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On the solution to a two-dimensional boundary value problem
of heat conduction in a degenerating domain

The article considers a homogeneous boundary-value problem for the heat equation in the non-cylindrical
domain, namely, in an inverted pyramid with a vertex at the origin of coordinates, two faces of which
lie in coordinate planes.A solution to the problem is sought in the form of'a sum of/generalized thermal
potentials. There is a need to study the system of two Volterra integral equations of the second kind with
singularities of the kernel. It is assumed that densities (heat intensity) depend.only on a time variable,
i.e. the density in each time section is considered constant. As a result, the system of integral equations is
reduced to the homogeneous Volterra integral equation of the second kind. It is shown that this equation
is uniquely solvable in the class of continuous functions.

Keywords: equation of heat conduction, Volterra integral equation; degenerating domain, thermal potential.

Introduction

It is shown [1-3] that solving a homogeneous problem for the heat equation in the angular
domain G ={(z; t): t>0, 0<z<t}isreducedto solving the Volterra integral equation of the
second kind with a kernel

_ ! t 47 (t+7)* 1 t—7
Kt 7) = 2a\/7?{(t_7)§ N <_4a2(t—7)> * (t—T)% P <_ 4q? )} (1)

In these Refs, as well as in Refs [4-5] it is shown that the kernels of the integral equations are
“incompressible”, that is, the nerm of the integral operator acting in the class of continuous functions
is equal to unity.

In all works, the boundary of the domain moves at a constant velocity. Attempts to study the
solvability of boundary value problems for the heat equation in non-cylindrical domains with a variable
velocity of changing the boundary were made in works [6].

We also note that boundary value problems for a spectrally loaded parabolic equation reduce to
this kind of singular integral equations, when the load line moves according to the law o =t or 22 =t
[7<11] and problems for essentially loaded equation of heat conduction [12].

In'Ref [13] we have also investigated the Volterra integral equation with a singular kernel that differ
from kernel (1). A norm of an integral operator acting in classes of continuous functions is equal to 3
[14].

In [15], the two-dimensional Dirichlet problem for the heat equation with respect to the spatial
variable in an infinite dihedral angle was also considered. Using the Fourier transformation, the problem
was reduced to a one-dimensional boundary value problem with the parameter. In [16] the boundary
value problem for the heat equation was considered in an inverted cone. Assuming that the isotropy
property is fulfilled in the angular coordinate (axial symmetry), we have studied the problem for the
heat equation in polar coordinates, to which the two-dimensional problem in the spatial variable is
reduced.
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Now we are studying a homogeneous boundary value problem for the heat equation in the non-
cylindrical domain, namely, in an inverted pyramid with a vertex at the origin of coordinates. As in
papers [1-16], the boundary value problem of heat equation is considered in a degenerating domain,
and the problem is also reduced to the Volterra integral equation. But a kernel of the obtained integral
equation is differs from those considered by us earlier.

1 Formulation of the problem
In the domain (Fig. 1) Q = {(z,y;t), (x,y) € D;t > 0}, we consider a problem: find a solution to
the equation
ou o (0*u  *u
- — 4+ ") =0 2
o ¢ <8x2 Toz) = 2)

satisfying the condition on a lateral surface of the pyramid:

ulp = 0. 3)

Figure 1. Domain Q

where D = {(z,y),0 <z <t,0<y<t},oD =T, (Fig. 2)
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Figure 2. Domain D
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2 Reducing the boundary value problem to a system of Volterra integral equations

We seek a solution to problem (2)—(3) using thermal potentials.
As is known, the thermal potential of the double layer has the form [17]:

7,/} o,7T) 8 r?
W (w,y;t ~or / t—71 n P (_4(12 (t—71) 4o, )

where an arc length o of the contour I' is counted from some fixed point, and 1 (o, 7) is a density
(intensity) is a functlon of a variable point o = (&, 1) of the contour I and of the parameter 7.

r= \/ (x — (y — 7]) indicates the distance from the point (x,y) to a variable point o of'the
contour I', m is a dlrectlon of the external normal at the variable integration point. It’s ebvious that
W (x,y;t) satisfies the heat equation (2).

We will seek a solution to problem (2)—(3) in the form of a sum of generalized thermal potentials

t T T 3;.2 )2
u(z,y,t) = 4@127T/0 dr/o mexp <—%> w1 (n, ) dn+

. 2 02
p (—(m 4a)2 (_;_(yT) ) >u2 (n,7) dn+

L [ (z =€) +y
+4c127r/0 dT/O T exp (-m) @1 (&, 7) dé+

D \2 gy
€Xp <_ (ZL‘ 42)2 (—:_(y,r) ) ) ¥2 (57 T) dé-v (5)

where p; (z,y;t), @i (x,y;t), i=1,2 are functions to be defined.
Note that expression (5) follows from formula (4) by directly calculating the normal derivative.
We use the well-known property of the generalized thermal potential of a double layer [18].
The function W (z,y;t) is discontinuous at the contour I', and the following formulas hold:

4a?m

: 1
Wi (20, yo;t) = Hm Wi (x4, yi5t) = W (20, y05t) + =0 (20, Y05 1) ,
($,y)—>(5507y0) 2

Wi(zoyyoit) =  lim  Wi(a,yi5t) = W (20, yo; t) — lw (20, Y03 1),
(z,y)—(zo,y0) 2
if ¥ (z,y;t).1s a continuous function, where (xg,yo) is a point of the boundary T, a point (z;,y;) lies
inside the domain, and a point (x,y;) lies outside the domain.
From the representation (5) and from the properties of the generalized thermal potential of the
double layer, we obtain

72 —n)?
x£m+u(x vt) = 7H1 4 27r/ / t—7’ <_4a—28/77']))> iz (1, ) dir+

(—W) o1 (€.7) dE+

+m 0 o (t—7
2 )2
/ / (t—7) <_€4;_2g_7-))> p2 (€, 7)dE = 0. (6)
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. 1 ) Y
AU (@ 9,8 = —5u2 (4 1) / / - (‘M) pa (0, ) dn+-
T —€)? 2
i ), (—M) o1 (6,7) dE+
_£)? _ )2
da?m p <_ g 42)2 (Jtr_(yT) ) ) p2 (€, 7)dE = 0. (7)

Jim .y, ) = %@1 (2,t) + 4;% /Ot dT/OT(t_wT)zeXp <_m> 1 (i) i+

a T p<—m>u2( 7)dn+
46LQW/Oth/OT(t:TT)Qexp (—W) P2, T)dE = 0. (8)
S exp (—%) p1 (n,7) dn+

—7'2 T =n)?
p<_(x 4a)2(:_—(7) R >M2( 7) dn+

o (t—1
t T T ) - 2 7'2
4(1271_/0 d’i‘/o meXp <_%> ®1 (5,7) d¢ = 0. (9)

We get a system of four equations with four unknown functions.

If into equations (8) and (9) the variable @ is replaced by the variable y and the integration
variable ¢ is replaced by 7, then we get.that these equations coincide with equations (6) and (7), and
i (y,t) = @i (y, 1), (1 =1,2).

Thus, it is possible to solve asystem of two equations with two unknown functions u (y,t) and
p2 (y,t). For this, it is enough into equations (6) and (7) to replace the integration variable ¢ with the
variable 1 and to replace ¢; (, 7); respectively, with u; (n,7), (i = 1,2).

As a result, we get:

! o (y— )’
= t) T ty—n)” dn
2/“ % "~ da?n / / t—T ( 4a? (t — 1) pz (0, 7) dnp
—1/dT/Tyexp 7) +y L ) dn—
4a’r ), 0 (t—7)2 4a2 t—1) 1 (
t T 2
~ (y—1)
- )d 10
0 o (t—r p( 4a? (t — 1) )MQ ,T) an, (10)
) / / = | P (T dnt
2200 = 4 (t—7)° 4a2( T) - 1
L[ [y (r—n)* +y°
— d A S VA d
Jr46%277/0 T/o (t — 1) eXp( 402 (t — 1) o (0, 7) dig

_n)? _ )2
p<_(T 42)2 J_(yﬂ ) ) pz (1, 7) dn. (11)

1
lim u(x Y, ):_2902

y—7—0

4a27

2
da=m Jo
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3 Case of a constant density (intensity) of heat propagation

We assume the following.

Let the densities (heat intensity) i (n,7) and pe (7, 7) not depend on the first variable, i.e. the
density in each section S, (Fig. 2) are constant (and depends only on the variable 7), then we write
equations (10) and (11) in the form:

et [ enanmia e [ CEE N
gH W1 2af 3/2 1a2(t—1)) """ 2a\f N

2 T €Xp a2t2 T
ot e ()9 0 s | Cetbe
ool o [
v ekl Wy Ll v VA= 4 adl al

1 / _7'2—|—(y—7])2 ) /T exp 422@ 7)>d drt
gh2 (y:1 zaf 3/2 P\ Tz — ) )Y 2a\f Vi—r

2
/ exp (- V@ / gl dn b dr+
2a\f — 3/2 P\ T 4a2 (t—71) = 2a\f Vi—T1 e

— )2 T €exp 22 7 )T
zaf/ 3/2 (‘%) (2 (7) 2af/ \/% ))dn dr. (13)

We calculate the internal integrals in (12) and (13).

1 ’ 1 exp| = (y — 77)2 dn _
20/ Jo t—T 4a?(t — 1)

=g ot (=) —ert ()
= 48 e 2= |er —er ;
ﬁ 21/\/:; 2 20t — T 2av/t — T ’

d
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2a/t — T 2a+/t — T

Zz =

e, o (‘434) =

1 /QW P s T
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(A T (= Ny .o 7=n .. dn
X _—— — = —_— - ——
2a T Jo Vt—T P ) g 2a\/t — 7’ 2a/t — T
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\/77' 0 2 2&\/t — T

Substituting these values into (12)—(13), we have:

100 =gz | e () [ (i) - () Jmor
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Ry e =

4a\r / 3/2 (M) erf (WZ_—);@(TW; (14)
ot S ) g

el e o) )i

— T 2 T
4a\f/ 3/2 <_46(L:g(t—)7')> eTf <W> 2 (T) dr. (15)

Since we assumed that the heat intensity (density) depends only on the variable ¢, then in equalities
(14), (15) the variable y must be considered equal ¢

o o | g T

e /(f e (a0
2a\f/ 3/2 exp <-2‘T;) erf (sz) o (7) dr (16)
s e A W) e
2af/ o D=y o (g m e+

2af/ 3/2 <Z_a27> erf (m/i-ﬁ) p (1) dr. (17)

Adding the equations (16) and (17) we obtain the following homogeneous integral equation

- /0 K (t,7)u(r)dr =0, (18)

where 11 (t) = 4 (t) + p2 (1),

g e (e o ) o ()

Since

72 t—T t t—T1

Tl 4 i@ i2i-7)

we rewrite the equation (18) in the form:

_ /Ot Ky (t,7) 9 () dr = 0, (19)
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e ¥ (1) = exp {j} wr),
e hrenl ] el Y or{ ) ()]

Let us estimate the integral
t
/ Ky (t,7)dr > 0.

o</A3tﬂm< ;ﬁm<£QJ@y

We introduce the replacement
2 2

t 12 t
T =T =t— ——,dr = ——=dz
T 12277 T 923
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l oo o ot —22
= 4at - exp 12 (| z zr == e " dz=
2

t too g t y
= 4at - exp w2l . T2 m—@ -e *dx.
We have used the formula 2.3.6(6) from [19], when

o = _%7/8:2717: 17

4a2
a+6—1=;a+5:‘

Then \[
t t t 3 t
J(t)—4atexp{4aQ} 2a ep{ 42}w<2’2’M>

We use the formula 7.11.4.(8) from [20] and formula II.8 from [21]. Then

t V2Vt
J()_2t\f227exp (8 2) -D_g4 <2a> —

o 55) () () e D e

t
=8v2at — | =
V2at exp (8a2> 2 P\ 7842 ) 4z

= 4v2at exp (i) {Z: erfe <\j§> - \/%exp (—’f) +
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1 z z 22 2z 22
+§erfc <\/§> — Eexp (—2> + Eexp <—2) }Z@ =

= 4v/2at exp <822> {(822 + ;) erfe (;/D + a\\//; exp <—422> } .

J (t) = 4V2at exp (822> {(822 + ;) “erfe (‘Q/j) + a\\//;exp (—422)} (21)

We substitute the expression (21) into inequality (20):

o= s (i) o) { (2ol
Vi t
o (i)}

og/OtKl(t,r)drg‘%i.t-<(;ﬂ+;) exp{éé}-erfc<£>+a\/\/;exp{8i }) (22)

Thus,

_l’_

Taking the limit at ¢ — 0 from (22), we obtain

t

lim [ oK (t,7) = 0.

4 Main results

Thus, the following lemma is proved.

Lemma 1. Integral equation (19)has a unique solution 1 (t) = 0 in the class of continuous functions
atte0, T], 0<T < +oo.

Since

v () = { 13 fulr)

and 1 (t) = py (t) + peo (t), then the system of equations (16) — (17) is also uniquely solvable.

Further. The functions 'y (t) and po (t) are the density of thermal potentials under the assumption
that the heat"intensity (density) depends only on the variable ¢. Torma u3 ¥ (t) = 0 caemyer, aro
pa (t) = pg'(t).= 0.

Lemma 2. {Boundary value problem (2)-(3) in the domain @ is uniquely solvable at a constant
density (intensity) of heat propagation.

This study was financially supported by Committee of Science of the Ministry of Education and
Sciences RK (Grant No. AP05132262).
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M.T. Kocmakosa, B.I'. Pomanosckmit, JI.M. AxmanoBa,
2K.M. Tyneyraesa, A.}FO. Bapramesua

2KoibLIaTblH 00JIBICTAFBI 2KBITYOTKI3TIIITIKTIH
€Kl eJrmemM/Ii IIeTTiK ecebiHiH Inenryine

2KymbicTa muIHHAPIIIK eMec 00JIBICTAFbI XKBITYOTKI3TIMITIK TeH ey YIIiH OGipTEeKTi MeTTiK ecerr KapacThIPbLI-
FaH, OHBIH imiHze, Tebeci KoopauHaTaIAp 6achl OOJIATHIH, €Ki 2Karbl KOOPAUHATAJIBIK Ka3bIKTHIKTAP/A Ka-
TATBIH TOHKEpiareHn nupamuia. Ecer mrenryi »KanblIaHFaH KbUTY TOTEHINAAADBIHBIH KOCBIHBICHI TYPiH/Ie
izmecripinren. fapoChIHBIH, CHHTYIAPJIBIFBI Oap eKiHI TeKTi eKi nHTerpasasl Bosbrepp TeHaeyiep xKyitecin
3epTTey KAXKeTTLMr TybiHaai bl THIFbIBALIK (2KbULYy KAPKBIHABIILEL) TEK YAKBITIIA AfHBIMAJIBIFA TOye-
Ji fen GOJIKAHAIBI, SIFHU 9pOip yaKbITIIa KIMAJIAFbI THIFBI3ILIK TYPAKTHI OOJBIN caHaaabl. Hormxkecinae
MHTETPAJIIBIK, TEHIEYIeD Kyiteci ekiumii Tekti Bombrepain 6ipTekTi mHTErpaIblK TEHIAEYiHEe KeaTipiarex.
Y3aikciz pyHKIusAIap KaachlHa Oy TeHIeyaiH TeK Oip raHa »KOJIMEH IIellijeTiHi KopceTireH.

Kiam cesdep: XKbLTy OTKI3MIITIK TeHeyi, Boabrep/ i MHTENPAJIABIK, TEHIEY], JKOWBLIATHIH 0OJIBIC, XKBLILY
TMOTEHITUAJIBI.

M.T. Kocmaxkosa, B.I'. Pomanoscknii, /I.M. Axmanosa,
2K.M. Tyneyraesa, A.FO. Bapramesna

K pemeHnio gByMepHOII TpPaHUYHON 3aJa9u
TEIJIONPOBOJAHOCTH B BBIPOXKJarorieiicsa odjacTu

B crarpe paccMmoTpena oHOpOAHAS KpaeBas 3a/1a4a JJIsi YPABHEHHS TEIJIONPOBOJHOCTH B HEIUINHIpUAYe-
CKOI1 00J1aCTH, a UMEHHO, B IIEPEBEPHYTOM MUpaMUIe C BEPIIUHON B HAYaje KOOPIUHAT, IBE TPAHU KOTOPOI
JIEZKAT B KOODAMHATHBIX IUIOCKOCTSIX. Pellenne 3a/1a9n UIMETCsS B BUJE CYMMBI OOODIIEHHBIX TEIIOBBIX TI0-
TeHIua/I0B. Bo3auKaeT HeoOX0MMOCTD UCCIEOBAHNS CUCTEMBI IBYX HHTEIPAJILHBIX YpaBHeHui Boabreppa
BTOPOIo POfa € CHHLYJISPHOCTSAMHE AApa. 1LIoTHOCTH (MHTEHCHBHOCTD TeIlIa) IPeAoJIAraioTCsl 3aBUCSIIH-
MU TOJBKO OT BPEMEHHOU IepeMeHHOI, T.e. IJIOTHOCTh B KaXK/IOM BPEMEHHOM CEYeHHU CUYUTAETCd IIO0CTO-
AHHOU. B mrore cmcrema MHTErpasibHBIX YDAaBHEHHUIl CBeJIEHA K OJHOPOJSHOMY MHTEIDAJIHLHOMY YDPABHEHHIO
Bousibréppa Broporo poma. Ilokazano, 9ro 3T0 ypaBHEHHE pa3pelInMO €JMHCTBEHHBIM 00pa3oM B KJiacce
HETIPEPBIBHBIX (DYHKITHIA.

Kmouesvie caosea: ypaBHEHNE TEILIONPOBOIHOCTH, HHTETPAJbHOE YpaBHeHe BosbTeppa, BHIPOKIAIONIAICT
06J1aCTb, TENJIOBOM ITOTEHIIAAJ.
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