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Hardy-Littlewood theorem for series with
general monotone coefficients

In this work we study trigonometric series with general monotone coefficients. Also, we consider Ly (Lq)
space. In particular, when ¢(t) = 1 the space Lqp(Lq) coincides with Lg. Well known the theorem of Hardy
and Littlewood about trigonometric series with monotone coefficients. Also known various generalizations
of this theorem. In 1982 this theorem was generalized by M.F. Timan for the spaces Lqp(Lg). And in 2007
S.Tikhonov proved Hardy-Littlewood theorem for trigonometric series with general monotone coefficients.
In this work we have generalized Hardy-Littlewood theorem for Fourier series of funétions f.€L,p(Lq)
with general monotone coefficients. Also, obtained upper-bound estimate of best approximation of functions
f € Lg through its Fourier’s coefficients which are general monotone.

Keywords: trigonometric series, Hardy-Littlewood theorem, general monotone sequences, convergence, Fou-
rier’s coefficients.

Let L,(0,27), 1 < ¢ < 400 denotes the space of all 27- periodic, measurable by Lebesgue functions f(z),

for which ;
27 N
= ([ 1 )
0

Through E, (f), we will designate the best approximation of afunction f € L, by trigonometrical polynomials
of total degree n in the metric of spaces L:

En(f)a =N~ Tl

Let the function ¢(¢) satisfies the following conditions [1]:
a) o(t) is an even, non-negative, non-decreasing on [0, +00);
b) (%) < Cop(t), t € [0,00), C. =1

c) % 1 on (0,+00) for some & > 0.

Measurable, 27-periodic function f € Lyp(Lg), if

/0 @) o (@))% de < +oo.

In particular, when ¢(t) =1 the space Lyp(Lg4) coincides with L.
We consider the series

oo
Z Gy, COS NI (1)
n=1

and denote by f(x) the sum of this series.
Definition [2]. The sequence of numbers {a,,} is said to be general monotone, or {a,} € GM S, if the relation

2n—1

Z lak — ag+1] < Clay|

k=n

holds for all n > 1, where the constant C' is independent of n.

The set of all numerical sequences {a,} such that a, | 0, n — oo, is denoted by MS. It is known that
MS C GMS.
We give the following well-known theorem of Hardy-Littlewood
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Theorem A [2]. Let {a,} € MS. A necessary and sufficient condition that the function f(z) € L,

1 < g < 400, is that
400

Z ni 2. al < +o0.

n=1
In 1982 this theorem was generalized by M.F.Timan [1] for the spaces Lqp(Lq).

Theorem B. Let ¢(t) satisfies conditions a)-c) and f(x) € L; is an even function with Fourier series
—+oo
> apcosnz, where {a,} € MS. A necessary and sufficient condition that the function f € L,¢(L,) for
n=1

some p > 1, is that
+oo
> " ahp(n) < oo,
n=1

In 2007 S.Tikhonov [2]| proved the following theorem.
Theorem C. Let {a,} be a positive sequence and {a,} € GMS. A necessary and sufficient condition that
the function f should belong to Ly, 1 < ¢ < 400, is that inequality

+oo
Z ni=?.al < +oo

n=1

holds.

Our main goal is to prove the theorem of Hardy and Littlewood for the Fourier series of a function
f € Lgp(Ly), the coefficients are generally monotonous.

To obtain the main result we need the following Lemma.

+0o0o
Lemma. Let f(z) = > a,cosnz, where positive sequence {a,} € GMS and for some ¢, 1 < g < +00
n=1

+oo
i 9=2 . 44
converges the series > n al.

n=1
Then, the following inequality holds
1
. —+o0 q
En(f)g <C |antn#0)"Ta + [ YT k%0l ) | ,n=1,2,..
k=n-+1
Proof. From the properties of the best approximation and norms, we have
En(f)g S =SulBllg = [1f = Sn(f) + an - Dn(-) —an - Dn(')”q <
< Hf_Sn(f)"‘an'Dn(')”q"‘an ||Dn(')||q7 (2)
n
where S,,(f) is the partial sum of series (1), D,,(x) = Y coskz is the Dirichlet kernel.
k=1
For the Dirichlet kernel is known the following inequality [2]
1
IDn()l, < C-n' 7. 3)

To estimate the first term in (2) we use the theorem C. Because the sequence of coefficients of the series

+o00
f(l‘) - Sn(f)(w) + an - Dn(-%‘) = Zbk -coskx
k=1

belongs to GM S. Indeed, for
b { an, k=1,..,n;
k =

ag, k=n+1,...
we have
2m—1
Z |br, — br+1] =0< C by, at 2m —1 < n;
k=m

44 Becrouk Kaparanmauackoro yHuBepcuTeTa



Hardy-Littlewood theorem for series with general...

2m—1 2m—1

Z |br, — brt1] = Z lar, — ag+1] < C-ap =C by, at m > n.
k=m k=m
If m < n < 2m — 1, then we assume that b, = a,, kK =m,....m+sand by =ap, k=m+s+1,...,2m — 1,
where s is natural number. Then
2m—1 m—+s—1 2m—1
Dok =bipal= Y bk =il + D bk —benr| =
k=m k=m k=m+s
2m—1 2(m+s)—1
= Z lag — ary1| < Z lar — apy1| S C - amys < C - by
k=m-++s k=m+s
Therefore, by theorem C
1
n o0 q
If = Su(f) + an- Du()ll, < C (azqu2+ > M) <
k=1 k=n+1
1
1 e *
<Chap(n+1)77+ ( > aZ~kq2> . (4)
k=n-+1

Now, using inequalities (3) and (4), from (2) we have

1
+o0 q
En(f)g <C lan(n+1)'"7 + ( > kq—2~ag> n=12 .

k=n-+1

This completes the proof of Lemma.

Now we prove the main result:
Theorem. Let the function o(t) satisfies the ¢onditions a)-c), and f(z) € Ly is an even function with Fourier

—+oo
series Y ay cosnz, where {a,} is positive sequence, and {a,} € GMS.

n=1

A necessary and sufficient conditionthat the function f should belong to L,p(L,), ¢ > 1, is that

+0o0
Z n? 2. ad - p(n) < 4oo. (5)

n=2

Proof. Suppose inequality  (5) holds. Then, from the properties of the function ¢(t) converges also following

“+ o0
E ni=2%.ql.
n=2

So, by theorem 4.2 of [2] f € L,. Then applying the Lemma, the inequality of Hardy [1] and the properties
of the function ¢(t), we have for 1 < pg < ¢ < +o0:

series

q

+oco L +oo . . +oo %
Do p(n) B (f)py <C -3 nro " p(n) - |an(n+1)" 70 + ( > k) <
n=1 n=1

k=n+1

IN

+o0 v . +o00o . 400 %
<C- an,g ~(n) - aflnq(k%) +C- z:nﬁf2 ~o(n) ( Z kpo—2. a’,;°>
n=1 n=1

k=n+1

IN

+o0 too ) . p .
co ot sy Eor D woto)
n=1 el

k=n-+1
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.

<C- an 2. aq +C- ZTLPO (n.aflo(pz%o(n).npo—2>p0 <

<C- an2 alp(n) < 4oo.

Hence by theorem 3.3 of [1] we have

/0 @) o (@))% de < +oo.

Now let us prove the opposite. Let f(z) € Lyp(L,). Then by theorem 13.1 of [3; 54] we have

/ @) o (@) de = / ) o (1)) dt < +oo,
0 0

where f* — is non-increasing rearrangement of f.

Let
/f Ydu and fao(z /f1 Ydu, for z'€ (0,7):

Also for x € (0,7) we denote
/ ff(w)du and f4(z / fa(u

< 7, the following inequality is satisfied

In [4] proved that for ;i <2 <
fa(2) 2 | fo(2)| 2 fa(E)2"25 Z a.
(5]
Next, arguing as in [4], we have
q
+o0 foo 2
Don Tt aigm) <€) nt o) | U Y a | =
n=1 n=1 k:[%}
q
“+o0 n “+o0
=C-Y o) [ D an| <C-Y 0P 7p(n)  min_ (fa(@)’ <
D S84y

i

S0 S s ™D [ (2 s

TN
> /“ (27 (2) s
(g </ fa(u du) do =
—C x—%(g (O </ £t dt)du) da <
<C Wx‘(l(/oz(/ou@(Df*(t)dt)‘i‘)qda:g

du) dx

<o (LU @ rom) )
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o (e [ ([ G )
< C/Oﬂ <x‘1+3 /Om pi (%) f*(t)dt)q ‘i—x -
c[ (i/w @ f*(t)dt)qugc./o%(j) () de <

<c. / ") 0 ((F(6)") di < oo,

This completes the proof of Theorem.
Remark. The proved Theorem is extension of the Theorem B. Also, at ¢(t) = 1 the Theorem C follows from
the proved Theorem.
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C.Bitimxan

2Kannbel MOHOTOHABI KO3 UIMEeHTTI KaTapJjap YIIiH
Xapau-JIuTTiBy1 TeopeMachl

Maxkasaza 2Kaambl MOHOTOHIBL . KOIMMUIHEHTTI TPUTOHOMETPHUSIILIK, KaTapaap 3eprresai. CorbiMen Gipre
Lqop(Lg) kenicriri kapacTeippuigpl. Hepbec xarmaiina ¢(t) = 1 6omranga Lgp(Lg) xenicriri Lg Kenicri-
rimen Gerrecesi. MoHOTOHABI KO3IMMUANUEHTTI TPUTOHOMETPUSIIBIK, KaTapsap yIniH Xapau MeH JIuTTiasyn
TeopeMachl Kakchl Oesrisi. CoHaii-ak TeoOpeMaHbIH OPTYPJIl KaanbLiaMaiapbl ga 6esrimi. 1982 k. ocbr
reopemanbl M.@. TuMan Lqp(Lg) xenicriri ymin xanubutaast, an 2007 xk. C.Tuxonos Xapau-JIurriasysn
TEOPEMAaChIH KAJIIbI MOHOTOHbI KO3 MUIMEHTTI TPUIOHOMETPHAJIBIK, KaTapJap YIIiH Jpiesgeni. By xy-
mbicta Xapau-JInTrisy reopemacen f € Lgp(Lg) dynknmsaconbm koadbGunmenTTepi Kaambl MOHOTOHBI
6ostaTbiH Pypbe KaTapsiapb! yiIiH xajnbuiansl. ConpiMeH 6ipre f € Ly GYyHKIMACHIHBIH €H, XKaKChI 2Ky bIK-
TaybIHBIH JKOFAPbIIaH HaraayblH OHBIH 2KaJIIbl MOHOTOH/bI 6onareiH Pypbe K0ddduUIMEHTTEP] APKBLIBI
AJTBIH/IBL.

Kiam co30ep: TPUTOHOMETPHUSAIIBIK, KaTapaap, Xap/an-J[MTTIBy ] TeopeMachl, 2KaIbl MOHOTOH/IBI Ti30eKTep,
KUHAKTHLIBIK, Pypbe KoapdurmenTrepi.
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C.Butumxan

Teopema Xapau-JIuTTiaByna ajiss psgaoB ¢ 0000IIEHHO-
MOHOTOHHBIMU KO3 PUIMeHTaMu

B crarbe ncciiejoBaHbl TPUTOHOMETPUYECKHUE Psiibl ¢ 0O0DIIEHHO-MOHOTOHHBIMU KO3d burmenramu. Takxke
paccmorpero npoctpascTBo Lqp(Lg). B wactaocrn, xorma ¢(t) = 1, npocrpancrso Lqp(Lg) coBnagaer ¢
L,. Xoporio n3BectHa TeopeMa Xapau u JIUTTIByZa O TPUTOHOMETPHYECKUX PsIaX C MOHOTOHHBIMU KO-
sadbdunmrentamu. Takrke n3BeCTHBI pa3andHble 00001IeHNs 310N TeopeMmbl. B 1982 r. M.®.Tuman o600
9Ty TeopeMy Juist npocrpascTBa Lqp(Lg), a B 2007 r. C. Tuxonos nokasas Teopemy Xapau-JIuTTiByia s
TPUTOHOMETPUIECKUX PsIJIOB C 000OIIEHHO-MOHOTOHHBIMU Koddduimentamu. B manHoi pabore 0000mmin
reopemy Xapau-JIlurrasyna qys pagos @ypowe bdyuxkuun f € Lyp(Lg) ¢ 06061IeHHO-MOHOTOHHBIMA KO-
dunmenramu. Tak>Kke HoJIydeHa BepXHsisl OLEHKA HAWJIydIlero npubsmkenus: dyHkiun f € L, depes3 eé
K03ddurmeHTsr Pyphe, KOTOPBIE SBIISIIOTCS 0000IIEHHO-MOHOTOHHBIMH.

Kmouesvie ca06a: TPUTOHOMETPUIECKHUE PsIIbI, TeopeMa Xapau-JIuTTiaByma, 06001MeHHO-MOHOTOHHBIE IO~
CJIEJOBATEILHOCTH, CXOJUMOCTD, KO3hd duiuenTor Pypbe.
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