Lemma 1. 

Now, using the formula from ( [14] , p.921, formula 82, Appendix D), we find the original of factor ˆ I 2 (p, τ1 , n ) (34) . We

have 

ˆ I 2 (p, τ, n ) = exp 

{
τ1 p − k (2 n − 1) + 2 c 

a 

√ −p 

}
� I 2 (t 1 , τ, n ) = 

= 

k (2 n − 1) + 2 c 

2 a 
√ 

π(τ1 − t 1 ) 3 / 2 
exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 

}
. (38) 

We find the convolution I 1 (t 1 , τ, m ) � I 2 (t 1 , τ, n ) (37) and (38) for each m = 0 , 1 , 2 , 3 , . . . and n = 0 , 1 , 2 , 3 , . . . We have 

I 1 (t 1 , τ, m ) � I 2 (t 1 , τ, n ) = 

= 

k (2 n − 1) + 2 c 

4 aπ3 / 2 

τ1 ∫ 
t 1 

1 

(τ1 − η) 3 / 2 
√ 

η − t 1 [ τ1 + (η − t 1 )] 
×

× exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − η) 
− [ k (2 m + 1) − 2 c] 2 

4 a 2 (η − t 1 ) 

}
dη = 

∥∥∥∥∥
η−t 1 
τ1 −η = z 2 , η − t 1 = (τ1 − η) z 2 , η = 

τ1 z 
2 + t 1 

1+ z 2 

d η = (τ1 − t 1 ) 
2 z 

(1+ z 2 ) 2 dz, η − t 1 = (τ1 − t 1 ) 
z 2 

1+ z 2 , τ1 − η = (τ1 − t 1 ) 
1 

1+ z 2 

∥∥∥∥∥
= 

k (2 n − 1) + 2 c 

2 aπ3 / 2 (τ1 − t 1 )(2 τ1 − t 1 ) 
exp 

{
− [ k (2 n − 1) + 2 c] 2 + [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

}
×

×
∞ ∫ 

0 

exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 
z 2 − [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

1 

z 2 

}
d z+ 

+ 

k (2 n − 1) + 2 c 

2 aπ3 / 2 (2 τ1 − t 1 ) 2 
exp 

{
− [ k (2 n − 1) + 2 c] 2 + [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

}
×

×
∞ ∫ 

0 

1 

τ1 

2 τ1 −t 1 
+ z 2 

exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 
z 2 − [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

1 

z 2 

}
d z = 

= ‖ z = 

√ 

x ; d z = 

dx 

2 

√ 

x 
‖ = 

= 

k (2 n − 1) + 2 c 

2 aπ3 / 2 (τ1 − t 1 )(2 τ1 − t 1 ) 
exp 

{
− [ k (2 n − 1) + 2 c] 2 + [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

}
×

×1 

2 

2 a 
√ 

π
√ 

τ1 − t 1 
k (2 n − 1) + 2 c 

exp 

{
−2[ k (2 n − 1) + 2 c] [ k (2 m + 1) − 2 c] 

4 a 2 (τ1 − t 1 ) 

}
+ 
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+ 

k (2 n − 1) + 2 c 

2 aπ3 / 2 (2 τ1 − t 1 ) 2 
exp 

{
− [ k (2 n − 1) + 2 c] 2 + [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

}
×

×1 

2 

∞ ∫ 
0 

1 √ 

x (x + 

τ1 

2 τ1 −t 1 
) 

exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 
x −

− [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

1 

x 

}
d x ;

We calculate the integral 

I = 

1 

2 

∞ ∫ 
0 

1 √ 

x (x + 

τ1 

2 τ1 −t 1 
) 

exp 

{
− [ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 
x −

− [ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 

1 

x 

}
d x = 

= 

1 

2 

π
√ 

2 τ1 − t 1 √ 

τ1 

exp 

{
[ k (2 n − 1) + 2 c] 2 

4 a 2 (τ1 − t 1 ) 
× τ1 

2 τ1 − t 1 
+ 

+ 

[ k (2 m + 1) − 2 c] 2 

4 a 2 (τ1 − t 1 ) 
× 2 τ1 − t 1 

τ1 

}
×

×erfc 

{ 

k (2 n − 1) + 2 c 

2 a 
√ 

τ1 − t 1 
×

√ 

τ1 √ 

2 τ1 − t 1 
+ 

k (2 m + 1) − 2 c 

2 a 
√ 

τ1 − t 1 
×

√ 

2 τ1 − t 1 √ 

τ1 

} 

. 

Here the following relations are used ( [16] , p.337, formula 3.325 [17] , p.277, formula 2.3.16.4). Thus, finally we get 

I 1 (t 1 , τ, m ) � I 2 (t 1 , τ, n ) = 

= exp 

{
− (m + n ) 2 k 2 

a 2 (τ1 − t 1 ) 

}
×

{
1 

2 aπ
√ 

τ1 − t 1 (2 τ1 − t 1 ) 
+ 

+ 

k (2 n − 1) + 2 c 

4 a 
√ 

π
√ 

τ1 (2 τ1 − t 1 ) 3 / 2 
exp 

{
γ 2 

m,n (t 1 , τ1 ) 
}

erfc (γm,n (t 1 , τ1 )) 

}
; (39) 

where 

γm,n (t 1 , τ1 ) = 

[ k (2 n − 1) + 2 c] 
√ 

τ1 

2 a 
√ 

τ1 − t 1 
√ 

2 τ1 − t 1 
+ 

[ k (2 m + 1) − 2 c] 
√ 

2 τ1 − t 1 

2 a 
√ 

τ1 − t 1 
√ 

τ1 

. 

From here 

R 2 (t 1 , τ1 ) = 

= 

1 

4 τ1 (2 τ1 − t 1 ) 

∞ ∑ 

m,n =0 

C 2 c 1 −1 
m 

B 

2 c 1 
n 

k (2 m + 1) − 2 c 

a 
exp 

{
− (m + n ) 2 k 2 

a 2 (τ1 − t 1 ) 

}
×

×
{ 

1 √ 

π
√ 

τ1 − t 1 
+ 

k (2 n − 1) + 2 c 

2 a 
√ 

τ1 

√ 

2 τ1 − t 1 
exp 

{
γ 2 

m,n 

}
erfc (γm,n ) 

} 

. 

Now we can write down the original ψ part (t 1 ) of the particular solution of Eq. (19) : 

ψ part (t 1 ) = t −1 
1 f 2 (t 1 ) + 

∞ ∫ 
t 1 

[ R 1 (t 1 , τ1 ) − R 2 (t 1 , τ1 )] f 2 (τ1 ) dτ1 . (40)

Next, we pass from the function ψ part (t 1 ) to the particular solution ϕ 2 part (t 1 ) of Eq. (16) : 

ϕ 2 part (t 1 ) = t 1 ψ part (t 1 ) = f 2 (t 1 ) + 

∞ ∫ 
t 1 

t 1 [ R 1 (t 1 , τ1 ) − R 2 (t 1 , τ1 )] f 2 (τ1 ) dτ1 , (41)
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and, using the following replacements: 

ϕ 2 (t 1 ) = t −1 / 2 
1 

ϕ 1 (t −1 
1 ) = t 1 / 2 ϕ 1 (t) = ϕ 2 (t −1 ) , 

ϕ 1 (t) = t −1 / 2 ϕ 2 (t −1 ) , f 2 (t 1 ) = t −1 / 2 
1 

f 1 (t −1 
1 ) = t 1 / 2 f 1 (t) , 

ϕ(t) = ϕ 1 (t) exp 

{
− k 2 t 

4 a 2 

}
, f (t) = f 1 (t) exp 

{
− k 2 t 

4 a 2 

}
, 

we define the particular solutions ϕ 1 part (t) of Eq. (15) and ϕ part (t) as the particular solution of Eq. (10) : 

ϕ 1 part (t) = f 1 (t) + 

t ∫ 
0 

t −3 / 2 τ−3 / 2 [ R 1 (t −1 , τ−1 ) − R 2 (t −1 , τ−1 )] f 1 (τ ) dτ, (42)

ϕ part (t) = f (t) + 

t ∫ 
0 

R (t, τ ) exp 

{
−k 2 (t − τ ) 

4 a 2 

}
f (τ ) dτ, (43) 

where 

R (t, τ ) = 

˜ R 1 (t, τ ) − ˜ R 2 (t, τ ) , (44) 

˜ R 1 (t, τ ) = t −3 / 2 τ−3 / 2 R 1 (t −1 , τ−1 ) = 

∞ ∑ 

m,n =0 

C 2 c 1 −1 
m 

B 

2 c 1 
n 

(m + n ) k 

a 
√ 

π
R 1 ,m,n (t, τ ) , (45) 

R 1 ,m,n (t, τ ) = 

τ

(t − τ ) 3 / 2 
exp 

{
−(m + n ) 2 

k 2 tτ

a 2 (t − τ ) 

}
, (46) 

˜ R 2 (t, τ ) = t −3 / 2 τ−3 / 2 R 2 (t −1 , τ−1 ) = 

= 

∞ ∑ 

m,n =0 

C 2 c 1 −1 
m 

B 

2 c 1 
n 

k (2 m + 1) − 2 c 

4 a 
√ 

π
R 2 ,m,n (t, τ ) , (47) 

R 2 ,m,n (t, τ ) = 

{
τ√ 

t − τ (2 t − τ ) 
+ 

[ k (2 n − 1) + 2 c] 
√ 

π

2 a 
× τ

(2 t − τ ) 3 / 2 
×

×√ 

τ exp 

{
γ 2 (m, n, t, τ ) 

}
erfc { γ (m, n, t, τ ) } 

}
exp 

{
−(m + n ) 2 

k 2 tτ

a 2 (t − τ ) 

}
, (48) 

γ (m, n, t, τ ) = 

√ 

τ

2 a 
√ 

t − τ
× 2 k (m + n ) t + (t − τ )[ k (2 m + 1) − 2 c] √ 

2 t − τ
. 

7. Estimate of the resolvent 

We show that the following theorem holds. 

Theorem 1. Resolvent R (t, τ ) (44) –(48) admits the estimate 

| R (t, τ ) | ≤ C 
τ

(t − τ ) 3 / 2 
exp 

{
− k 2 tτ

a 2 (t − τ ) 

}
, 0 < τ < t < + ∞ . (49) 

The proof of Theorem 1 follows from the assertions of the following Lemmas 2 and 3. 

Lemma 2. Resolvent ˜ R 1 (t, τ ) (45) –(46) satisfies the estimate: 

| ̃  R 1 (t, τ ) | < C 1 
τ

(t − τ ) 3 / 2 
exp 

{
− k 2 tτ

a 2 (t − τ ) 

}
, 0 < τ < t < + ∞ . (50) 

The assertion of Lemma 2 follows from the properties of alternating series. 
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Lemma 3. Resolvent ˜ R 2 (t, τ ) (47) –(48) satisfies the estimate: 

| ̃  R 2 (t, τ ) | < C 2 
τ

(t − τ ) 3 / 2 
exp 

{
− k 2 tτ

a 2 (t − τ ) 

}
, 0 < τ < t < + ∞ . (51) 

Proof of Lemma 3... We note that summands of resolvent R 2 ,m,n (t, τ ) (48) have representations: 

R 2 ,m,n (t, τ ) = R 

(1) 
2 ,m,n 

(t, τ ) + R 

(2) 
2 ,m,n 

(t, τ ) , (52) 

where 

R 

(1) 
2 ,m,n 

(t, τ ) = 

k (2 m + 1) − 2 c 

4 

× τ

( 2 t − τ ) 
√ 

t − τ
exp 

{
−( m + n ) 2 

k 2 tτ

a 2 (t − τ ) 

}
, (53) 

R 

(2) 
2 ,m,n 

(t, τ ) = 

[ k (2 m + 1) − 2 c][ k (2 n − 1) + 2 c] 

8 a 
× τ

√ 

τ

(2 t − τ ) 3 / 2 
×

× exp 

{
γ 2 (m, n, t, τ ) 

}
erfc { γ (m, n, t, τ ) } exp 

{
−(m + n ) 2 

k 2 tτ

a 2 (t − τ ) 

}
, (54) 

�

Summands R (1) 
2 ,m,n 

(t, τ ) (53) are estimated by summands R 1 ,m,n (t, τ ) (46) . This follows from the following inequality for

their coefficients: 

τ

(2 t − τ ) 
√ 

t − τ
< 

τ

(t − τ ) 3 / 2 
, 0 < τ < t < + ∞ . 

To obtain an estimate of summand R (2) 
2 ,m,n 

(t, τ ) (54) we represent it in the form: 

R 

(2) 
2 ,m,n 

(t, τ ) = 

[ k (2 m + 1) − 2 c][ k (2 n − 1) + 2 c] 

8 a 
× τ

(2 t − τ ) 3 / 2 
×

× exp 

{
−(m + n ) 2 

k 2 tτ

a 2 (t − τ ) 

}
D (m, n, t, τ ) , 

where 

D (m, n, t, τ ) = 

√ 

τ exp 

{
[ γ (m, n, t, τ )] 2 

}
erfc ( γ (m, n, t, τ ) ) . 

For any values of | γ (m, n, t, τ ) | , it is obvious that for D (m, n, t, τ ) the following estimate that is uniform with respect to

m, n, t and τ is valid: 

| D (m, n, t, τ ) | ≤ C < + ∞ . 

To complete the proof of Lemma 3, it remains to take into account the following inequality: 

τ

(2 t − τ ) 3 / 2 
< 

τ

(t − τ ) 3 / 2 
, 0 < τ < t < + ∞ . 

As a result, we obtain that the expressions R (2) 
2 ,m,n 

(t, τ ) are also estimated, respectively, by summands R 1 ,m,n (t, τ ) . 

Thus, the validity of assertion (49) of Theorem 1 follows from Lemmas 2 and 3. 

8. Main result on the solvability of integral equation (10) 

Thus, we have established the following main result on the solvability of integral Eq. (10) . 

Theorem 3. For any right-hand side f (t) ∈ L ∞ 

(
R + ;

√ 

t exp 

{
k 2 t/ (4 a 2 ) 

})
from class ( 14 ) integral Eq. ( 10 ) has the general

solution ϕ(t) ∈ L ∞ 

( R + ;
√ 

t exp 

{
k 2 t/ (4 a 2 ) 

})
: 

ϕ(t) = f (t) + 

t ∫ 
0 

R (t, τ ) f (τ ) dτ + C ϕ hom 

(t) , C = const , (55) 

where ϕ hom 

(t) is defined in section 4 , and for resolvent R (t, τ ) ( 44 ) the following estimate holds (49) 

| R (t, τ ) | ≤ C 
τ

3 / 2 
exp 

{
− k 2 tτ

2 

}
, 0 < τ < t < + ∞ . 
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9. Solution of BVP (1) –(2) . Main result 

The solution v (x, t) of boundary value problem (3) –(4) is determined according to formulas (7) –(8), (22) –(23), (43) –(48)

and (55) , and the solution of the initial boundary value problem (1) –(2) will have the form: 

u (x, t) = 

˜ u (x, t;C) + C 1 , where ˜ u (x, t;C) = 

x ∫ 
0 

v (ξ , t;C) dξ , (56) 

since its solution is determined to an accuracy of constant term C 1 , where v (x, t) is defined according to formula (7) –(8)

and constant C is defined in (55) . 

To establish the boundedness of solution u (x, t) (56) of boundary value problem (1) –(2) we need to study the proper-

ties of solution v (x, t) (7) –(8), (22) –(23) and (43) –(48) of problem (3) –(4) . Since ϕ(t) ∈ L ∞ 

(R + ;
√ 

t exp { k 2 t/ (4 a 2 ) } ) , then its

necessary to evaluate and prove the boundedness of the integral I(x, t) for all { x, t} ∈ G : 

I(x, t) = 

1 

2 a 
√ 

π

t ∫ 
0 

I 1 (x, t, τ ) 
exp 

{
− k 2 τ

4 a 2 

}
√ 

τ
dτ, (57) 

where 

I 1 (x, t, τ ) = 

= 

x ∫ 
0 

1 

(t − τ ) 1 / 2 

[
− exp 

{
− (x 1 + kτ ) 2 

4 a 2 (t − τ ) 

}
+ exp 

{
− (x 1 − kτ ) 2 

4 a 2 (t − τ ) 

}]
dx 1 = 

= a 
√ 

π

[
−erf 

(
x + kτ

2 a 
√ 

t − τ

)
+ erf 

(
x − kτ

2 a 
√ 

t − τ

)]
. (58) 

Further, substituting the value of integral I 1 (x, t, τ ) (58) into (57) we obtain 

I(x, t) = 

1 

2 

t ∫ 
0 

[
−erf 

(
x + kτ

2 a 
√ 

t − τ

)
+ erf 

(
x − kτ

2 a 
√ 

t − τ

)]
exp 

{
− k 2 τ

4 a 2 

}
√ 

τ
dτ. (59) 

Hence we obtain an estimate for integral (59) : 

I(x, t) ≤ 4 a 

k 
√ 

t / (2 a ) ∫ 
0 

exp {−ξ 2 } dξ = 2 a 
√ 

π erf 

(
k 
√ 

t 

2 a 

)
. (60) 

Thus, we have established uniform boundedness of integral (57) with respect to { x, t} ∈ G, i.e we have shown that solu-

tion ˜ u (x, t;C) (56) of boundary value problem (1) –(2) belongs to the class L ∞ 

(G ) . Note that the solution ˜ u (x, t;C) is deter-

mined to an accuracy to a constant term C 1 , i.e. formula 

u (x, t) = 

˜ u (x, t;C) + C 1 , 

defines the general solution of boundary value problem (1) –(2) . Estimation (60) also allows us to get its order of smallness

for any { x, t} ∈ G, i.e. the inclusion 

˜ u (x, t;C) ∈ L ∞ 

(G ; t −1 / 2 ) 

is true. This follows from the asymptotic behavior of the function erf 

(
k 
√ 

t 
2 a 

)
for small values of variable t, and for large values

of the variable t this fact follows from boundedness property of solution ˜ u (x, t) on G and boundedness of the expression

t −1 / 2 ˜ u (x, t;C) . 

We formulate the main result of the work. 

Theorem 4. Boundary value problem ( 1 )–( 2 ) has a nontrivial solution u (x, t) = ˜ u (x, t;C) + C 1 , where ˜ u (x, t;C) ∈
L ∞ 

(G ; t −1 / 2 ) , C and C 1 are constants. 

10. Conclusion 

It follows from the results of this paper that the Stefan problem considered in [3] can have a nonunique solution in

some weight class of essentially bounded functions. However, if this class is restricted, the Stefan problem will have the 

unique solution. The latter is consistent with the result of the work [3] . Apparently, this fact should be taken into account,

for example, for approximately solving the Stefan problem. 
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