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Existence and smoothness of solutions of a singular differential
equation of hyperbolic type

This paper investigates the question of the existence of solutions to the semiperiodic Dirifhle lem

a class of singular differential equations of hyperbolic type. The problem of smoothness of s ionslisgalso
considered, i.e., maximum regularity of solutions. Such a problem will be interesting w;, he“coethicients
are strongly growing functions at infinity. For the first time, a weighted coercive esti btained for

solutions to a differential equation of hyperbolic type with strongly growing coe
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1 Introduction. Formulation of res

L 2
Considered on the strip \
Q={(z,y): -7 < 00 < oo}
next problem:
(L + M)u = ugy — Uyy + a(y)ug Ju+ Au = f(x,y) € La2(9), (1)
u(=m,y) = u(m. —T,Y) = ux(m,y), —00 <y < oo (2)

Further, we assume that the coe

i) la(y)| > do > 0, c(y) >k, > C %

i) up = sup &If))<oo, sup
ly—t|<1 f<1

ii) e(y) < co-c*(y) Iy € R,cp > 0 is a constant number.

Here it has t@be fiote a(y) and c(y) can be unlimited functions at infinity.
The existence igueness, as well as the qualitative behavior, of solutions for differential
0

(y), c(y) satisfy the conditions:

tinuous functions in R(—o0, 00);

a
*(

equations of hyp type, were studied in [1-14]. In these works, Darboux and Goursat problems
and the Ca problem, periodic and some boundary value problems for differential equations of
) ith constant or variable bounded coefficients were examined.

paper, in the space Lo (£2), we study questions about the existence, uniqueness of solutions,

and a @ moothness of solutions to a periodic problem without initial conditions [13]| for a
differentiallequation of hyperbolic type with strongly increasing coefficients at infinity.

In our previous paper [14], we studied a differential operator of hyperbolic type in the space Lo(R?).

In contrast to [14], in this paper, on a strip, we consider the so-called periodic problem without

initial conditions. Here we note that in the future, this work will allow us to study questions about

the compactness of the resolvent, about estimates for the singular (s-numbers) and eigenvalues of a
differential operator of hyperbolic type corresponding to problem (1)—(2).
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Definition 1. We say that function u(x,y) € Lo(£2) is a strong solution to problem (1)—(2), if there
is a sequence {un} C CF% () such that

lun = ullLy@) = 0, (L + A)un — fllLy@) — 0 for n— oo,

where CF5 (€2) is the set consisting of infinitely differentiable finite functions with respect to variable
y and satisfying conditions (2) with respect to variable x.

Theorem 1. Let the condition i) be fulfilled. Then for A > 0 for any f(x,y) € L2(Q2) there is a
unique strong solution to the problem (1)—(2), and the equality is true

o0

w(@,y) = (L+ADT = > (a+ M) fuly) - €™, \
where f(2,9) € La(), f(o,0) = 55 fuly) €7 fuly) =< fa9).e™ > %\fﬁt
i? = —1, < -,- > is the scalar produgt in Ly(2), &
(In+ M)u = —u’ (y) + (=n® + ina(y) + c(y)

Theorem 2. Let the condition i) be fulfilled. Then forg\ for, any f x,y) € La(f2) there is a

unique strong solution to the problem (1)—(2), and the equal\
[tae = wyyll2 + lluyll2 + lla(ylus et Icgulls < c- £,

where ¢ > 0 is constant number.

2 Proof of ms 1-2
Using the Fourier method, we re blem (1)-(2) to the study of the following differential
operator with negative discrete pa er =0,+1,£2,...):
(ln + A)u (=n® + ina(y) + c(y) + Nu(y), u € D(l,),

where D(l,,) is the domai
Consider two case,
I. Let be (n =0). ase, the operator [y is the Sturm-Liouville operator.
This operat tudied thoroughly in [15-21].
II. Let be,n # is case, it is easy to see that the first term in the coefficient (—n? +ina(y) +
Jie. —n? = —o00 .
I, operator is not a semi-bounded operator. Consequently, the methods that have
1t for the Sturm—Liouville operator L = —% + ¢(z)u turn out to be poorly adapted to
e Sturm—Liouville operator with a negative parameter.
Let us take {¢;} the set of non-negative functions from C§°(R) such that

erator [,,.

ng? =1,sup p ¢; C A, UA]- = R,
J J

where Aj = (j — 1,5+ 1), j = 0,£1,£2, ... the multiplicity of the intersection of which is not higher
than three. The existence of such a covering follows from the results of |22].
Continue a(y) , ¢(y) from A; for all R . The resulting functions will be denoted by a;(y) and ¢;(y).
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These functions are bounded and periodic functions. Denote by (I, j.o + AI) the closure of operator
(Inga + A)u=—u"(y) + (=n® + in(a;(y) + ) + ¢;(y) + Au

defined on C§°(R). We introduced the real number a to evaluate the norm of the operator Dy (1, .« +
AI)~!in the space Lo(Q2) , where D, = a . The sign of the number « is chosen as follows: o - b( )>0
at y € R.

In the course of the proof using Lemma 3, we will get rid of this number.

Lemma 1. Suppose that the coefficients of the operator [, j + Al satisfy condition 7).
A>0:

1) for the differential operator I, j o +AI at A > 0, there is a bounded inverse oper
defined at all La(R).

2) the resolvent of the operator ln,j,o + M satisfies the following estimates:

a) |(lnja + A 7Hlame < (6+>\ 1, c> 0 — constant number independent o %\

)
b) ”di( nga M) THase < m, ¢ > 0 — constant number 1ndepen&

c) |(lnj,a + M) 7Yoo < W n # 0, ¢ > 0 — constant numb ent of n, j, «
d) |(lnjo + M) 722 < c@zj.)ch)\’ ¢ > 0 — constant number in fn,j,a
where || - |la2 — is the norm of the operator (I ja + )\Q ce Lo(R), |a(y; | = min |a(y)|,
N

e(,)| = min |e(y)]. ’
yEA

Lemma 1 is proved using functionals < (I,
0,+1,42,...) and repeating the calculations
in the proof of Lemma 2.1 [22] and Lemmas

Now, consider the differential operator

> < (lnja + M)u,—inu > (n =
for these functionals, which were used

(Ino + MDu = =2 +—n> + in(a(y) + @) + c(y) + \) - u
which is a closure in Lo(R) of the G'Hg erator originally defined on C§°(R):

—n? 4+ in(a(y) + o) + c(y) + ) - u

{7}

a is proved with the help of calculations and arguments that were used in the
-1.3 in [22]| and Theorem 1 in [23].
uppose that the coefficients of the operator [, j o + Al satisfy condition ¢). Then there is
a num

We introduce the op@
% f Z@] ,ja"’)\]) (p]fafGL2(R)

0 such that for the operator [, j o + AI for A > X there is a resolvent and the equality
lnja + A f = KxoI = Myo) "' f, f € La(R)

holds, where My of = 3 go;-/ (nja +AD) 05 f +23 @it (lnja + M) 05 f, f € La(R).
U} U}

Lemma 3. Suppose that the coefficients of the operator I, j + AI satisfy condition 7). Then there
is a number Ay > 0 such that for the operator I, + AI (n = 0,+£1,£2,...) for A > Ao there is a resolvent
and the equality

(ln + M) f = (lna + AT = My o) 7' f, f € La(R)
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holds, where My o, = ina(ly o+AI)~t (n = 0,41, £2,...) and the operator’s norm M) o: || My o [l2—2 < 1.
Using the method used in the proof of Lemma 9 in [23|, we obtain the proof of Lemma 3.
Proof of Theorem 1. Using the scalar product < (L 4+ Al)u,u > for all w € D(L) and taking into
account the condition i), we obtain that

(L + ADull2 = ¢ lullz,

where ¢(§) > 0 is a constant number. Further, repeating the calculations and arguments used in the
proof of Theorem 1 in [23], we obtain the proof of Theorem 1.
Proof of Theorem 2. Taking into account conditions 7)—iii), and also using the method used in the

proof of Theorems in [24-26], we obtain the proof of Theorem 2. \
L 4
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M. X. Jysramu amomdazoe Tapas eripaix ynusepcumemi, Tapas, Kaszaxcman

I'unep6ofabIK TUNTEri CHHTYJISPJILIK, And depeHInaaablK, TeHaeyTiH

102

mienriMaepiHia, 6ap 00JIybl »KoHe TericTiri

Makasiazia rumepOoJIablK, TANTI CHHIYISAPIBIK, JuddepeHInaIIbIK, TEHIEYIep KJAChl YIIH KapThLIait
nepuoAThiK, Jlupuxie ecebiniy memiMuepiniy 6ap exenjiri Typassl Mocese 3eprresredH. COHBIMEH KaTap
MIENTMJIEP/IiH, TETiCTirl TypaJjbl Macese, SFHU MIENIMAEPAiH MaKCUMAaJIIbl PEryasapJIbIFbl KAPAaCThIPBLIFAH.
Koaddunuentrepi 1mekcizmikre XKbuigaM eceTiH GyHKIUAIAp OoJFaHa MyHIall ecell KbI3bIKThI 00/ IbI.
Ocs! xymbIcTa OipiHmn per KoahdunueHTTEepl XKBLIIaM OCeTiH MUIepOoIaIbIK, THITI JuddepeHInallIbIK,
TeHJEYIH IIenriMIaep] YITiH caJMaKThl KOIPIIUTUBTI Oaraiayiap aJbIHFaH.

Kiam cesdep: pe3obBeHTa, TUIIEPOOJIAIBIK, TUIITEC TEHJIEY, MAKCUMAJIIBI PETYJIISIPIIBIK, IIEKCi3 00JIbIC.
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CyniecTBoBaHME U TJIAJIKOCTh PENIEHUI CUHTYJISTPHOTO
andpdepeHImaabHOTO YpaBHEHNS TUEPOOINIECKOTO THUTIA

B crarpe m3yuen Bompoc O CyIeCTBOBAHWU DEIIEHMI MOIYHEePHOANYecKoi 3amaun Jlupuxie jist omgHO-
ro KJIacCa CHHIYJISPHBIX JnddepeHnnalbHbIX ypaBHeHuil runepbosmmaeckoro tuma. Takyke paccMOTpeHA
3a/a9a O TVIAJIKOCTU PEIeHni, T.e. MAKCUMAJIbHAS PETYJISIPHOCTD pernenuii. /lanHas 3a1a41a 6ymeT naTE
HOI, KOrma KO3 MUIIMEHTHI ABISIOTCS CUIBHO PACTYIIUMEU DYHKIUIMA HA OECKOHEIHOCTH.
B HACTOsAIIEH paboTe BIEpBBIE IOJIy4YeHa BeCOBasd KOSPIMTHBHAS OIEHKa pemreHuil mud@ep

yPaBHEHHsI TUNIEePOOIMIECKOro THUIA C CUIBHO PACTYIUMHI KOI(DDUIMEHTaAMY.
I51
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