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Metoa BbIUMC/IeHHS] YPABHEHUSI KOJI€OAHUS CIIOMCTON MIACTUHKH

Iomy4ueHs! 9acTOTHBIE ypaBHEHHS COOCTBEHHBIX KOJIeOaHMH IBYXCIONHON INIACTHHKY NPH 33TaHHBIX MeXa-
HUYECKUX U F€OMETPUUYECKUX XapAaKTEPUCTUKAX, ABIIIOIUXCS OCHOBHBIMHU 3JIEMEHTAMHU CEHCMOCTOMKOCTU
CTPOUTEIILHBIX KOHCTPYKLUH. Pe3ynbTraTsl NaHHBIX HCCIEAOBAaHUN IPUHOCAT OIPOMHYIO IOJIB3Y IIPU pac-
CMOTPEHHHU CTallMOHAPHBIX, HECTAIIMOHAPHBIX KOJEOATEeNBHBIX M BOJHOBBIX IIPOLECCOB B TaKHX pa3Jenax
HayKH, KaK TUJIPOANHAMUKA, reodus3rKa. 3ajaya pelieHa NpUOIMKCHHBIM METOIOM IOJNTY4YEHUSI YaCTOTHBIX
ypaBHEHUI Ha OCHOBE METO/1A JEKOMITO3HIIHN.

A.Zh.Seytmuratov, N.K.Medeubayev, B.M.Nurlanova, Zh.T.Shaukenov

Method of calculation of the equation of fluctuation of the layered plate

The frequency equations of natural vibrations of the 2-layer plate for given mechanical and geometrical
characteristics are obtained, which are the main elements of the seismic stability of building structures. The
results of these studies are extremely useful when stationary and non-stationary vibrational wave processes
are considered in such branches of science such as fluid dynamics, geophysics.The problem is solved by the
method of obtaining the approximate frequency equations based on the decomposition method.
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Ehrenfeucht theories with non-dense powerful digraphs*

All known Ehrenfeucht theories are based on powerful digraphs having the density property. In the paper, we
construct examples of Ehrenfeucht theories with powerful digraphs having the non-density property, i. e.,
with covering elements for each vertex of digraph. The construction of required theories is realized by syntac-
tic generic ones allowing to synthesize saturated models based on the class of finite structures with some type
add-ins, closed under amalgams.

Key words: Ehrenfeucht theory, powerful digraph, density property, covering element, syntactic generic con-
struction.

1 Introduction

In [1];the notion of powerful digraph is defined, its role in Ehrenfeucht theories (i. e., having finitely
many. but more than one pairwise non-isomorphic countable models) is clarified, and it is proven that the
transitive closure of powerful digraph, being isomorphic to the dual one, forms a dense partial order or a par-
tial order with infinitely many covering elements for each element. All known examples of Ehrenfeucht
theories are constructed either on a base of powerful digraphs containing dense partial orders (dense linear
orders. [2—4] or dense ordered trees [5—8]) or on a base of powerful digraphs with unbounded lengths of
shortest paths and with dense transitive closures [9].

In the paper, we construct examples of Ehrenfeucht theories with powerful digraphs having non-dense
transitive closures.

We use without specifications the standard graph-theoretic and model-theoretic notions [10, 11], the
system of notions in [1, 9, 12] as well as general principles for constructions of generic structures based on

* The work is supported by RFBR (grant 12-01-00460-a).
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the syntactic approach [13]. All considered theories are first order, complete, countable, and without finite
models.
2 Notions and overview

Definition [1]. Let I’ =<X;Q> be a graph, a be a vertex in I'. The set V,(a)= UQ”(a,F) (respec-

new

tively, A,(a)= UQ”(F,a)) is called an upper (lower) Q -cone of a. We call the Q-cones V,(a) and

A,(a) by cones and denote by V(a) and A(a) respectively, if O is fixed.
A countable acyclic directed graph (i. e., a digraph) I'= <X ; Q> is said to be powerful if the following

conditions hold:
(a) the automorphism group of I" is transitive, that is, any two vertices are linked by an-automorphism;
(b) the formula Q(x, y) is equivalent in the theory Th(I") to a disjunction of principal formulas;

(c) acl(a)NA(a)={a} for each vertex ae X;

(d) T'EVx, yEIz(Q(z,x) AO(z, y)) (the pairwise intersection property).

Clearly, in the classical examples of Ehrenfeucht theories [2], the countable graph with the relation
x <y of dense linear order is powerful. A rather rich class of powerful digtaphs is formed by the acyclic di-
graphs (P,Q> = <P;{( D, p') |p'= pg, on some line}> corresponding to pelygonometries pm(G,{P,L,e), go)
on projective planes [14].

Definition [15]. A type pe S (T ) is said to be powerful (in a theory T) if every model M of T realizing
p also realizes every type g € S(T'), thatis, M  S(T).

Lemma 2.1 [15]. Every Ehrenfeucht theory T has a powerful type.

The following notion of semi-isolation is defined in{16]. A survey of related notions and results is rep-
resented in [17].

Definition. Let M be a model of a theory 7, a and b be tuples in M, 4 be a subset of M.The tuple a semi-

isolates the tuple b over the set A if there exists a formula ¢(a,y)e tp(b/ Aa) for which ¢(a,y)-tp(b/ A)
holds. In this case we say that the formula (p(a, y) (with parameters in A) witnesses that b is semi-isolated
over a with respect to 4.

Let M be a model of a theory 7, p(x) be a complete type of T over the empty set, \V(x, y) be a formula

of T.Denote by p(M ) the set of realizations of p(x) in M, and by R\f(M ) the binary relation
{(a,b)e(p(M))le|=\|1(a,b)}. The relation {(a,b)e(p(M))z\a semi-isolates b over @} is denoted by
SI

.
The following statement shows that the powerful digraphs reside «locally» in the structure of each non-
principal powerful type.

Proposition 2.2 [1]. If p(x) is a non-principal powerful type of a theory T and M is a countable
saturated'model of T then for each formula ¢(x)e p(x), there exists a formula y(x,y) of T, satisfying the

following conditions:
(1) for each ac p(M ), the formula \|/(a, y) is equivalent to a disjunction of principal formulas

v, (a,y), i<m, such that v, (a,y) = p(y), and E v, (a,b) implies that b does not semi-isolate a;

(2) for every a,be p(M), there is a tuple c such that M (p(c) A \u(c,a) A \u(c,b).

We call the property (2) of Proposition 2.1, the local pairwise intersection property and denote it by
(LPIP). If for the formula y(x,y) the stronger property is true:

(2') for every a,be p(M), there exists a tuple c € p(M) such that M =y (c,a) Ay(c,b), we then

call it the global pairwise intersection property for p(x) with respect to y(x,y)and it will be denoted by
(GPIP).
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Whenever a formula y(x, y) with properties 1 and 2' exist, call the digraph < p(M);R! (M )> prepow-

erful.
Recall, that theories 7; and 7, of languages X, and X, respectively are said to be similar if for any

models M, =T, i=0,1, there are formulas of 7,, defining in M, predicates, functions and constants of lan-
guage X, . such that the corresponding structure of X, ; is a model of 7, ..

A theory T is said to be (n, p)-invariant if for each formula y(X) (where /(X)=n) of theory T, (be-
ing a theory of restriction of  -saturated model of T to the set of realizations of p ), the restriction of the
Morleyzation of T, to the language {Rw} (for the predicate with the set of solutions of \u(f)) is similar to
the restriction of the Morleyzation of the theory of the structure of some formula-definable set (p(M ) (where
¢ € p, M =T) to the same language.

Proposition 2.3 [1]. If p(x) is a non-principal powerful type of some (2, p) -invariant theory T and
<p (M);R\f (M)> is a prepowerful digraph then for some formula 6(x,y) with T I—O(x,y) - \|/(x,y), the
digraph <p(M);R9” (M)> is powerful.

Recall that a partially ordered set (X ;S> is downward (upward) directed if for each x,y € X, there ex-
ists ze X suchthat z<x and z< y (respectively, x<zand y<z).

Theorem 2.4 [1]. Given a saturated powerful digraph T =<X ;Q> in Which acl(a)ﬂV(a)z{a} for

each ae€ X, the transitive closure TC(I') = <X ;UQ"> is isomorphic to a downward directed set with a

new

transitive automorphism group and one of the following orders:
(lu) a dense partial order with maximal antichains containing o. elements, o € (co + 1) \ {0} ;

(2) a partial ovder with infinitely many covering elements for each element.
Corollary 2.5 [1]. If F=<X;Q> is a powerful digraph with a principal formula Q(x,y) then the

relation U Q" is a dense partial order.

new

Corollary 2.6 [1]. Given a saturated powerful digraph T = <X ;Q> with unbounded lengths of shortest

paths such that acl(a)(\V(a)= {a} forreach ae X, its transitive closure TC(I') is isomorphic to a
downward directed set with a transitive automorphism group that has one of the following orders:
(1) a dense partial order with infinite antichains;

(2) a partial order with infinitely many covering elements for each element.

Definition [12, 17, 18]. A coloring Col: M —)kU{oo} (where A is a cardinality) of a structure M is
called inessential if each type tp(E) in the theory Th({M ,C01>) of the expansion of M by unary predicates
Col, = {a eM |Col(a) = n}, n € o, is implied by its restriction to the language of M united with its restric-
tion to the predicates Col .

Let M be a model of a theory T and ¢(x,y) be a formula of 7. A coloring Col: M — AU{oo} (where
A isan infinite cardinality) is said to be ¢ -ordered if the following conditions hold:

(a) forany p<v <2, there exist elements a,b € M such that |=Col, (a) A Col, (b) A (p(a,b);

(b) if p<v <A then there are no elements ¢,d € M such that = Col, (c)ACol, (d) A (p(d,c).

Note that for each inessential coloring Col: M —>KU{oo} of model M of transitive theory Th(M )
(with a unique 1-type), the set {—|C01H (x)|p < 7»} implies a unique complete type p,, (x)
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Definition [9]. Let I, = (X l;Q1> be a (vertex) colored subgraph of an acyclic colored digraph
r, =<X2;Q2> with a coloring Col: X, — O)U{oo}; a and b be vertices in X|; S be an (a,b) -path, not en-
tirely in I',. The path S is external (over I',) if only endpoints in S belong to X,. Denote by W(FI,FZ) the
set of triplets (a,b,n), a,b€ X, new\{0,1}, such that @ and b are linked in T, by a shortest (a,b)-path of
length n, and, moreover, every shortest (a,b) -path is external over I',. A triplet (X 1,QI,WI>, where
W,=w(T',,T,), is called a ¢, -subgraph of the digraph I', if the vertex set X, is finite.

The relation «to be a c,-subgraph» is denoted by S that is, having the set W, we write
(FI,WI> <, I';. Astructure (FI,WI> is often treated independently; we call (FI,WI> a c-graph and denote it
also by <X1,Q1,Wl>, where ', = <X1;Q1>. Here, X, is called the universe of the c-graph <1"1,Wl>.

For a c-graph T, = (X l,QI,WI>, cc(fl) denotes a minimal digraph T, I, c,, I, which, for any triplet
(a,b,n)eW,, contains a shortest (a,b)-path of length n, with every intermediate vertex being of degree 2
(and, by the definition, being in I'\T")).

We define the relation <, on the class of c-graphs. Thus, the c-graph T','= <X l,QI,W1> is called a c-
subgraph of c-graph T,=(X,,0,,W,), written T, c T,  if XX, 0=0, N(x,), and
W, = W(fl,cc(fz)).

Clearly, the relation —_ induces a partial ordering on any set of c-graphs.

Below the c-graphs as well as their universes are denoted by 4, B,..., possibly with indices. The empty
set &, in this instance, is assumed to be the universe of a.c-graph having the form <®,®,®>. If <A,Q,W> is
a c-graph, then the relations Q and W are denoted by~Q, and W,, respectively. Also, we write A, N in
placeof A<, N.

Note that any c-graph B can be represented by the type @, (B) of language {Q(z)} U{Cols) |ne 0)},
without free variables and consisting of the diagram of the (vertex) colored graph <B;QB>, as well as of all
formulas describing for any subgraph <A;Q A> of a graph cc(B) and for any vertices a,b e A\ B, the exis-
tence or the absence of only external over A shortest (a,b)-paths of length n>2 (triplets (a,b,n)eW,
symbolize formulas describing the existence of these paths). By the definition of the relation —_, we have
Ac, B ifand only if ® (4)c ®(B).

3 Construction and results
In this Section, we define a modification of construction in [9], producing a powerful digraph

I= <)A( ; Q> having the transitive closure being a partial order with infinitely many covering elements for any

element in X,
The relation Q is a disjoint union of relations QO and Q such that QO (x, y) and Q1 (x, y) are principal
formulas satisfying the following:

= Qi (x,y) Q(x,y) /\( (Q x z A Q )) /\(Elu(Q(x,u) A Q(u,y))) ,i=0,1.

Here, O, (a F) is the set of successors for a in TC(f)

Denote by K the class of all c-graphs <A,Q, W> 0=0,UQ, such that £ Q, (a,b) implies the ab-
(a.

sence of (c,b)-paths for any ¢ e O(a, 4)\{b}, and F O, (a
ceO(a, A)\ {b}. Here, if (a,b)e O, then the index i is the arc color of (a,b).

) implies the absence of (b,c) -paths for any
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Below, considering c-graphs in K, we distinguish colors of arcs and use the language { QO ,Ql} instead

of (or as an addition to) Q in digraphs and c-graphs.
If A4, <B,QB,WB>, and <C,QC,WC> are c-graphs, and A=B(1C, then we call the c-graph

<B uc,0,Uo..w,U WC> the free c-amalgam of the c-graphs B and C over 4 and denote it by B*, C.

Clearly, the free c-amalgam B*, C exists for any c-graphs 4, B, C with 4=B(\C. In this case, c-
graphs 4, B, and C are c-subgraphs of the c-graph B*, C.
If Ac, B then the c-graph 4 is denoted by B| A.

A one-to-one map f:A4— B is called a c-embedding of the c-graph <A,Q A,WA> into the c-graph

<B QB, > (written f:4—_B) if fis an embedding of the colored graph <A;Q A> into the colored graph
<B;QB> such that W, . {(f(al),f(az),n)| (a,,a,,n)e WA} and

{(f(a1)9f(a2 ))|(a1’a2 ) € QA,[} - QAB,ni =0,k
We say that c-graphs 4 and B are c-isomorphic if there is a c-embedding f: A —;B with f (A) =B. In

this event, f'is called a c-isomorphism between A and B, and c-graphs A and B are called c-isomorphic cop-
ies.
A one-to-one map f:A— N is a c-embedding of the ¢-graph A4 into the digraph N (written

f:A—_N)iffis a c-embedding of the c-graph 4 onto the ¢, -subgraph f (4) of N.
Denote by 1%; the subclass of K generated by stated below c-graphs <A,QO,Q1,W> by taking of c-

subgraphs, c-isomorphic copies, free c-amalgams, routings (allowing for any chosen pair of vertices a # b,
that are not linked by (a,b) -paths, where Col(a) < Col(b) and there are no vertices with (c,b) € QO and

ae AQ (c) or with (c,a) € QO and be AQ (c), to extend records W by an information on shortest (a,b) -

k(1)
2

paths of arbitrary length m, exceeding

, Where k = |cc

information above):

@) Ty =({0,1.21,{(0,1),(1,2)}.{(0.2)},2);

(®) T,y =({0,1,21,{(0.0].4(0,2).(1.2)}.2);

© Tup, =({(0.121.{(0.01.{(0,2)].77),  where W ={(1,2,5)}, 2<5 <0, Col(0)=a, Col(1) =B,
Col(2)=y, a<p<y, yeolU{x}.

Lemma 3.1 (* -amalgamation Lemma). The class 12; has the *-amalgamation property, that is, for any
c-embeddings” fy: A—. B and g,:A—_, C, where A,B,Ce]%g , there exist a c-graph Deleg and c-
embeddings f:B —, D and g,:C —_, D such f,of =g,°g,.

Proof is obvious. o

Denote by K, the class of colored acyclic digraphs in which every finite subgraph forms a c-graph

in K,.

Theorem 3.2. There exists countable, colored, saturated digraph M e I%O satisfying the following:

(1) if f:4—, M and g:A—, B are c-embeddings and B e I%O, then there exists a c-embedding
h:B —, M such that f=goh;

(2) if A and B are c-isomorphic c-subgraphs of M, then p, (A) =ip, (B);
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(3) the coloring of restriction M ‘Q of M to the graph language Zz{Q} is inessential and Q—
ordered;

(4) the formula Q(x, y) is equivalent in Th(M ‘Q) to the disjunction of principal formulas QO (x, y)

and Q,(x,y).
Proof is similar to the proof of [9, Theorem 1.3]. The construction of the saturated structure M repeats
steps of construction for the structure M in the proof of [9, Theorem 1.3] with replacing of K, by the class

K, and of K, by K,. O

Elements in QO (a,M ) are successors of a in the digraph TC(f), where I'=M| _, since by construc-

Q b
tion, there are no elements b e Q(a,M ) such that there exists a (b,c) -path with ce QO (a,M ) \ {b} Thus,

the partial order is not dense in TC(f).

Similarly Corollaries 1.4-1.6 in [9], we state that the relation SIpm(x) of" semi-isolation is non-
symmetric, the digraph < P (M );Rg“‘ (M )> is powerful, and the theory Th(M ) is not simple.

Notice that constructions, described in Sections 1 and 2 of [9], can be applied to M and also produce a
non- ® -categorical, non-simple theory, for which any non-principal type is powerful (and therefore there are
exactly two isomorphism types of prime models over finite sets). Thus, we obtain the following theorem.

Theorem 3.3. There exists a generic theory T satisfying the following conditions:

(1) [RK(T)[=2;
(2) the structure of realizations of some powerful type. p € S(T ) contains a powerful digraph T with

unbounded lengths of shortest paths and with infinitely many covering elements for each element in the
transitive closure TC(I').

Repeating the construction in [9, Section 3] we obtain an Ehrenfeucht theory with three countable mod-
els, based on the powerful digraph I":
Theorem 3.4. There exists a generic Ehrenfeucht theory T with 1 (T ,03) =3 and having a structure of

powerful type with a powerful digraph L, whose transitive closure forms a non-dense partial order.

Repeating the proof of Theorem 4.1 in [9], based on the powerful digraph I", we obtain the basic theo-
rem of [9] with an additional property that the structure of powerful digraph is not dense:
Theorem 3.5. For-any finite preordered set <X ;S) with the least element x, and the greatest class X,

in the ordered factor set <X ;S> /~ with respect to ~ (Where x ~y < x<y and y<x), and for any function
f:X > o satisfying the conditions f(%,)=0, f(%)>0 for |X|>1, and f(7)>0 for |§|>1, there exist a
complete theory T, with a structure of non-dense transitive closure of a powerful digraph, and an
isomorphism.g: (X ;<) >RK(T) such that 1L(g(7))=f (¥) forany e X /~.
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C.B.Cynomiaros

ThIFbI3 emec ycTeM Oprpa ol 3peH(ONXT TEOPUAIAPbI

Bapasix Genrini 3peH(ONUXTHIK TeopHsIapAbl KYPyIbIH HETi3l THEFBI3ABIK KacHeTiHe He YCTeMIi oprpadrap
Oonbin Tabbutagbl. Makanaza TBIFBI3ABIK KacHeTi KOK ycremIl oprpadTsl 3peH(pONXTHIK TEOPUSIHBIH
MbIcangapbl OepinreH, sFHU opOip TeOeci TONBIFBIMEH KypcayiaHaThlH oprpadThlH 0ap OONATHIHABIFBI
KOpCeTire. [31emiHin OTBIpFaH TEOPHUSIHBI KYPY CHHTAKCHCTIK MeHEPHKAJbIK KYpbUIBIMIAP/ABIH HEri3iHae
Kysere acanbl. byn kelOip THUNTIK anFamikel KYpbUIBIMAAPABIH AKbIPJIbl KYPHUIBIMAAD KIIAChIHAH LIBIFBII,
KaHBIKKaH MOJICIIBICP I CHHTE3/ICyTe MYMKIHAIK Oepi.

C.B.CypomaroB

JpeH(oiiXTOBBI TEOPHH ¢ HEMVIOTHBIMHU BJIACTHBIMH Oprpadamu

OCHOBO# NMOCTPOCHHMS BCEX M3BECTHBIX IPEH(PONXTOBBIX TEOPHHA SABIAIOTCS BIACTHBIE Oprpadbl, 00nasaroime
CBOICTBOM IUIOTHOCTH. B cTarhe nmaHbl mpuUMepbl 3peH(OIXTOBBIX TEOPHH C BIACTHBIME oprpadamu,
0051aJaloMUMH  CBOMCTBOM HEIUIOTHOCTH, T.€. HAIUYHUs MOKPBIBAIOLUIMX AJIEMEHTOB Y KaXJOH BepIIUHBI
oprpada. IlocTpoeHne WCKOMBIX TeOpHil NPOBOJUTCS HA OCHOBE CHHTAaKCHYECKHX T'€HEPHYECKHX
KOHCTPYKIUH, 03BOJISIONIUX CUHTE3UPOBATh HACBILICHHBIC MOJICIIU, HCXOs U3 KIacca KOHEUHBIX CTPYKTYp
C HEKOTOPBIMU TUTIOBBIMH HA/ICTPOMKAMU, 3aMKHYTOI'O OTHOCHTEJIBHO B3ATHs aMajbraM.
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