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Abstract—1In this paper, we study the anisotropic Lorentz space of periodic functions. We establish
a sharp estimate of the order of approximation for the Besov class by trigonometric pol ials,in
Lorentz spaces with anisotropic norm.
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Suppose that R™ is the m-dimensional Euclidean spac
coordinates, I" = [0, 2m)™ is the m-dimensional cube, and weéa

6:(Q1’---7Qm)’ 0:(91""50771)’ qj,

By L@g(fm) we denote the anisotropic Lorentz space of L. easurable (27)-periodic functions
f (@) for which the norm

0o 1
2T bm 4 2m P 91 o1 Om—1 Om
Hqu,é — |:/ m |: .. |:/ (f*1,... *rm tm)) 1tf1 dt1:| .. :| dtm:|

: 0 Q

is finite; here f*1-*m(ty, ... t,,)isan o rearrangement of the function |f(Z)| with respect
to each variable x; for fixed values of her variables (first, with respect to z1, then with respect to x2
etc,; see[1],[2]). Lgoo(L™) is the cinkiéwicz space of functions for which

mo1
up Ht;j froerm(ty, o ty) < 4o0.
m

7j=1

[1,400), j =1,...,m, with mixed norm consists of all Lebesgue
r which (see[3], [4])

P2 Pm 1

1= [/O - [/O%|f<f>|mdx1}ﬁ-~]mdxm]“ < +oo.

LY i sét of all functions f € Ly(I™) such that

2m
f(f)dszo, j=1...,m.
0

Suppose we are given a vector 7 = (rq,...,7p), r; >0, =1,...,m. Consider the Nikol'skii class
HY consisting of all functions f € Ly(I™) for which

Qf(f7 E)ﬁ < H tgj’ te [Oa 1]m’
j=1
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4 AKISHEV

where I; > 7;, j=1,...,m, and Q;(f,t)p is the mixed modulus of smoothness of the function f €
Ly(I™) (see 3])

In what follows,

where
@7 =Y ywj, pE) ={k=(ki,...,km) €Z™: 29 <|k;| <2%, j=1,...
j=1

and the ay(f) are the Fourier coefficients of a function f € L;(I™) in the multiple system

Suppose we are given a vector ¥ = (r1,...,7r,). Set y =7/r1,r; > 0,5 =1,...,
Gi= U oo 1@ ={tm = ¥ ne

E7)<n keQn

E,,(j)(f)w is the best approximation of a function f € L 5(I™) by po

By C(a, 3, ... ) we denote positive values depending on t}garameters
are, in general, different in different formulas.

For brevity, we write A < B to indicate that there exis
Cl-flg_BjECQ-A.
The theory of embedding of function spaces Hg was

mathematicians (see the references in [3], [4]). In
approximation of H-classes by trigonometric polyir
studied in [5]—[12], while those in spaces withaaix
paper, we present approximation estimates
anisotropic norm.

with harmonics from hyperbolic crosses were
were investigated in [13], [14]. In the present

Lemma A (see [15]). Suppose we @ue gi ositive numbers 0 < 0 < +oo and ay, by, k =1,2,....
a) IJ >0 1 b, < C-by, the

0o 0 0o

% an (Z bk) <C- Z anbz.
n=1 k=n n=1

b) I > 72, b en
e} n ] e}
Zan(Zbk) < C-Zan-bﬁ.
n=1

ma B (see [3, p. 133], [16]). Suppose that 1 <p; <oo,j=1,...,m. For any trigonometric
omial

Thw(z) = Z azei@’f),
k<m
the following inequality holds:
mo 1
i Tn(@)| < ©- [’ - Tl
J:
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APPROXIMATION OF FUNCTION CLASSES IN LORENTZ SPACES 5

Let us now prove some auxiliary assertions.
Set

Ge(@) = {8=(51,...,8m) EN™:5;<mj,j€e; s;>njj¢e},
wheree C {1,...,m};
Us(f7) = >, > &(f£3).
eC{l,....,m} 5€G.(n)

Let there be given numbers 0; € [1,4+00), j =1,...,m. By {5(Z7) we denote the space of all

numerical sequences {ag}geZT for which
SN R
1 m—1 m
Hostleyam = { 32 [+ { E laat?} o] ™17 <
Sm=0

s1=0
Set

Y™(n,5) ={5=(s1,...,8m) € Z} : (5,7) >m},

where 7 = (71, .., 7m)-

wl

Then the following inequality holds:

[{bs () Hlezzm)
Proof. Let us prove the lemma by induction sion m. Form = 1, the assertion of the lemma
is obvious.
Suppose that m = 2. It follows fro& of the set Y™ (n,¥) and the numbers bs(n, ) that

| bs(n. ez

1=l

_ 2—0(51’71 +52792)01

<

ow suppose that the assertion of the lemma is valid form = v, i.e.,

)
01

. 0y
_ 1
- 3 [ o]
522% 51=0

|bs(n,7) |71
W

1
1

92

n o 2 %
—a(s1y1+s272)01 1
- > o2
>n

s> t51=0
2259

; ,
(1,72,01,02) - 27§ >~ 1410 < Clyr,2,01,02) - 27" - nf.

n
so< =
259,

— —no ZV': L

{bs(n, M) Hleyzy) < C - 27" - n=772 0 (1)
Let us prove that the assertion of the lemma is also valid for m = v 4 1. For brevity, set 5(v) =
(s1,...,5,). Then, by the definition of the norm, we have

0o -
_ _ 0, v+1
s D oty = { 30 Wstsnns DG |
Ssy+1=0
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6 AKISHEV

1

9V+1
= { > Hbswses (s 7)}H[+1 Z {b5(),5041 (M 7)}H[“ } . (2)
8u+1§7 1 Sy41> V+1
If sy+1 < n/v,41, then, by definition,
bg(n,i) _ {0 o for Z?:l 7]8] <n-— Yv+1 * Sv+1,
2-(s7)  for 2521 VjSi > M= Yugl  Spti-

Therefore, by the assumption (1), we obtain

v — 0’/ 9.
D I8 D Gy S C-27"% 0 37 (= spamnn) @
3V+1§,Y 1 3V+1§,Y 1
- 1Yy, et
S ORb N (3)

If sy+1 > n/v41, then

[

v+1
Zsj’yj>n Y (s1,- ..

Therefore,
> IHbs(n, 7)}H/“ =COn,-- 5,01, 271 41frn
S”+1>wy+1
<CMy-- Wi (4)
[t follows from inequalities (2)—(4) that
s ) Ml o g T
The lemma is proved. O

Lemma 2. Suppose that 0 =
Yoyl ) satisfy v = -+ =

—~

), 1<0; <400, j=1,....m, ¥=(V1,...,%m), 7 =
=y, =1<y;<vjforanyj=v+1,...,mand

—Ot<§7ﬁ> f 5 m ~!
ol N2 ifseyny).
0 for 5¢ Y™(n,7),
Then the following ty holds:

— — — — —no Zl{: i
H{bs(n, 7, ) gy < C0,7.7) - 27" - n™772 %

Proof. n,7%') can be expressed as

n,y) = {EE VAR Z sjfy§~ <n and Zsj’y;- >n— Z sjfyg}

j=v+1 Jj=1 Jj=r+l

m
U {36 Z7: ) sy =m, sty 8> 0} YF) U YIF).
Jj=v+1

We define the numbers bél) (n,7,7') and bg) (n,7,7') as follows:

1 o 2a<§77>’ EEYm_,, 2 L o 1 o
bé )(”7%7/) = {0 se Y;mg’; bé )(n,fy,y’) =bs(n,7,7) — bé )(n,y,y’).
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APPROXIMATION OF FUNCTION CLASSES IN LORENTZ SPACES 7

Obviously, bs(n,7,7') = b( )(nﬁ, ¥) + bél) (n,7%,7').

Set
YV n) = {(Sus1, - 8m) € 2TV Z s < n}.
Jj=v+1
Sincey1 =y =+ =v =7,7; <yjforeachj=v+1,...,mand a > 0, by Lemma | (w

replaced by v and nbyn — 3770 .| s;7;), we have

1 —
168 (0,7, 7) ey ey
= ‘ {2—(12?:”1 557 {2—012};1 Sm}
YV (7 =Y J 1 s]q/]
m i
{(n _ Z Sj’}/;') 2_0‘2J w155 (0 "/J
Jj=v+1
7 2

R | {22‘”]" o ”J
1

Jj=v+ 55=0

< C(0,7)2™"

vo1
= C(8,7)27 0> (5)

Further, by the definition of bg)(nﬁ, ') for all (sy41 s;m) such that ST

i1 8575 > n, the
following estimate holds:

b (n,7,7) = 27°GT < 27" 1R g e %505

Therefore, taking into account the fact tha 0
j=v+1,...,m, weobtain

62 (0, 3,7 ) Hley ey = B || g @ 17 .Q—az;":uHSjw—v;)}

is monotonic and also the inequality 7;- <,

(053" (7' )

qul,_.

SQ_na'H ' . H {22 abjs; (v VJ} ':C(%g).Q—na. (6)

Jj=v+1

T M ez < 1068 (07,7 sz + 162 00,5, ey

<C(0,7)- 27 0>,
i ved. O

ark 1. For6, = --- = 6,,, Lemmas 1 and 2 imply Lemmas B and C from [7].

Set

- _ 1 1
f@)= sup —— [ - sup —= [ |f(x1,...,zm)ldoy - dpg,
Em|>tm [ Eml JE, 1B >0 1E1] JE,

where | E}| is the Lebesgue measure of the set E; € [0, 27).

Now, let us prove the main assertions.
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8 AKISHEV

Theorem 1. Suppose that 1 <p; < +oo, j =1,...,m. Then, for any function f € Ly(I™), the
following inequality holds:

@) < Cloum {Ht T ol | PRI S | ELA T Hp}

eC{l,...,m} j¢e 5€G.(n) j€e

foralltj € (271 27m], n; =0,1,..., j=1,...,m.
Proof. Suppose that E; C [0, 27] are Lebesgue measurable sets. Then, by the property of the integtal,
we have
/ o [ ) doy - da, g/ / (@) — Unl(f. T)]| ey - < s
m 1
[ st
Applying Holder’s integral inequality, we obtain

[y RECRE @< ]]i5 1% | fae Oh(F)] (8)

Wherep;-:pj/(pj—l),jzl,...,m. J
Suppose that e ={1,...,i} C {1,...,m}. Then, applying theSinequality for different metrics for

the polynomials in the trigonometric system (see Lemma B e Variables x1,...,x;, and Holder’s
inequality for the other variables, we obtain
[ )] stmjas | - (/. 7)] dz
m Ey 356G, ( m
ni U oQ
:/ / ZZ A (f,T)| dz
m E = ; Sm=nm+1
ni 0 7 55 L/
<C- > II2% 16l H\E\ H\E!f
s1=1 sm=nm+1j=1 j=i+1
5
=c- 115 > TI27 16l (9)
Jjee 5€Ge(n) jee
For the other sets e ¢ m} the proof of inequality (9) is similar.
In the definiti i ct1on f, the measures |Ej| satisly |E;| > t;, j = 1,...,m. Therefore, from
inequa 1t1es btain
)| < O {Ht - UalDly
DN | CRID O | 1Lt
eC{l,...,m} jée 5€Ge(n) j€e
Hence, by the definition of the least upper bound of a set, we obtain the assertion of the theorem. O

Theorem 2. Suppose that1 < p; < q; < +00,1 < 0; < 4o0. If f € Ly(I™) and the quantity

(] Om 1

n={ 3 el [ G Dsg |

Sm=1 s1=1
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APPROXIMATION OF FUNCTION CLASSES IN LORENTZ SPACES 9

is finite, then the function f belongs to Lig(lm) and the following inequality holds:

Proof. Blozinski[l, p. 161] proved the relation

£l = Ifll;3 1<qj <400, 1<0; <400, j=1,...,m.
Using this relation, we find
_ 2-nm 9-m1
1fll,5 < ClFl5 = { N . [Z / it
'n—02nm_1 n102n11

x (7(t1,...,tm>)91dtl] ] =
Further, applying Theorem 1 and taking into account the relation @
2—n
from (10) we obtain
09’" o
N Om | ———— ’I’L 9 m—1 m
Hque— [{Zg .. 11 Hel .. }
Ny =0 n1 O

2-nm

{3 > 17
Nm =0 27mm =t 6C{1, 7m}]¢e
91 :n
XYy Hzm 5 } (12)
5€Ge (M) jEe
Suppose thate = {1,... , using relation (11) and successively applying the triangle

inequality, we obtain

{

2-nm

Z/W

Nm=0

om 27" 0y m 1 % 0
am / ta ( H t Pj E . E
1 J
1
j=i+1 Sm=nm+1 Si+1=ni41+1

) 61 02 Om 1
e 01 Om—1 Om
SOl ||

e nis16; 1( 11 )
E 2 i1Vt Pi+1  9i41

@ znmem(;m qm>[... > e
Q x[if”“ [ [Zz‘"l( i i i

»
= 3
I =
_

n; =0 n1=0 Sm=nm+1 Sit+1=nij+1+1s;=1
(7} b; _ Yit1 Om | 1
01 Oi—1 | b Om—1 | Om
XHQPJH(; ||p
[e%s) 00
11
<c{z g (5 -qm>( 3 [ S gt ()
Ny =0 Sm=Nm~+1 "Nym_1=0
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10 AKISHEV

= > n¢+10¢+1(%— - ) = > —n; %
X ( Z |: .. |: Z 2 Pi+1  9i+1 ( Z |:Z 2 q;
—1+1

Sm ni4+1=0 Si+1=nij+1+1 ;=0

i 5 ni—1 o0
X (Z 2172[ Z o " ( Z Qm 1. {Z 9 Mg
si=1

n;—1=0 Si—1=1 n1=0
(o) ) )] ) 7))
s1=1
(we apply part a) of Lemma A to the sum over the indices nj, j =1,... 4, odhe sum o
nj,j=1+1,.
[ee]
< C{ Z 2nm6m( “am [ [ Z 2"”19’“ P+1 ‘h+1
nm:O Ni41= =0
00 -1 00 L
% [ Z 9 Mi-lg 1( Z 2Pi—1.. [Z 2 Mg
m_1:0 81_1:1 n1:0

<of 3 pminliia)

nm=0

{Z o (3 (13)
n1=0
Inequalities (12) and (13) imply
1fllzg < C
(14)
Since
[ee] o
f@-Ua(f,m) = Y. - > &),
Sm=nm+1 s1=ni1+1
the property of the norm and Lemma A, we obtain
{Z 2o (e [ [Z 255w | - Uy >||%1] ] "”} ’
Nm=0 n1=0
00 92 Om 1
N Om, — n 0 o1 Om—1 Om
{5 el LIS e G a9
Nm=0 n1=0
Inequalities (14) and (15) imply the assertion of the theorem. O
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APPROXIMATION OF FUNCTION CLASSES IN LORENTZ SPACES 11

Remark 2. It is well known that, in the case 1 < ¢; < 400, 1 < 0; < +o00, j =1,...,m, the space
L;5(I™) has absolutely continuous norms. Therefore, the adjoint space Lga(lm) coincides with the

dual space La,’gl(lm), where

/ / / o’ / / / 4 / 9j
q (Q17 7qm)7 ( 1 ) m)’ q] q]_l’ J 9]_1’

,m
(see[l, p. 161]).
Now, using the duality principle, just as in [7], and Theorem 2, we can verify the validity
following assertion.
Theorem 3. Supposethatl < q; <71; < 400,1<0; < +o0,j=1,...,m.I[f € Lz
f@~ D b Yo,
SELT Fep(s) @

then the following inequality holds:

j=1,...

Om 1

E :| Om—1 }9m

1

g = 0-{ 3 2ol | [i o

Sm=1

Further, let us consider the order of approximation of.th

First, note that the partial sum operator

(16)
This assertion follows from inkiewicz theorem on multipliers (see [17, p. 239] and [2, Corol-
lary 1, p. 106]).
From inequality ( 0
So7(Fllzs < C(a,0) - ED (g | € LygI™). (17)
Theorem ose that
1 1
<pj<gj<+oo, 1Z6; <400, ———<1y, j=1,...,m,
pj g
rp=cce =1y < Tyl S ST, ’Yj:ﬁ7 j=L...,m,
1

1 1 1 1 1 1 1 1 .
———=———, j=1...,v, n|l———|<rj|l———), j=v+1,...,m.
. p;i  q; i @

Then the following relation holds:

1 1 v 1
—_n|r —_——— i=2 9.
2 ( 1t pl) -nzf—2 b .

sup Er(y)(f)q,é =
feHT

MATHEMATICALNOTES Vol.81 No.1 2007



12 AKISHEV
Proof. Let us prove that, for any f € HZ, we have the following inequality:
g ineq
v
If ~ Sy (Pllgg < €27 ) T (18)
Applying Theorem 2 to the function f — S,~(f) € L;5(I™), we see that

Since

I = S (Plz < {82_02 ok [ [ZOQ L
<16t = S0l |- * d

e _Jo foranys € Y™ (7,
d5(f — Sr (/) {55(1‘) foranys ¢ Y™(7,

from inequality (19) we obtain

1f = Sz(Fll,g < O \

(20)
In Lemma 2, set
1 1
a=r;+———>0, , M.
q  P1
Then the condition r; =
" (_ 1
Pj j
In view of Lemma 2, it foll
for any functio ~HEstimate ( 18) is proved.
Let us provethe lower bound. To do this, consider the function
_ Z ﬁ 5 % (Tﬁl—pij) Z oi(k.T)
sezt j=1 kep(s)
It ell known that (1/Cy) fo € HL,1 < p; < +00, j = 1,...,m, where Cj is a positive constant.
Let us choose a number 7 € (1,p;) for all j =1,...,m and apply Theorem 3 to the function
fo— 547 (fo). Then
1fo = Sgz(fo)llze
i 11 3*2 T e
>0 {3 G [ [0 G ot - sgpne] "]

Sm=0 s1=0

MATHEMATICALNOTES Vol.81 No.1 2007



APPROXIMATION OF FUNCTION CLASSES IN LORENTZ SPACES 13

20 { S oot TE)[ > gmitnr (33
Sm—1< -

sm< o 171 (n—8mym)

Om 1

X[ 2 28191(%‘%>||65(f0>||31]91"'] ml}m' (21)

s1<(n—327" 5 5575)

Taking into account the relation

135(fo) HMH2 u(mtn)
from (21) and (17) we obtain

N e

(]

The theorem is proved. O

Theorem 5. Suppose that
1<p;<qgj <+oo, j=1,..4'm; rr= =7, <Tygp1 < oo <y,

1 1 (1 1) .
ril———1), g=v+1,....m
P11 Q1

Then the following estim 0
1% faec <Clpy1iq) -2 ( +7_%> -n L

p1 ql
n of the Marcinkiewicz space, Theorem 1 and taking the condition 1/p; —
into account, we obtain

1fllgeo < Cpia) - Y H2 ( 1j)||6§(f)||1_1'

sEZm

Sl

This,inequality, which holds for any function f € HZL, yields

<Clpa)- > ﬁff(”*ffﬁ), (22)

(57)>ni=1

1f = Sz (Dllgce

Set
= Tt /e = 1/p;
T+ 1/ —1/m

MATHEMATICALNOTES Vol.81 No.1 2007



14 AKISHEV

Then y; < «jforall j =v+1,...,m, because, by the assumption of the theorem,

1 1 1 1 ,
r|l—-—)<rj|—-—], j=v+1l...,m.
Y2 q; p1 q1

Now, using the estimate (see [7, Lemma C])
Z 2—a(§ﬁ’) < C(’)/) .9Tna nu—l’
(5,7)>n
from inequality (22) we obtain
I = Sgg(Plae < Clorg) -2 a3 o,
The theorem is proved. O

Remark 3. Note that, inthecase g1 = - =qgm, 01 =+ =0, p1 = -+ = Py, Thie
certain results due to Temlyakov [7].

Remark 4. Estimates of the value of a nonincreasing rearrangement of affunc vasiable via its

best approximation by trigonometric polynomials were established bygE. A} Stor ko [18].
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