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Compactness of Commutators for Riesz Potential on Local
Morrey-type spaces

The paper considers Morrey-type local spaces from LMy, The main work is the proof ofithe commutator
compactness theorem for the Riesz potential [b, o] in local Morrey-type spaces from LM;“G1 to LM;“;.
We also give new sufficient conditions for the commutator to be bounded for the Riesz potential b, /5]
in local Morrey-type spaces from LM ;‘2)1 to LM;‘éz. In the proof of the commutator compactness theorem
for the Riesz potential, we essentially use the boundedness condition for the commutator for the Riesz
potential [b, I,] in local Morrey-type spaces LMy, and use the sufficient conditions fromthe theorem of
precompactness of sets in local spaces of Morrey type LM,y. In the course.of proving the commutator
compactness theorem for the Riesz potential, we prove lemmas for the commutator ball for the Riesz
potential [b, I]. Similar results were obtained for global Morrey-type spaces' GMy, and for generalized
Morrey spaces M.
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Introduction

First we give some definitions.

By 9(I) we denote the set of all measurable functions on I . The symbol 9" (I) stands for the
collection of all f € 9(I) which are non-negative on I'; while 9 (I;]) and 9™ (I;1) are used to denote
the subset of those functions which are non-increasing and non-decreasing on I , respectively. When
I = (0, 00), we write simply 9+, 9t and DT instead of M* (1) , M+ (I; 1) and M (I;1), accordingly.
The family of all weight functions (also ealled just weights) on I , that is, locally integrable non-negative
functions on (0, c0), is given by W(I).

For p € (0,00) and w € 9T (]), wedefine the functional | - ||, on M(I), by

Uy f@)Pw()da)s, i p < oo
ess supr|f(z)|w(z), if p=oc.

L lpo.1 :=

If, in additiony w € W(I), then the weighted Lebesgue space LP(w, I) is given by
LP(w, I) = f € M) « || fllpw,r < o0,

and it is‘equipped with the quasi-norm || - ||w.7. When w =1 on I , we write simply LP(I) and || - ||,.1
instead of LP(w, I) and || - ||pw,1 , respectively.

Let 1 < p,6 < 0o, w be a measurable non-negative function on (0,00). The Local Morrey-type
space LM = LM (R") is defined as the set of all functions f € LfDOC(R") with finite quasi-norm

173 = [ 1m0 |

where B(t,r) the ball with center at the point ¢ and of radius r.
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The space LM coincides with the known Morrey space M];\ at w(r) = r~*,0 = oo, where 0 <
A< %, which, in turn, for A = 0 coincides with the space L,(R"™).

Following the notation of |1,2]|, we denote by €y the set of all functions which are non-negative,
measurable on (0, 00), not equivalent to 0 and such that for some ¢ > 0

1w (r)[| Ly (t,00) < 00

Note that the space LM is non-trivial, that is consists not only of functions equivalent to 0 on R",
if and only if w € Q.
In this paper we consider the Riesz Potential in the following form

Inf(@) = [ ,xf(yy@l_ady.
Rn

The Riesz Potential I, plays an important role in the harmonic analysis and-theory of operators.
For a function b € L;,.(R™) by M, denote multiplier operator M,f =bf, where f is measurable
function. Then the commutator between I, and M, is defined by

blz) ~ IO

lo— g~

[b7 IOJ = Mplo — o My = /
Rn

The commutators for Riesz Potential were investigated [3<9].
It is said that the function b(z) € Loo(R™) belongs to the space BMO(R"), if

1
1B, = sup — / (@) bo| da'= sup M(b,Q) < oo,
QCR" ‘Q| 5 QER”

where @ - cube R™ and bg = ﬁ [ f(y)dy.
Rn

By VMO(R") we denote the BMO-closure C§°(R™), where C3°(R™) the set of all functions from
C*°(R™) with compact support. Through the x(A) denotes the characteristic function of the set
B C R™, and “A denotes the complement of A.

The main purpose of this'work is to find sufficient conditions for the compactness of commutators
operators [b, I,] on the Local Morrey-type space LMy (R™).

We note that in the case.of the Morrey space this question was investigated in [4]. The following
well-known theorem givesnecessary and sufficient conditions for the boundedness and compactness for
[b, I,] on the Local Merrey-type spaces LM, (R™).

1 Formulas and theorems

To formulate the following theorem on the boundedness of the Hardy operator in weighted Lebesgue
spaces, we introduce the notation.
Denote by

the Hardy operator.
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U.0):= [ utta

Vi(t) == /too v(t)dv.

Theorem 1. Let 0 < q,p < oo. Assume that u, v, w € W(0,00). Then inequality

HH () lg,,(0500) < €l il

with the best constant ¢ holds if and only if the following holds:

p,w,(0;00) 7 f € DﬁT

A = suprso / U (ryw(r)dr)t Vi * (1),
t

Ui(T)
Vi(7)

1 0
Al = supyoWa (75)(/ (
t

and in this case c =~ Aj + A].

Theorem 2. (see. [2]) Let 1 <p < g <o00,0< a= n(% - é), 0 <0 < oo, (wy,ws) satisfy the
following condition

n

wa(r) <t—7|:r>p

Then the operator I, is bounded from LM gt (R™) %0 LM, (R™).

<o (Mg t.00) - (1)
LH(O’OO)

It is well known that the boundedness of such operators on Morrey space LM;;\G (R) was considered
in [1,2].

The following theorem on sufficient conditions for the precompactness of sets on Local Morrey-type
and other spaces was proved in [10-14].

Theorem 3. (see. [13]) Suppose that.1 < p < 6 < oo and w € Q9. Suppose that a subset S of
LM satisfies the following conditions:

sup [ £l g, < 00, (2)
fes p

lim sup | /(- + ) = £() | agy =0, (3)
u— fES P

= 0. (4)

lim sup Hch
B(0,r w
Ol Lary,

7—00 fES

Then S is a pre-compact set in LM (R).

1
:5—%,11)1,102699.

Theoreni 4. Let 1 <p<g<oo,0<a<nandb€ BMO(R").1<p<?Z
Then the condition

Q=

Al = Supt>o(/too /TOO(1 + ln:)drw(T)dT);[/too u(t)dv] 7, (5)

Al = Supt>0W;(t)(/too(‘U/i((:§ )plU(T)dT)i < 0. (6)

Then the commutator [b, I,] is the boundedness operator from LMy to LM7.
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Note that for the case of Morrey space LMZ;\H(O < A < 1) (e, if w(r) = r=) this assertion was
proved earlier in [4], and in the case of A = 0 is - known Frechet-Kolmogorov theorem [15]. We note
that the pre-compactness some sets in Banach function spaces were investigated in [16]. Theorem 4 is
proved using theorem 5.4 from [17] and theorem 3.4 from [5].

Now we give theorem about the compactness of the operators [b, I,] on Local Morrey-type space
LM;‘@(R").
Theorem 5. Let 1 <p<g<oo,0<a<nandbe VMOR").1<p<Z, *:l—%,wl,ngQQ

P
satisfy the conditions (1), (5), (6). Then the commutator [b, 4] is a compact operator from LM to

LM;%Q.

To prove this theorem we need the following auxiliary assertions.

Lemma 1. Let n e N, 1 < p <00, 1 < g < o0, 0< a<n<1—%>, B > 0. Then there
exists C' > 0, depending only on n,p, g, o, such that for some f € L,(B(0, 3)) satisfying the condition
suppf C B(0, ), and for some v > 23, t € R", r >0

H(Iaf)X“B(Oﬁ)HLq(B(t,T)) < Oy (mian{y,r}) e ”f”LpB(O,ﬁ) : (7)

Proof. From the definition of the operator I,, we have

SR
(Taf) X, OO
1
q q
= dy dx <
tr)ﬁCB 0,7)
¢\
< ————dy| dx
(t,7) ﬂCB (0,7)
It is clear that § < 3 for x € B ),y € B( O, ) we have
_ =l 2] |z|
Dyl Sl =yl > x| — L R = 8
) S — Iyl > Jo] - = 04 2> 1L )
From this it follows that
q
dx
L onma _ <
rere| | E [ 1rwiay <
¢B(0,7) B(0,8)

Q=

_1
< gn—a / n—a)gtn—lg, | (v, 7)) ||f||Lp(B(0 B~
2

=9

1
n—o n 71—y n(l—1) a—-n(1-2
=7 (a)q—n) R ) PR

—C a—n(l—%) 9
=Cry 112, (B(0,8)) - (9)

B =73 for x €° B(0,7),y € B(0, (), then using (8) we get |z —y| > %
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Next, we consider

Q=

[ < omogen /dx / F)ldy <
(t,r) B(0,8)

1 nyl—1
<27 (™) (0nB™)' 7 If B0,y =

=Coy* " || fll L, Bo,g) - (10)
From inequality (9) and (10) it follows (7), where C' = max{C1, Ca}.
Lemma 2. Let n € N, 1 <p < oo, 1 <qg<o0, 0< a<n(1—%), 8 > 0. Then there exists

C > 0, depending only on n,p, ¢, a such that for some f € L,(B(0,0)), b € Loo(R"™), satisfying the
condition supp b C B(0, 3), and for some v > 28, t € R", r > 0

a—n

1. ) Xm0l ey < O (mind, 7)) 16 e I 2200, - (1)

Proof. Let v > ,supp b C B(0, ), for z €° B(0,7),b(x) = 0. Then

H[b’ Ia] foﬂ

0NN Lq(B(t4r))

Q=

q

o O Y ECORLE O o B

|z =y

(tr)NeB(0,y) R™

1
/ /b(y)fgzy_)ady a| < / / Ib(y)\\fﬁa\dy g | <
[z -y |z —y
(t,r)NeB(0y) Rn (t,)N°B(0,y) B(0,8)
q
fy
| ] dr | bl <
(&r)"°B(0y) [B(0,8)

IA

Qi

IN

1

q
J(y
< / / |a:|—(yyl|ady do | 10l zyqeny = || T x5,

(t,r)NeB(0,7)

b ny -
LB 101l ()
From this and from Lemma 1 we obtain the inequality (11).

Proof of Theorem 5. To the proof of Theorem 5 it is sufficient to show that the conditions (2)—(4)
of Theorem 3 are hold.

Let F'be'an arbitrary bounded subset of LM . Since C2°(R™) is dense in VM O(R™) we only need
to prove that the set G = {[b, [,]f : f € F,b € C°} is pre-compact in the GM;. By Theorem 3, we

only need to verify the conditions (2), (3) and (4) hold uniformly F for b € C2°}.
Suppose that

1 llzags < D.
p

Applying condition (1), we have

116; Lol fll L agee < C - [[bllx sup [|f]l e < C - Dbl < oo
P fer
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This implies that the condition (2) of Theorem 3 is hold.
Now we prove that condition (4) of Theorem 3 also is hold, i. e.

tim (1, 1] s,

=00 LM,
It follows from Lemma 2. Indeed
|2 0 =
_ HW) ORI M

< OV 8l e 11, 505 sup sz(r) (min{y,r})»
>0,

L@(Ovoo) .
z€R™
When r < 1 < we have (min{’y,r})% =rp. By condition sz(r)r% b, <00.
[ANEISSS
When y < t < r we have (min{y,r})? = ~7. By condition [[wa(r)[ 1.y < &o-

Therefore

lim H([b, Tl X s

Y—00 B(0,7)

This implies the required condition (4).
Now we prove that condition (3) of Theorem 3 for.the set.[b,1,](f), f € F, is hold i.e. we show
that for any 0 < € < % and if |z| is sufficiently small depending only on &, then for every f € F.

11, L F)C +2)] =, L] FOll e < C e

Let ¢ arbitrary number such that 0 < & < % For |z| € R™ we have, that

L)+ 2) b oy, [ R =P g, [ =W,
R

[z + 2 —y[re |z =y

_ / [b(ﬁ;j)z—_ l;(,i)_]f: ) dy — / [b(x) + b(z + 73:—_ 1;(; _J; z) = b@)1f () dy =
/ [b( T;fz - y|n)]£( ) dy +/ [b(y) ‘;b_(z‘:_zi]f(y) dy+
n R[ [b(x -l’-xz)_; ’i(iri]f(y) dy =
/ ) - ote-+2) (s - et s ) +R[ e =

[ berddelr),

|z — gy a

fly) f(y) )
! / (!w—y!”‘a \x+z_y|n_a)[b< +2) = b(y)ldy+

1
lz—y[>|z]e=
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P Mo, Bk,

|z -y [z 42z —y[*e

-

le—y|<|zle* le—y|<|zle*
=J1+ Jo+ J3 — J4. (12)
Since b € CJ'(R™), we have
b(7) — b(x + 2)| < [Vf(2)| - |2] < Clz].

Then
1] < ClzlLa([f]) ().
By Theorem 5

1Tl Lagzz < Clel | La(f) lparip < Clel || f sy < CDlzl. (13)

For Jy we have that
(b +2) — b(y)) <2 || b oeZ C.

Therefore

el [ a2 gy

jr—y[>[2e®
Again by the of Theorem 1 we get
12 lgages < e I Za) [hgea Saee [ C- D -

Consequently,

fly - [y _
mee [ Mgy <de Ay < 0L @)
o=yl <|zle? o=yl <zle?
Thus, we have
I 5 gz C e T a) lagme < O el I F liagsy < €722, (14
Similarly, using the estimate finally by

b(z +2) = b(y)| < Clz + 2z —yl,

we have
g < C / x4+ 2 —y| T b(y)|dy < Ce7Hzl + 12 L (1 f]) (2 + 2).
lz—y|<es " (y)
Therefore
I Jallparee= € (e Mzl +120) Il f lzarey =< C- (e Mzl + Iz]). (15)

Here C' does not depend on z and ¢. Finally from (12)-(15) taking a |z| small enough we have
116, Ta(F)- 4 2)) = b Zal FOllgarez < 11l gagee + 1 lpares + sl pages + [all gagez < C- D -
P P P P P

i.e. the set [b,1,|(f), f € F satisfies the condition (3) of Theorem 3. Then by Theorem 3, the set
[b, I,](f), f € F is precompact in the LM;)‘(’f. Which completes the proof of the theorem.

Mathematics series. Ne 2(110)/2023 99



D.T. Matin, T.B. Akhazhanov, A. Adilkhanov

Acknowledgments

This work is funded by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (grant no. AP14969523).

10

11

12

13

14

100

References

Burenkov V.I. Recent progress in studying the boundedness of classical operators of real analysis
in general Morrey-type spaces. I. / V.I. Burenkov // Eurasian mathematical journal. —2012. —
3. — No. 3. — P. 11-32.

Burenkov V.I. Recent progress in studying the boundedness of classical operators of real analysis
in general Morrey-type spaces. II. / V.I. Burenkov // Eurasian mathematical journal. —2013.
— 4. — No. 1. — P. 21-45.

Chen Y. Compactness of commutators of Riesz potential on Morrey space / Y+ Chen, Y. Ding,
X. Wang // Potential Anal. — 2009. — 30. — No. 4. — P. 301-313.

Chen Y. Compactness of Commutators for singular integrals/on Morrey spaces / Y. Chen,
Y. Ding, X. Wang // Canad. J. Math. — 2012. — 64. — No. 2. —P. 257-281.

Guliyev V.S. Generalized weighted Morrey spaces and higher order commutators of sublinear
operators / V.S. Guliyev // Eurasian Mathematical Journal. = 2012. — 3. — No. 3. — P. 33-61.

Bokayev N.A. Compactness of Commutators for one type of singular integrals on generalized
Morrey spaces / N.A. Bokayev, D.T Matin // Springer Proceedings in Mathematics Statistics.
— 2017. — 216. — P. 47-54.

Bokaes H.A. O6 ycmoBusx KOMIAKTHOCTH KOMMYTATOPA JJIsI MOTEHIMAa a8 Prucca B T/I00AIbHBIX
npocrpancreax tuia Moppu / H.A. Bokaes, /I'T. Maruu // Becrn. Espas. maim. ys-Ta wmM.
JILH. Tymumnesa. — 2017. — 121. — Ne 6. — C. 18-24.

Bokaes H.A. O gocTaTodHbIX yCAOBUSIX KOMIIAKTHOCTH KOMMYTATOPa JJIs IIOTEHIMaa Pucca B
06o6mmennbix npocrpancrsax Mopput/ H.A. Bokaes, B.U. Bypenkos, /I.T. Marun // Becrh.
Erpasz. mamn. ya-ra um. JI.H.I'ymunesa. — 2016. — 115. — Ne 6. — C. 8-13.

Bokayev N.A. A sufficient condition for compactness of the commutators of Riesz potential on
global Morrey-type space /'N.A. Bokayev, D.T. Matin, Zh.Zh. Baituyakova // AIP Conference
Proceedings. — 2018. <1997. — P. 020008. https://doi.org/10.1063/1.5049002

Bokayev N.A. On the pre<compactness of a set in the generalized Morrey spaces / N.A. Bokayev,
V.I. Burenkoy, D.T Matin // AIP Conference Proceedings. — 2016. — 1759. — P. 020108.
https://dot.erg/10.1063,/1.4959722

Bokayev. N.A. Sufficient conditions for pre-compactness of sets in the generalized Morrey spaces /
N.A. Bokayev, V.I. Burenkov, D.T. Matin // Bulletin of the Karaganda Univercity. Mathematics
Series. —2016. — 84. — No. 4. — P. 18—40.

Bokayev N.A. Sufficient conditions for the pre-compactness of sets in global Morrey-type spaces
/ N.A. Bokayev, V.I. Burenkov, D.T. Matin // AIP Conference Proceedings. — 2017. — 1980. —
P. 030001. https://doi.org/10.1063/1.5000600

Bokayev N.A. Sufficient conditions for the precompactness of sets in Local Morrey-type spaces /
N.A. Bokayev, V.I. Burenkov, D.T. Matin // Bulletin of the Karaganda Univercity. Mathematics
Series. — 2018. — 92. — No. 4. — P. 54-63.

Bokayev N.A. On precompactness of a set in general local and global Morrey-type spaces /
N.A. Bokayev, V.I. Burenkov, D.T. Matin // Eurasian Mathematical Journal. — 2017. — 8. —
No. 3. — P. 109-115.

Bulletin of the Karaganda University



Compactness of Commutators for ...

15 Yosida K. Functional Analysis / K. Yosida. — Springer-Verlag, Berlin, 1978. — 545 p.

16 Orenbaes M. K Teopemam o komnaxrHoctu / M. Orenbaes, JI. Leny // Cub. mar. xxypa. — 1972.
— 13. — Ne 4. — C. 817-822.

17 Gogatishvili A., Mustafayev R.CH. Weighted iterated hardy-type inequalities / A. Gogatishvili,
R.CH. Mustafayev // Mathematical Inequalities and Applications. — 2017. — 20. — No. 3. —
P. 683-728.

JI.T. Marun, T.B. Axakanos, A. Anuixanos

JI.H. lymuses amovmdazv. Eypasus yammuk yrusepcumemi, Acmana, Kaszaxemar

Jlokanbpai Moppu tunrec KeHicriringe Pucc noreHmmasnn
KOMMYTATOPbIHbIH, KOMIIAKTHLJIBIFbI

Maxamama LMy mokamsai Moppu tunTi kenicrikrepi KapacToipsurran. Herisri sxymbic LM 1’;‘2)1 -naH LM;?—
re peitinri jgokaabai Moppu tunti kenicrikrepgeri [b, Io] Pucc morennuasibl i KOMMYTATOD/IBIH KOM-
HaKTBUIBIK, TeopeMachiH maueney. Conpaii-ak, Pucc morenimass: yurisn KoMmyratopasis, [b, 1] gokamnbai
Moppu TunTi Kexicrikreperi LM;’J;—;[&H LM;(Z)2 IITeHEITEeHTITT YITH 2KaHa XKeTKITIKTI mapTrap 6epiireH.
Pucc moreHnmans yimiH KOMMYTATOD/IBIH, KOMIIAKTHUIBIK, TEOPEMACHIH Jdjien ey e Herisinen, [b, In] Pucc
HOTEHIUAbI YIIH KOMMYTaTopAbiH, LMy, nokanbai Moppu THHTI KEHiCTIKTepiH/e MeKTe/reH MapThl, Co-
HBIMEH KaTap LM;,”O Jokaabai Moppu TUNTI KEHICTIKTEPIHIET] K UBIH TaPAbIH, KOMITAKTHLIBIK, TEOPEMAaChIHBIH,
JKETKUIKTI maprrapbl HaijajaHblIral. Pucc moTeHua bl YINH KOMMYTATOP/IbIH, >KHHAKBIIBIK TeopeMa-
cbiH nputeniey Gapbicbiana (b, In] Pucc moreHnpasnsl yiiiH KOMMYTATOD MIAPBIHBIH, [IEHEINeH JIeMMAaJIaphl
anpikTasran. Ocerran yrcac HoTmKesep G My Tnobanbael Moppn TunTi KenictikTep yimin xone My’ »xair-
neLaarad Moppy KeHIiCTiri yImiH jie ajibIHFaH.

Kiam cesdep: KOMIAKTBLIBI, KOMMYTaTOpJIap, Pucc noTennuasnl, Jokaabai Moppu Ttunti KeHicTikTep.

JI.'T. Marumu, T.B. Axaxkanos, A. Auixanos

Espasutickuti nayuoraavholt yHusepcumem umenu JI.H. lymuaesa, Acmana, Kasaxcman

KomitakTHOCTh KOMMYTATOPOB [Jis noTeHInaga Pucca B JToKaJIbHBIX
nmpocTpaHcTBax Tuiia Moppu

B craTbe paccMOTLpeHbI JIOKasIbHble TpocTpancTsa Tuna Moppu ns LM ;. OcHoBHOil paboToii sBjsieTcs 1o-
Ka3aTesIbCTBO TEOPEMbI KOMIIAKTHOCTH KOMMYTATOPa 1jis morTeHimana Pucca [b, ] B JIOKaJIbHBIX IIPOCTPaH-
crBax Tuna Moppu u3 LM;"Q1 B LM;?. IIpuBenens! Takke HOBBIE TOCTATOYHBIE YCJIOBUAS OTPAHUIEHHOCTH
KoMMyTaTopa Jist noreHnuana Pucca [b, I] B 10KanbHBIX IpocTpaHcTBax THila Moppu u3 LM;‘él B LM;(;?.
B mokaszarenbcrBe TEOpEMBI KOMIIAKTHOCTH KOMMYTATOpa JJIs IOTeHInaIa Pucca cymecTBeHHO UCIOIb30-
BaHBIL YCJIOBUE OTPAHMYEHHOCTH KOMMYTATOpa JIs nmoreHnuana Pucca [b, Io] B JOKAJIbHBIX IPOCTPAHCTBAX
tuna Moppu LMy, a Tak»e IOCTATOYHbIC YCJIOBUS U3 TEOPEMbI IIPEIKOMIIAKTHOCTH MHOXKECTB B JIOKAJIb-
HBIX mpocTpancTBax Tuna Moppu LMyy. B Xone jokazaTelbeTBa TeOPEMbl KOMIIAKTHOCTH KOMMYTATOPa
ISl TOTeHIna a Pucca moaTBep:K/IeHbl JIEMMBbI OIEHKH IO IMapy KOMMYTATOpa JJis moTeHnuasna Pucca
[b, In]. AHasormdnble pesysbrarhl GbUIM IIOJIYYEHbI [UIsl TI0OAIBHBIX IPOCTpaHcTB Tuna Moppu GMyy u
[t 06001IeHHbIX IpocTparcTs Moppu M.

Kmouesvie caoea: KOMIAKTHOCTb, KOMMYTaTOPBI, TOTeHInal Pucca, IoKaIbHbBIEe IPOCTPAHCTBa TUITa Mop-
pu.
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