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Hardy’s and Bellman’s results [1, 2] for trigonometric Fourier series are well known: if f ∈
Lp[0, π] ,

f ∼
∞∑
k=0

ak cos kx, Ak =
1

k + 1

k∑
m=0

am , Bk =

∞∑
m=k

am
m

,

then the series ∞∑
k=0

Ak cos kx,

∞∑
k=1

Bk cos kx

are Fourier series of certain functions Hf and Bf from Lp[0, π] and the following estimates are
valid:

‖Hf‖p ≤ c‖f‖p , ‖Bf‖p ≤ c‖f‖p.
These transformations are called the Hardy and Bellman transformations, respectively.

In this paper, we generalize these results in three directions: we consider Fourier series with
respect to regular orthonormal systems [3] (including all trigonometric and multiplicative systems
with bounded generators); a generalization of the Hardy and Bellman transformations is intro-
duced; the boundedness of generalized transformations in anisotropic Lorentz spaces [3] is studied.

Definition 1. An orthonormal system Φ = {φk(x)}∞k=1 is said to be regular if there exists a
constant B such that

1) for any closed interval e from [0, 1] and for k ∈ N the following estimate is valid:

∣∣∣∣
∫
e

φk(x) dx

∣∣∣∣ ≤ Bmin

(
µe,

1

k

)
;

2) for any closed interval w from N (a finite arithmetical progression with step 1) and for
t ∈ (0, 1] the following estimate is valid:

(∑
k∈w

φk(f)

)∗
(t) ≤ Bmin

(
|w|, 1

t

)
,

where (
∑
k∈w φk(f))

∗(t) is the nonincreasing rearrangement of the function
∑
k∈w φk(x) ,

|w| is the number of elements in the set w .
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Suppose that Φ is a regular orthonormal system, and I = {Ik}k∈N is a sequence of finite
subsets from N . By J we denote the sequence of sets {Jk}k∈N , where Jk = {m : k ∈ Im} . For
f ∈ L1[0, 1] , f ∼ ∑nk=1 akϕk(x) , and the sequence I = {Ik}k∈N , we define the transformations
H(f ; I) and B(f ; I) as follows:

H(f ; I) ∼
∞∑
k=1

1

|Ik|
(∑
m∈Ik

am

)
ϕk(x), (1)

B(f ; I) ∼
∞∑
k=1

( ∑
m∈Jk

am
|Im|
)
ϕk(x). (2)

These transformations are called, respectively, the Hardy and Bellman transformations correspond-
ing to the sequences of sets I = {Ik}k∈N . In the case Ik = {1, 2, . . . , k} , k ∈ N , these transfor-
mations are, respectively, the Hardy and Bellman transformations.

By Lpq [0, 1] we denote the Lorentz space and by lpq the discrete Lorentz space.

Theorem 1. Suppose that 2 < p <∞ , p′ = p/(p− 1) , 1 ≤ q ≤ ∞ , Φ = {ϕk(x)}∞k=1 is a regular
system and I = {Ik}∞k=1 is a family of closed intervals in N such that |Ik| ≥ k ( |Ik| is the number
of elements in Ik ). Then the Hardy H(f , I) and Bellman B(f , I) transformations are bounded
in the spaces Lpq [0, 1] and Lp′q [0, 1] , respectively, i.e.,

‖H(f , I)‖Lpq ≤ c‖f‖Lpq , ‖B(f , I)‖Lp′q ≤ c‖f‖Lp′q .

Theorem 2. Suppose that 1 < p ≤ 2 , p′ = p/(p − 1) , 1 ≤ q ≤ ∞ , Φ = {ϕk(x)}∞k=1 is a regular
system and I = {Ik}∞k=1 is a family of bounded sets from N satisfying the conditions |Ik| = k and
Ik ⊂ Ik+1 . Then the Hardy H(f , I) and Bellman B(f , I) transformations are bounded in the
spaces Lpq[0, 1] and Lp′q[0, 1] , respectively.

Theorem 3. Suppose that 2 < p < ∞ , 1 ≤ q ≤ ∞ , Φ = {ϕk(x)}∞k=1 is a regular system
and {Qt}t∈(0,1) is a family of closed intervals from [0, 1] satisfying the condition µQt ≥ t . If

f ∼∑∞k=1 akϕk(x) and a = {ak}∞k=1 ∈ lpq , then the sequence of Fourier coefficients b = {bk}∞k=1
of the function

F (t) =
1

µQt

∫
Qt

f(x) dx

also belongs to the Lorentz space lpq and the following inequality holds:

‖b‖lpq ≤ c‖a‖lpq .

Theorem 4. Suppose that 1 < p < 2 , 1 ≤ q ≤ ∞ , Φ = {ϕk(x)}∞k=1 is a regular system. Suppose
that f ∼∑∞k=1 akϕk(x) , a = {ak}∞k=1 ∈ lpq , and g is an arbitrary function equimeasurable with f .
Then the sequence of Fourier coefficients b = {bk}∞k=1 of the function

F (t) =
1

t

∫ t
0

g(x) dx, t ∈ (0, 1),

also belongs to the Lorentz space lpq and the following inequality holds:

‖b‖lpq ≤ c‖a‖lpq .

Suppose that p = (p1 , . . . , pn) , q = (q1 , . . . , qn) are vectors such that if 0 < qj < ∞ , then
0 < pj <∞ , but if qj =∞ , then 0 < pj ≤ ∞ , j = 1, . . . , n .
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The anisotropic space Lpq[0, 1]
n is defined as the set of measurable functions f for which

‖f‖Lpq =
(∫ 1
0

· · ·
(∫ 1
0

∣∣∣∣t1/p11 · · · t1/pnn f∗1 ,...,∗n(t1 , . . . , tn)
∣∣∣∣
q1 dt1

t1

)q2/q1
· · · dtn

tn

)1/qn
<∞,

where f∗1 ,...,∗n(t1 , . . . , tn) is the nonincreasing rearrangement of the function f performed succes-
sively with respect to the variables x1 , . . . , xn (assuming the other variables fixed); the expression

(∫ 1
0

(
F (t)
)q dt

t

)1/q

for q =∞ is understood as supt>0 F (t) .
Suppose that Ψ1 = {ψ1k(x)}∞k=1 , . . . , Ψn = {ψnk (x)}∞k=1 are regular systems of functions. We

define Φ = {φk(x)}k∈Nn as follows:

φk(x) = φk1...kn(x1 , . . . , xn) = ψ1k1(x1) · · ·ψnkn(xn).
Suppose that Ip = {Ipk}k∈Nn is a family of finite subsets N satisfying the following condition:

for p > 2, the family Ip coincides with the set of closed intervals {Ipk}k∈Nn such that |Ipk | ≥ k ,
while for p ≤ 2 Ip is a family of sets {Ipk}k∈Nn such that Ipk ⊂ Ipk+1 and |Ipk | = k .

Suppose that 1 < p = (p1 , . . . , pn) < ∞ and f ∼ ∑k∈Nn akφk(x) . We define the transforma-
tions Bj(f , Ipj ) and Hj(f , Ipj ) as follows:

Hj(f , Ipj ) =

∞∑
k1=1

· · ·
∞∑
kn=1

1

|Ipjkj |
( ∑
mj∈Ipjkj

ak1 ,...,mj ,...,kn

)
φk1...kn(x1 , . . . , xn),

Bj(f , Ipj ) =

∞∑
k1=1

· · ·
∞∑
kn=1

( ∑
mj∈Jpjkj

ak1 ,...,mj ,...,kn

|Ipjmj |
)
φk1...kn(x1 , . . . , xn).

Suppose that E = {ε = (ε1 , . . . , εn) : εi = 0 or εi = 1} are the vertices of the n-dimensional unit
cube and Gp = Ip1 × · · · × Ipn = {Ip1k1 × · · · × Ipnkn }k∈Nn . Let us define the operator Tε(f , Gp) ,
ε ∈ E , as follows:

Tε(f ; Gp) = Tεn · · ·Tε1(f), where Tεj (f) =




Hj(f ; Ipj ) for εj = 1,

Bj(f ; Ip′j ) for εj = 0, p′ =
p

p− 1
.

Theorem 5. Suppose that 1 < p = (p1 , . . . , pn) < ∞ , 1 ≤ q = (q1 , . . . , qn) ≤ ∞ , E are the
vertices of the unit cube, and Gp = Ip1 × · · · × Ipn . Then for any ε ∈ E the following inequality
is valid :

‖Tε(f ; Gp)‖Lpq ≤ c‖f‖Lpq .
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