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Hardy’s and Bellman’s results [1, 2] for trigonometric Fouri 1 known: if f €

Lp[0,7r],

[eS) k
fNZakcoskx, Ak:LZJ,

k=0 m=0

then the series

are Fourier series of certain functions H f
valid:

m L,[0, 7] and the following estimates are

[H f | o< I

These transformations are calle
In this paper, we generalize
respect to regular orthonorm
with bounded generatorsg);
duced; the boundednes;

Fllo < ellflp-

dy and Bellman transformations, respectively.
results in three directions: we consider Fourier series with
[3] (including all trigonometric and multiplicative systems
alization of the Hardy and Bellman transformations is intro-
neralized transformations in anisotropic Lorentz spaces [3] is studied.

Definition 1. A
constant B s

ormal system ® = {¢p(z)}32, is said to be regular if there exists a

1) for any closed interval e from [0, 1] and for k£ € N the following estimate is valid:

/¢k(x) dz| < Bmin(ue, %) :

2) for any closed interval w from N (a finite arithmetical progression with step 1) and for
t € (0, 1] the following estimate is valid:

(S o) @ < Buin(ul. }).

kew

where (D, ., #x(f))*(t) is the nonincreasing rearrangement of the function , . ox(z),
|w]| is the number of elements in the set w.
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Suppose that ® is a regular orthonormal system, and I = {I}ren is a sequence of finite
subsets from N. By J we denote the sequence of sets {Ji}ren, where J, = {m : k € I,,}. For
f € Lq[0,1], f~>)_ arpr(z), and the sequence I = {I}ren, we define the transformations
H(f;I) and B(f; I) as follows:

Hmn~ziﬂzm0mw (1)

k=1 mely
B~ Y (X 2 Jento)
k=1 “meJ, m

These transformations are called, respectively, the Hardy and Bellman transformations<eerrespond-

ing to the sequences of sets I = {I}ren. In the case I = {1,2,...,k}, k € e ‘tsansfor-
mations are, respectively, the Hardy and Bellman transformations.
By L,4[0, 1] we denote the Lorentz space and by [,, the discrete Lore al

Theorem 1. Suppose that 2 <p <oo, p'=p/(p—1), 1 <g<oo,[®= oo, is a regqular
system and I = {1}, is a family of closed intervals in N suc Iy| is the number
of elements in Ij,). Then the Hardy H(f,I) and Bellman B(f, mations are bounded
in the spaces L,q[0, 1] and Ly4[0, 1], respectively, i.e., J

IH(f s Dllz,, <clflle,,, 1B By, Sclfllz,,-

Theorem 2. Suppose that 1 <p <2, p' =p/(p—
system and I = {I;}?° | is a family of bounded
I, C Ixy1. Then the Hardy H(f,I) and Béll
spaces Lpq(0,1] and Ly 40, 1], respective

< oo, ® = {pr(x)}2, is a reqular
satisfying the conditions |Iy| = k and
, I) transformations are bounded in the

Theorem 3. Suppose that 2 < p g L oo, & = {pr(x)}2, is a regular system
and {Q:}ie(o, 1) is a family of clo int from [0, 1] satisfying the condition pQ: > t. If
f~ > appr(z) and a = , then the sequence of Fourier coefficients b = {by}3°
of the function
f x)dx
,UQt (=)
also belongs to the l pqg and the followmg inequality holds:

[olls,,, < cllalli,,

Theor osethat 1 <p<2,1<g<oo, ®={pi(x)}2, is a regular system. Suppose
tha e Narer(x), a={a}2 | € lyq, and g is an arbitrary function equimeasurable with f .

@ th nce of Fourier coefficients b = {b,}3>, of the function

t
FO) = [ swyde,  te©.1),
0
also belongs to the Lorentz space l,q; and the following inequality holds:
1blle,., < cllalls,,

Suppose that p = (p1,...,Pn), @ = (q1,...,qyn) are vectors such that if 0 < g; < oo, then
0 <pj <oo,butif g =o00,then 0 <p; <oo, j=1,.
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The anisotropic space Lpg[0, 1] is defined as the set of measurable functions f for which

1 1 q1 dt QQ/QI dt 1/Qn
Nfllz.. = / / t}/pl---t}/p"f*lm*“(tl,...,tn) adl Lo < 00,
Pq 0 0 tl tn
where f*1:-*n (¢, ..., t,) is the nonincreasing rearrangement of the function f performed succes-
sively with respect to the variables 1, ..., x,, (assuming the other variables fixed); the expression

1 1/q

dt

([
0 t

for ¢ = oo is understood as sup,.( F(t).

Suppose that ¥y = {¢(2)}32,, ..., ¥, = {47 (x)}32, are regular systems netions. We

define ® = {¢y(x)}}renn as follows:

¢k($) = ¢k1~~~kn($1’ S mn) = ,‘/111:1 (ml) T "/]I::L xn)
Suppose that I, = {I} }xenn is a family of finite subsets N satisfying t owing condition:

for p > 2, the family I, coincides with the set of closed interval such that [I7| > k,
while for p <2 I, is a family of sets {I} }xen» such that I} C I}, |7 = k.

Suppose that 1 < p = (p1,...,pn) <00 and f ~ > wdn k(z). We define the transforma-
tions B;(f, I,;) and H;(f,Ip,) as follows:

(o)

= 1
Hi(f L) = > - > W( > af

ki=1  k,=1 m; '
B =55 5 (gl

k1=1 kn,=1

Suppose that E = {e = (&1, ...
cube and G, = I,, X --- X L
e € F, as follows:

0 or g; = 1} are the vertices of the n-dimensional unit
X - X I,f:}keNn. Let us define the operator T.(f,G,),

H;(f; I,,) fore; =1,

T.(f; G,) =T. ) where T..(f) = P

5( p) 5.7( ) Bj(f7-[p;) fOI'{'fj:O, pI:p_l
Theorem uppese that 1 < p = (p1,...,pn) <00, 1 <qg=1(q1,...,q,) < 00, E are the
vertices it cube, and G, = I,, x --- x I, . Then for any € € E the following inequality
is_vali
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