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Inverse coefficient problem for differential equation in parti
derivatives of a fourth order in time with integral over—Qex ion

Derivatives in time of higher order (more than two) arise in various fields such as u , ic
ultrasound, viscoelasticity and thermoelasticity. The inverse problems for higher orde ivati in time
equations connected with recovery of the coefficient are scarce and need addition on. In this

article the inverse problem of determination is considered which depends on ti owes coefficient
in differential equation in partial derivatives of fourth order in time with initi oundary conditions
from an additional integral observation is considered. Under some conditi larify, consistency and
orthogonality of data by using of the contraction principle the uniquegso f the solution of the

For instance, in the Taylor series expansion
ystems [2| and in the kinematic performance
of long-dwell mechanisms of linkage type [3}. The fo order in time equation, that is our motivation
point, was introduced and first studied by Dell’Oro and Pata [4]

Orrrru(z, T) + aOrrru, BOrru(x, 7) — v A Orpu(x,7) — p A u(z,7) =0,
where a, 3,7, p are real numb ently, this model has attracted the attention of many authors,
[5-9].
We consider an inver oblem of recovering the time-dependent lowest term in the fourth order
in time partial differentia 1on in the following type
subje onditions
u(z,0) = &o(x), ur(x,0) = &1(x), urr(2,0) = &2(2), Urrr(2,0) = E3(2) (2)

and the boundary conditions
u(0,7) = ug(1,7) =0, (3)

and the additional condition
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where Dy = {(z,7) : 0 <z <1, 0 <7 <T} for some fixed T'> 0, f(x,7) is the force function, &(z),
i =0,1,2,3 are initial displacements, and E(7) is the extra integral measurement to obtain the solution
of the inverse problem.

The inverse coefficient problems for the first or second order in time (i.e. parabolic and hyperbolic
equations, respectively) PDEs are studied satisfactorily. The inverse problems of the parabolic and
hyperbolic PDEs investigated numerically and/or theoretically in [10-12] and [13, 14|, respectively.
The inverse problems of determining time or space dependent coefficients for the higher order in
time (more than 2) PDEs attract many scientists. The inverse problem of recovering the solely space
dependent and solely time dependent coefficients for the third order in time PDEs are s

dependent potentlal and time dependent force terms from the third order in time ential
equation theoretically and numerically by considering the critical parameter equa?t :

Main purpose of this paper is the simultaneous identification of the time-depen %
a(T), and u(zx, 7), for the first time, from the equation (1), initial conditions (2), s boundary
conditions (3) and additional condition (4) under some regularity and consi conditions.

The article is organized as following: in Section 2, we first present the eigenvalues and eigenfunctions
of the corresponding Sturm-Liouville spectral problem for equation (1 dtwosBanach spaces, which
are related to the eigenvalues and eigenfunctions of the auxiliary St uyille spectral problem, are
introduced. Then, we transform the inverse problem into a systemtof Vélterra integral equations by
using the eigenfunction expansion method. Under some consi& regularity conditions on data,

b

the existence and uniqueness theorem of the solution of t
point theorem for sufficiently small times.

1  Emisténce and Uniqueness

In this section, we will set and prove the exist and uniqueness theorem of the solution of the
inverse initial-boundary value problem for\the fourth order in time equation by using Banach fixed
point theorem.

The auxiliary spectral proble

()

The elgenvalues an nding eigenfunctions of these eigenvalues of the spectral problem (5) are

un 2n+1 = V2sin(\/fimz), n = 0,1,2, ..., respectively. The system of eigenfunctions

alon [0,1], i.e.
1, m=n
/Y dx—{o’ m#£n

Also the system of eigenfunctions Yy, (z) = v/2sin(/fimz), n = 0,1,2, ... forms a Riesz basis in L»[0, 1].

Definition 1. Let the pair of functions {u(z,7),a(r)} be from the class C%#(Dr) x C[0,T] and
satisfies the equation (1) and conditions (2)—(4). Then the pair {u(x,7),a(7)} is called the classical
solution of the inverse problem (1)—(4).

Now, let us introduce two Banach spaces that are connected with the eigenvalues and eigenfunctions
of the auxiliary spectral problem (5):
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Br = { Zun Yo (x) : uy(7) € C[0,T],

00 1/2
Jﬂm=<§mmmmﬂmwf) <400y,

n=0

where wuy, (T \/_fo 7)sin(y/finz)dz, and Jr(u) = |lu(x, 7)[ g, is the norm of the function
u(z, 7).

II. Ep = By x C[0,T] is a Banach space with the norm . \
lw (e, )| g = llw(@, Dl g, + a5 E\

where w(z,7) = {u(z,7),a(r)} is a vector function.

These spaces are suitable to investigate the solution of the inverse 1)—(4).
After giving these preliminary results, we can set and prove the e (¢ and uniqueness theorem
for the inverse problem (1)—(4):

Theorem 1. Let the assumptions A
Ay &o(z) € CHO,1], €l(z) € La[0,1], &(0 Q\

() 169 £0(0) =
As &i(z) € CU0.1], §(x) € L2[0, 1], £1(0) =
As &(x) € CU0,1], §5(x) € L2[0,1], &(0) =
Ay &(z) € OO, 1), & (x) € La[0,1], &(0

E(r) € C40,T), E(T) # 0 V7 € [0 fo &(x)dr,i =0,1,2,3 and B (1) = L B(7),
Ag f(x,7) € C(Dr), fl«,fm € (0,17, ,7) = fz(1,7) =0,
be satisfied, and A = > 0. Then, the inverse problem (1)—(4) has a unique solution for
small 7.

Proof. For arbitraty a [0, T, to construct the formal solution of the inverse problem (1)—(4),

we will use the Eou nfunction expansion) method. In accordance with this, let us consider

7) =) un(r)Ya(x), (6)
n=0

is a so of the inverse problem (1)-(4), where Y;,(z) = v2sin(\/finz), n = 0,1,2,... are the
eigenfunctions and p, = (2”—2"’177)2 ,n=0,1,2 ... are the eigenvalues of the corresponding spectral
problem.

Since u(z,7) is the formal solution of the inverse problem (1)-(4), we get the following Cauchy
problems with respect to u,(7) from the equation (1) and initial conditions (2);

ul) () + (1 )l (7) + pntun (1) = Fo(7:0,u),

(7)
un(o) = g()na U{n(o) = glna U,/,;J(O) = £2n7u',/;,/(0) = §3na n= Oa ]-7 27
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Here F,,(1;a,u) = a( Ju ( Y+ (7), un( \/_fo 7) sin(y/pnx)dz, fr(r \/_fo 7) sin(y/finx)dz,
and &, = \/_fo &i(x) sin(y/ppr)de, i = 0, 1,2,3, n= 0, 1,2,....
These Cauchy problems have the quartic characteristic polynomial

Py(k) = K* + (14 pn)k? + pin.

If we convert this quartic equation to a quadratic equation by changing the variable s = k2, we obtain
Py(s) = s> + (1 + )8 + pin.

It is easy to see that A = (1 + )% — 4, = (pn — 1)? and that is always positive. Then P,(s)& 0 has

two real roots
S1 = _17 S2 = —Un. ‘\\

Thus Py(k) = 0 has four complex conjugate roots

k12 = %i, k34 = Fi\/ .

Solving (7) by using the these roots of the characteristic polynomial, al

tin, c08(T) — cos(\/finT)
pn — 1

§On +

Un(T) =

cos(7) — cos(\/tnT)
_l’_
M — 1

/‘?1/2 sin(7)—sin(\/fn ) €1 +

3/2

12
s r(r Y+ 9)

\/lTnsin((T;S/)):jI%\/lTn(T S)) F.(s;a u)ds] ().

Let us detive thelequation of a(7). If we integrate the equation (1) from x = 0 to x = 1 with respect
to x nsl e additional condition (4), then we have:

1
‘=B

EW (1) + E"(1) — fie(T +Z\/m (7)) 4 un (T ))] : (10)

where fin: (T fo x,7)dx. If we consider wu,,(7) which is defined in (8) and its second derivative into
the last equatlon we get

a(r) = gty [EDE) + B"(7) = fi(r) + oo Vi (cos(yimm)6on + 60 +
(11)
+ cos(y/InT)E2n + Mfgn +J5 \/—Sln(\/LL_n(T - s))Fn(s;mu)dsﬂ .
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We convert the inverse problem (1)—(4) into the system of Volterra integral equations (9)—(10) with
respect to u(z,7) and a(7) by considering

1
Un,(7) :/ u(z, 7)Y (x)dx, n=0,1,2, ...
0

is the solution of the system of differential equations (7). Analogously, we can prove that if {u(x, 7),a(r)}
is a solution of the inverse problem (1)—(4), then u,(7), n =0,1,2,...satisfy the system of differential
equations (7). For proof of this assertion please see [18|. From this assertion we can conclude that
proving the uniqueness of the solution of the inverse problem (1)—(4), it suffices to prove the ufliqueness
of the solution of the system (9) and (11).

To prove the existence of a unique solution of the system (9) and (11) we nee this
system into operator form and to show that this operator a contraction operator. d let us
denote w(x, 7) = [u(z,7),a(r)]” is a 2 x 1 vector function and rewrite the syste tlo s (9) and
(11) in the following operator equation

w = II(w), (12)
where II(w) = [I1, HQ]T and I and II; are equal to the right hand si ), respectively.

Using integration by parts under the assumptions (A1) — (4g), w ai follovvlng equalities

§0n = aOna ‘Eln = “ialm §2n = na2na ";:37* n fn = ”—nwn(T)a

where w, (1) = —\/§f01 faz(x, ) sin(y/finx)de, o = — sin(y/ppx)dx, i = 0,1,2,3. Since

V2 sin(,/fi,z) forms a biorthonormal system of fu

)
], by using Bessel’s inequality we get

oo

2 .
S Joinl® < [|€/ 12,0y =0 on()? < a0 (13)

n=0

Before showing that ® is a contraction erator, let us find the estimates for the coefficients arising
in the operator equations (9) and (

pd? 41

= 3/2
Mn/ —VHn
Vit 1l £

n sm( ) — sin(y/pnT)
N

Ly, Sin(7) — sin(y/finT)

3/2 = 3/2

1= 1,2,3,4 are convergent, they are bounded. Consider that

1 — di,

‘,uncos( — cos(\/fnT)

cos(T) — cos(

—d
_d3
Ty — 1

Since the seque

df1 < m;, for each i = 1,2, 3,4, (14)

and estimates are given above.

I) First let us demonstrate that IT is a continuous map which maps the space Ep onto itself
continuously. That is to say, our aim is to show II;(z) € Br and Il(z) € C[0,T] for arbitrary w =
[u(z,7),a(r)]" such that u(x,7) € Br, a(r) € C[0,T).

Let us start with showing that I, (z) € Br, i.e. we need to verify

oo 1/2
Jr(In) = (Zw ||n17n<7>uc[0,ﬂ>2> < +o0,

n=0
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where
fn, cos(T) — cos( ;LnT)g u?ﬂ sin(7) — sin(y/in7)
o — 1 ” i~
+cos(7') — cos(y/IinT) p Sin(T) — sin(y /1, T)

§2n
pn — 1 w? = in

T msin((T — s)) — sin(\/iun (7 — s
_|_/O H ( 3/2) Vit ))Fn(s;a,u)ds.

Un = /HUn

After some manipulations under the assumptions (A;) — (4g), using the estimates (14) we obtain

% L 4

(JT(Hl))2 = Z(Nn ||H1,n(T)HC[O,T])2 < \

I (1) =

gln"_

5371 +

n=0

2 2
22 2
< szm Z i+ 6m3T Z (g fon1) 07 1ol 3 (T o)
Since ’U,(CL’,T) a(7) belong to the spaces Br, and C|0,T], respe
side of (Jr(II1))? are convergent from the Bessel’s 1nequah@ consi
is convergent (i.e. Jr(Il}) < 4o00) because (Jr(I))” is bo
I, (z) belongs to the space Br.

Now let us verify Ilr(w) € C[0,T]. From the e 0&3 ave
w) <~ || )|+ Vo ()] + fun(P)) | -
~ min |E(7)]

series at the right hand
e estimates (13)). Jr(II;)
e. Thus we can conclude that

0<r<T

Using the Cauchy-Schwartz inequality andghe estimates are given in (13) and (14) we obtain

max |II(z max ‘E 7)| + max [E”(7)|+ max |fine(7)| +

0<r<T W 0<r<T 0<r<T 0<r<T
1/2 x 0\ 1/2 1/2 0\ 1/2
F(Se ) Solan) "} (S0 k) { (Sotenn?) 4

1/2

1/2
T{> 0 (Ogla}TWn( )|)2> +7T “a(T)”?J[O,T] (ZZO:O (Hn ||Un(7)||c[o,T]>2>

(15)
Co the estimates (13) and Y 2, un L u12 are convergent, the majorizing series (15) are
also ¢o . According to Weierstrass M- test IL(z ) is continuous and belongs to the space C[0, T].

IT) Since H maps Er onto itself continuously, let us show that IT is contraction mapping operator.
Assume that let w; and we be any two elements of Ep such as wj(z,7) = [u(i) (z,7),a® (T)]T, i =
1,2. From the definition of the space Er, we have ||[TL(wi) — IL(w2)| g, = [[Ih(w1) — I (w2)| g, +
[ 1I2(w1) — 2 (w2)|| o - For the convenience of this norm, let us consider the following differences:

I (wy) — I (w2)

= Ofo fin sin (TMSS/)Z) \S;I:Ti\/lTn(r—S)) (F (s:al,ul) — F(s;a?,u )) dsY,, (x)
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Il (wy) — I (w2) Z/o \/_ sin(y/tn (T — 5)) (Fn(s; al,ul) — Fo(s; a2,u2)) ds.

After some manipulations in last equations under the assumptions (A1)—(Ag) and using the estimates
(13)—(14), we obtain

-,

1,

o _ o2 )H
clo,1)

[ 15(21) — H2(Z2)||C[0T =
T =1\ (1) MO
< () [l =, 14,

From the last inequalities it follows that

T (z1) = (z2) ||, < C(T,aD,u®) |21 = 22|,

| (z1) = I (20)l| 5, < V2T [Ha(”H OT]

where C(T,aM), u?) = <Ha HCOT] + Hu(2)||B ) <\/_m4 +
Since E(r) € C*0,T], E(t) # 0 V¥r € [0,7T], aV(#)
a finite constant, (Ha(l)”C[O 7] + Hu(Q)HBT) (\/§m4 +
’ 0

(2)(1’77) € BT and my is

1/2
Lﬂ) ) is bounded above.

Thus C(T,a™,u®) tends to zero as T — 0. In
C(T,a,u?) < 1. This means that the operator

From the first and second steps, the operat i
and onto map on Ep. Then according to Bana
equation (12) exists and it is unique.

ordsypfor sufficiently small T" we have 0 <
traction mapping operator.

action mapping operator that is a continuous

point theorem the solution of the operator

Conclusion

The paper considers the i @ m of determining the time dependent lowest term coefficient
in fourth order in time pa fe ial equation with initial and boundary conditions from an

additional observation. T, lvablhty of the solution of the inverse problem on a sufficiently

small time interval has P ved by using of the contraction principle. The proposed work is a
novel and has n een d theoretically nor numerically before. Our results shed light on the
methodology for t ce and uniqueness of the inverse problem for the fourth order in time

PDEs in two dim
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M.JIx. Xynryr!, W. Texnn?

! Toicasan ynusepcumemi, Jowcazan, Cayd Apabuscol;
2 Anaddun Ketikybam amumdazo, Aranvs yrusepcumemi, Anmanva, Typrus

NuTerpaaabik TypaeHAIPyi 6ap yaKbIT OOUbIHINIA JiepOec TybIHIbLIIbI
TOPTIiHII perTi nuddepeHnTnaIabIK TeHAey YHIiH Ko3dpuimmeHTTi
Kepi ecebi

VYakpIT GofibIHIIA 2KOFAPBI PETT] (€K1/IeH KOII) TyBIHABLIAD AKYCTHKA, MEJAUIUHAJIBIK YIbTPaIbIObICTa, TYTKBIP-
JIBIK, K9HE KbLITy CEPIIMIIIIri CHSIKTHI 9pPTYPJIi caanapaa naitaa 6omaas. Kosdbdurmentri

Tipyre GaiIaHbICTBI YaKbIT GONBIHIIA TEHEYIEPIEri KOFapbl TYBIHIBLIAD YIIH Kepi ecerfdep oHe

CBIMIIIa Kapayabl KaxkeT erei. Makasaama muddepeHInaiipiK, TeHIeyaeri yaKbITKa Toye Tl it -
IMEHTTi KOCBIMINA HHTErPAJIAbI OAKbLIAY »KYPri3ill yaKbIT OOUBIHINA OACTAIIKBI 2KOHE IIT aJIbIK, IIIApTTa-
pbI 6ap TepTiHII peTTi epbec TYBIHIBLIBI AHBIKTAY/IBIH Kepi ecebi KapacThIpbliaral. CBEBL TIPRHITUITIH
KOJIZIaHa OTBIPHIII, MIAPTTAP/IBIH PETYIISIPJIBIFDI, KapaMa-KaMIIbl 60 IMay bl JKOHE OPT! LTLIFBIHBIH, Keii-
6ip karmaiyrapbIiHIa KOIMDOUITHEHTTEPI] XKETKIMIKTI a3 YaKbIT apajIbIFbIHIA AHBL ec ety ig Oip

MOHJII MIEMTMILIIT J19JIe/ I IeH T,

Kiam cosdep: nepbec TybIHABLIBI (D HEPEHITHAIBIK, TEHIEYIEP YIIiH i €p, |yaKbIT OOWBIHINIA TOD-
TiHII peTTi mepbec TyBIHABLIBL TuddepeHInaIbIK TeHIeyaep, 6ap 60t JIFBI3JIBIFBI.

2

M. /Ix. XyHTy. Lekun

1 .
Jlorcazanckuti ynusepcum
2 Vuusepcumem Aaamuu umeru An

Jocazan, Caydoscran Apasus;
etuxybama, Anmanva, Typuyus

OobpatHas Koacbcbnuneﬁ 3aga4a aJisg auddepeHImaabHOTO
p

YpaBHEeHHNdA B 9aCT 3BOJHBIX Y€TBEPTOIro 1mnmopdiakKa II0
BpeMeH PaJbHBIM II€epeolipeaesieHueM
IIpousBoaHbIe IO Bpem e KOro nopsiika (GoJIblile AByX) BO3HUKAIOT B PA3JIMYIHBIX 00JIACTSIX, Ta-
KHX KaK aKyCTHKa, M€ CKHi1 yJIbTPa3BYK, BA3KOYIPYIOCTh U TepMOynpyroctb. O6parHble 312490 st
BBICIINX IIPOU3BOIAMABIX aBHEHHSIX 110 BDEMEHHU, CBsSI3aHHbIE C BOCCTAHOBJIEHNEM K03 dUIeHTa, HEMHO-
TOYUCJIEHHBI T JOIOJIHATEJIBHOI'O paccMOTpeHns. B crarbe paccMorpeHa obpaTHast 3a/ada Olpe-

eMeHU, MJTAJIEero KodddurmenTta B 1uddepeHnuaibHOM YPABHEHIN B YACTHBIX
OT'0 IOPsIJIKA 10 BPEMEHH C HAYaJIbHBIMU U I'DAHUYHBIMU YCJIOBUSIMU II0 JIOTIOJTHU-
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