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Boundary value problem for a system of partial differential equations
with the Dzhrbashyan—Nersesyan fractional differentiation operators

A boundary value problem in a rectangular domain for a system of partial differential e(*at
Dzhrbashyan—Nersesyan fractional differentiation operators with constant coefficients is st
when the matrix coefficients of the system have complex eigenvalues. Existence and uniquenessheo

the solution to the boundary value problem under study are proved. The solution is ¢ plicitly
in terms of the Wright function of the matrix argument.
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Introduction

Consider the system of differential equations
LU(.’B’y) = Dézo,al,...,ak}u(w,y) _I_AD{ﬂmﬁl . m Y) = Bu(az,y) + f(x,y)7 (1)

in the domain Q@ = {(z,y) : 0 <z <a, 0 <g< b}, ayb < 60, where Dégo’al’“"ak} and Défaﬂl"“’ﬂm}

are the Dzhrbashyan—Nersesyan fractional differe ion operators [1] of orders a = Y~ a; —1 > 0 and
i=0

Y (Z:(L_k7j :O’m); f(l‘,y) = |’f1(x7y)7"'7fn($’y)||

and desired n-dimensional vectors, respectively, A and

es of order n.

m
B =3 Bi—1>0, respectivly, a, 5;
i=0
and u(z,y) = ||ui(x,y), ..., un(z,y,
B are given constant real sq

The Dzhrbashyan—Nerse

k

Z’Yi_1>0>7ie(071] k):
i=0

relation [1]

onal differentiation operator Dézo’vl"“’%} of the order v =

associated with the sequence {v0,71, ..., 7%}, is determined by the

Doy (1) = DY DgEt LD D (1),

where D, isghe ann-Liouville fractional integro-differentiation operator [2; 9.
07717"'7’716}
t

was introduced in [1], where the form of the initial conditions for the
. erential equations with such an operator, and the Cauchy problem was studied. The
Dzhrba Nersesyan operator generalizes a number of definitions of fractional derivatives, including
the Riemann—Liouville and Gerasimov—Caputo derivatives.

A review of works related to the study of the equation (1) with Riemann-Liouville and Gerasimov—

Caputo derivatives, including in the scalar case n = 1, can be found in [3] and [4].

Equations of the order not higher than one containing operators of the form Dézom’”"%} are studied

in [5-10]. In [5], for a linear partial differential equation of fractional order with many independent
variables a fundamental solution is constructed and a boundary problem is solved.

*Corresponding author.
E-mail: mamchuev@rambler.ru
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In papers [6], [7], boundary value problems in a rectangular domain for first-order partial differential
equations with variable coefficients are studied. In papers [8] and [9], a boundary value problem with an
integral condition and a boundary value problem in a rectangle, respectively, are studied for equations
with constant coefficients. The study [10] considers an equation containing the Dzhrbashyan—Nersesyan
operators in two independent variables, and in one of the variables the equation includes a linear
combination of two Dzhrbashyan—Nersesyan operators, the orders of which are associated with the
sequences {«, 3} and {7,d}. The question of the influence of the distribution of the values of these
parameters on the setting of the initial conditions is studied.

We also note the papers [11, 12] where the unique solvability of initial problems for some glasses of
linear equations with operator coefficients in the Banach spaces are studied.

In papers [3], [4], [13-15], boundary value problems in rectangular domains and th
for systems with sign-definite eigenvalues of matrix coefficients in the main p&t
Liouville partial derivatives whose the order does not exceed one, are considered. F‘or%6 , the
situation with the formulation of boundary value problems is similar to the case©f a si quation. In
this paper, we extend the class of such systems to include systems with eig s of the coefficients
of the main part lying in some corner of the complex plane, and with mere general Dzhrbashyan—
Nersesyan operators of fractional differentiation.

1 Auziliary assertions

4
The Riemann-Liouville fractional integro-differentiation ow , of order v is defined as follows

2; 9]:

D0(y) = 5 v <0,
for v > 0 the operator Dy, can be determined b ve relation

: d .,
Dayg(y) Q ) gy P Yly), v=>0.
The following series Q
\ :
s

z
_ > —1, eC
2 K (pk + ) © a
=0
defines the Wrigh ion , [17] which depends on two parameters p and p.

The followingyrelagion holds [4]
1
(P11 2)| ,_g = w7~
GRS ()
, 1 € R, then the following estimate is valid [18]

6(=8, i —2)| < Cexp (=al2|77) (3)

where C' = C(8, u,0) and

B 1-—
o < (1—pB)BT7 cos Trg;’ 0<|argz| < .
Under the condition 15
Be(0,1), 0<|arg)| < —+—, 4)

2
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the inequality
|y (=B, s —Awy P < Ca Py e >0,y >0, (5)

holds [18], where C' = C(u,3,60,X), 0 >0 for p #0,—1,—-2,..., and § > —1 for p =0,—1,-2,....
The following differentiation formula is valid [17]:

d

Let 8 € (0,1), u,v € R, and the inequality (4) holds, then the formula [18]

Dy o (=B =My P) =y (=B — vi =y ) (7)
is true. By (7), we have \

Dé;g,...,ﬁj}yu—l(b(_ﬁ’u; —/\y_ﬂ) — yﬂ_ﬂjqﬁ( /6’7Iu Hj + 1 _)\% (8)
where p1; = Z Yi- é

Formulas (6) (8) give the equality
L 4

J
(88 + ADS )y“1¢<—ﬁ,u, Ay~ ﬂ)\ >ov-l<t. (9)
i=0

K3

—
DO

) and (3), one can show that the equality

[e.o]

/tnfb(—ﬂ,u; —At)dt =

0

n=0,1,... (10)

holds under the condition (4).

For A\ = 1, the equality (10) Wne m [19].
\ 2 Special solutions

2.1 Wright matriz function

In papers [3]g[4] the @matrix function was defined
Ak
s 1 ; > —1, eC
0 Hopid Z Rk + )" 7 g
% g properties were established.

atrix A be reduced with the help of the matrix H to the Jordan normal form J(A), i
A=HJNH™,

where J(A) = diag[Ji (A1), ..., Jp(Ap)] is the quasidiagonal matrix with cells of the form

A 1 0
Ao ... 0

Jk = Jk()‘k) = 0 . : ) k= ]-7 - Dy
Ak
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A1, ..., Ap are the eigenvalues of the matrix A, Ji(A\r) are the square matrices of order ry + 1,
P

> 1k + p = n. Then the function ¢(p, u; Az) can be represented as

k=1
Sps 113 Az) = Ho(p, pis J(N)2)H ™Y, (11)
where
o(p, s J(X)z) = diag[o(p, p; Jl(/\l)z)a s 0P, 115 Jp(Ap)2)];
¢2,M(/\kz) ba(Akz) / (1)%2)
S (ps 115 T (Me)2) = s G i ) :
0 o ¢
¢2,M()\kz) \\
pu(Az) = i,—mqﬁ(p,u; Az) = ﬁ<b(p,u + pm; Az 6
' o™ m!
2. Using the representation (11) and equality (2), we obtain
¢(p, j1; Az)| ! @ (12)
0 = Iy A
where [ is the identity matrix of order n. \
3. The following differentiation formula is valid

_¢(p7 s AZ)

Further, we assume that all eigenvalues Ay, ...

1- —
0 < Jargly| < TIBTI', 1, (14)
Due to the relations (2), (3), (7), (10), the following properties proved in [3], [4] remain
valid under the condition (1
4. Due to (7) and (11), for 1), v € R, we have
DS OB B i —Ary P =y (=B, — v —ATyF). (15)

From (15) it follo

j
Yo(—B, i — Aty ™) =y (=B p — i+ L —Ary ), = v (16)

alities (13), (15) and (16) imply the equality
J
( 9 4 apfgns ) NGB —Ary ) =0, B=3 p-1<1 an)
=0

6. By virtue of (10) and (11) it follows

[ - ;—Az zz; -1
O/¢( s~ Az = oo AT (18)
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7. Let A(z,y) be the matrix with entries a;;(z,y). By |A(z,y)|« we denote a scalar function taking
the maximum absolute value of entries of the matrix A(z,y) for each (z,y), ie., |A(z,y)l =
max |a;;(x,y)|. Likewise, for a vector b(x,y) with components b;(z,y), we set |b(x, y)|« = max |b;(x, y)|.

] i

From the estimate (5) it follows that
" o=, v —Ary )| < O 0y T >0,y >0, (19)

where 8 € (0,1) and > 0 for v #0,—1,—-2,...; and § > —1 for v =0,—1, -2, ....
8. Formulas (3) and (11) yields the estimate

[0(=6.c:~A2)]. < Coxp (o2 75) . z>0. (20)
5
where 0 € (0,1), e e R, 0 < (1 — 5)5ﬁ)\6_5, Ao = 121121 {INil}s A1, Ap are Nalues of the
<i<p
matrix A.
2.2 Properties of the function @ZE(QE, y@
In 3], the following function is defined .
we) = [t o0 —ra N — AryP)ar. e1)
0
The estimates (3) and (5) imply the convergeflge of the thtegral (21) for any u,v € R, and 2% + 52 # 0.

The following assertions are true.
Lemma 2.1. For all u,v € R the following equalities hold:

D§, @ o 5 (a,y), a+p>0, (22)

) = (2,y), B+ >0 (23)

ormulas (7), (15), (21).

ities
+1 g
il

R (Qj’y) = (I)Z,ﬁu] (‘/L‘a y)a o+ i > Oa wj = Zsia (24)

=0

{80,...,0;} —vj+1 d

Dy, RN (w,y) = ORI (wyy), B4y >0, =) 4 (25)

=0

Lemma 2.2. The estimate

o1, y)

) < Cfxa—i-,u—ae—1yu—i-B9—17 = [91702) (26)

holds for all z € [0;z¢], where 6; = { (1)’ _Z i go’ Oy = { ;’ Z# 8’ No = {0,1,2,...}, and the
-4 0 ) =Y,

constant C depends on zg.
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The validity of Lemma 2.2, under the condition (14), follows from the formulas (3) and (19),
similarly to the case when all eigenvalues of the matrix A are positive [3].

k1 mi
Lemma 2.3. Let AB = BA, Y e;=a+1, Y ;= +1, then the following equality holds:

=0 =0
(D{Eo,...,ekl} + AD{(SQ,...,(Sml} - B) @lu’y (;1} ) _ xﬂ_lyll—ll (27)
0 0y s O T TN w)
Proof. Let us denote
Wiz, ) = 2" L p(—a, s —Ta™), WGy, ) =y’ (=B, v —Ary P
L 2
Using the fact that due to (9) \
D{ao,,..,skl} + 3 - B eB'rhu(x 7_) -0
Ox or a\") ’
the integration by parts formula and relations (2), (3), (12) and (20), W Stal
Dty = [ DLW g g 0. 7)ar =
0
i1y 3 9
=— ]+ B®"" —hj dr. 2
F(M)F(V) + a,ﬁ(xa y) + (117, T) or ﬁ(yaT) T ( 8)
0
By virtue of (25), we get
Dl " i@, ) Dy by, 7). (29)

0
By (28) and (29), taking intc% e equality

0
DéZO,...,(;ml} + E — B) eBTh,E(Z,h 7—) - O?

which follows froma, ( we get (27). Lemma 2.3 is proven.

C ‘@ nvalues Ai, ..., A, of the matrix A satisfy the condition (14). We formulate a boundary

value problem for the system (1).
Problem 3.1. Find a solution u(x,y) of system (1) with the boundary conditions

8 Problem statement and main theorem

lim Doty — o), 0<i<k—1, 0<y<b, (30)
T—

lim Déﬂo’ﬁl"“’ﬁj}u =vYi(z), 0<j<m-1, 0<uz<a, (31)
y—0 Y

where ¢;(y) and 1j(x) are given n-vectors functions.
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A regular solution of system (1) in the domain 2 is defined as a vector function u(x,y) satisfying
at all points (z,y) €  the system (1) and the inclusions

Dphu, Dl e €(); (32

Doty e c@U{z =0}), DI Muec@uiy=0),

33
u, 2D e @) N L), (i=0k—1,j=0,m—1); (%)

5} {Ozo,...7 }
%D(]w

215y Ou(z, y) € C(Q), for some € > 0 and § > 0.
We accept the following notation:

J k L 3
W=D ap =) 0 = ZO‘P’ V’_Zﬁp’ ﬂi:zﬂp’ v
p=0 p=j =

p=0
Theorem 3.1. Let AB = BA, all eigenvalues A, ..., A, of the matrix A @condlmon (14),

ag + oy > 1, Bo+ B > 1,
@

—

0i(y) = Do, @5 (), ¥y i), v ek

34

n; > 0, pj>rIlaz><{,uj_|_1§,1—/B%}7 (34)
Vi(y) = Dok (x), !

& >0, 0; > max {1/ (35)

f(@,y) = Do Do, f*( (36)

oc>1—a, p

whereinto ¢ < min{ag, oy + &, 0 + &, u}, 0, Pi + M, p + n,v}. Then there exists a unique
regular solution to problem (1), (30), (31) m, Q2. The solution has the form

u(z, ) = ég’“’ak*l""’aﬁl}(}(m, y — 8)p;(s)ds+

m—1 % iy
n m®6¢+1}G(x — t,y) Ay (t)dt + //G(m —t,y — s)f(t,s)dtds, (37)

0 0

where
0,0
G(x,y) = (I)aﬁ(xay)'
we put
oi=0=p=ay, pi=p=v=P0, §G=n={=n=1,

then € < ap, 0 < Pp, and the conditions (34)—(36) will take the form

2i(W) = D303, @) y' P (y) € CL0,1), 38)
Bo > max {f — *HE=F 1~ B}, j=0k-2

$i(y) = Do, v (x),  f (@), '~ %n_1(x) € C[0,d],
—5°+%’"—1a, 1-— ak} , 1=0,m—2;

Qg > max {a — (39)
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f@.y) = Do Do, f*(x,y),  [*(2,y) € C(Q). (40)
Remark 3.2. In the case of a system with Riemann-Liouville derivatives, i.e., when k = m = 1,

Dégo’l} = Dy?, Dégo’l} = Dg;, the conditions (38)—(40) will take the form

v Pp0(y) € L0, 2Ty (x) € Cl0,a],  f(z,y) = Do D) f¥(wy),  f*(x,y) € C(Q).

The solution has the form

u(z,y) = /G(x, y— 8)po(s)ds + /G(x —t,y) Ao (t)dt+
0 0

Yy x
—i—O/O/G(a:—t,y—s)f(t,s)dtds.

Remark 3.3. In the case of a system with Gerasimov—Caputo derivati
D(-{ngc’al} = 0oy » Dé;’ﬁl} = 365;, the conditions (38)—(40) will take the f

poly) € C[0,0],  Wo(x) € C[0,a],  f(z,y) = Doy Dy, f* (@ y)f*(z,y) € C(Q).

4 0
The solution has the form \
y
u(z,y) = /Dg‘;_lG(a;,y — 8)po(s) g; Gz —t,y) Ao (t)dt+
0
Yy x

—i—/ x —t,y —s)f(t,s)dtds.
0
eno

In what follows, for brevity, w

’&w DG,y — 8)gi(s)ds,
0

v (2,y) = / DI Gl — ) Agi(t)dt,

T

0
y
uf(a:,y)://G(w—t,y—s)f(t,s)dsdt.
00

3.1 Representation of solutions

Lemma 3.1. Every regular solution u(z,y) to problem (1), (30), (31) in © can be represented in
the form (37).

Proof. Let u(x,y) be a solution to problem (1), (30), (31), and matrix V = V(x — ¢,y — s) be a
solution to the equation

L'V = Digk k=t 0oly o plfmfmfoly 4 — VB 41, (41)
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satisfying the conditions

lim D0k k=10 g ] < <k, (42)
t—z

lim DBy — 0, 1< <m, (43)
5=y

where [ is the identity matrix.
Lemmas 2.2 and 2.3 show that V(z — ¢,y — s) = @ilﬁ(x —t,y — s) is the solution to the problem
(41)—(43). From (22) and (23) we see that

We have the following formula [20] ’\\
/[h(l',t)Détao’al"”’am} ( ) D{ozm,am 1y ,ozo}h {%
0

—ZD{am’am TyeeesQm4-1— z}h l’ t D{Oéo, 1yeeey @ (45)
=1

By (1) and (41) we get

V(z —t,y—s)Lu(t,s) — L'V (x — t,y — s) = —t sy —8)f(t,s) —ul(t,s),

or

(VDéfzo,...,ak}u _ Dittxk,.‘.,ao}v . u) + mby — Défm""’BO}VA . u) =Vf—u.

Integrating the last equality, taking into a&ount the formula (45), we obtain

/ /yVm—ty—s) (t,s)dsdt—
00

71, SOk 1— z}V (z y—S)D{ao’al’ SOk—i } ult, 8)‘ OdS_
t=

D;fm,ﬁmfl,...,ﬂnﬂ_l_j}v(w o t, y)ADéEOngly.n,ﬂm—j}u(t, 8)

Yy
dt. 46
0 (46)

Therefofe entiating (46) with respect to z and with respect to y, taking into account (30), (31),
(44), and then changing the order of summation, we get (37). Lemma 3.1 is proved.

3.2 Properties of the fundamental solution
Lemma 3.2. |3] Let AB = BA, then the equality
(Dg‘x +ADj, — B) G(z,y) =0 (47)

holds.
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Lemma 3.3. Let the vectors v;(z) (i = 0,k — 1), and ¢;(y) (j = 0,m — 1), satisfy the conditions
of Theorem 3.1, then the relations

lim D{Ol07 ,Olz}u (x, — { ’ ) '7 ) >e> 0’ 48
v—=0 07 ¢;(:9) 0ily), i=4j, " "7 (48)
. {,BOwa‘} 07 i 7é j7
lim D Ty (2,y) = L, x> e >0, 49
y—0 0 % (@) { Vi(y), i=J, (49)
. {Bo--1B5} _
él_r)r%) Doy0 g, (2,y) =0, x>e>0, (50)

. {ag,...,c; } .
ilg(l) Dy’ uy, (z,y) =0, y>e>0, . (51)
hold, where the limits (48) and (51) are uniform on any closed subset (0;b), and t\ 49) and

(50) on any closed subset (0;a).
Proof. Using (22), we write

y
1—7ij41,0 K
ulpj (xu y) = /q)a,ﬁﬂ]+1 (.’L', Yy — S)QOJ(S)
0
By virtue of the formula (24) and the estimate (26), we obta\
+ .

Dé:o"“’ai}q)i’_ﬁﬂjﬂ’o(:v, y

1—fj41+1—p4,0
¢a76ﬂ]+1 Hi (x7y)

*

Let ¢ < j, then, taking into account the fact that
6 € (0,1), such that
i

L+ o — fijp1 — pigo

By virtue of the last rela gf“ or 7 < j, we obtain

Yy
Dy y) = / o 0 gy §)p(s)ds € C(QU {z = 0}), (52)
0
lim D0y (2, y) = 0. (53)
x—0 0z #3 ’

now the case ¢ = j. Taking into account that 1 — fij41 +1 — p; = 1 — a we obtain
y y

Dégo""’aj}u% (x,y) = /@;’_ﬁﬂjﬂﬂ_w’o(x, y— 8)pj(s)ds = /@;’_ﬁa’o(x, y — s)pj(s)ds.
0 0

Hence, in view of the equality [3]

lim [ ®L 0z, — s)g(s)ds = q(y),

z—0
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which under condition (14) is proved using equality (18), we get

lim DOxO’ e}

z—0

up; (z,y) = ¢;j(y). (54)

Fori>jie 1<i<k—1,and 0 <j <k — 2, due to (24) and equality (47) we obtain

Y
DYV (a,) = D [ DGy — shoy()ds =

= Dézj“’ ’al}/ B ADﬂ G(:c,y— s)pj(s)ds = Ii(z,y) — Ia( %y (55)

It follows from the relation a > a; + 1+ ... + a; that there exists , such that
a(l —6) > aj + 1+ ... 4+ a;. Therefore, by the estimate

ap (&Y —5)

_ 0 7 < Cxa—aé—/.bj-+1y[30—1 0
’ *
we get the relations

‘(I)l “;‘-&-1’

L 2
Y
1(z,y) B/ lﬂ”“ (x,y—s)p NQU{:U—O} (56)
0
lin 0. (57)
Let us consider the second term
(L‘ y A/Duﬁ_l DgsG(ZU; Os ()DJ dS = A/ - M]+1:PJ 33 Y — S)<p;(5)d5

In view of the estimate O
@ @ | y)

x,y) converges under the condition {

< Cpd—f— #JHpr —B+B0— 17 = [0 1),

—ab — uj+1>0
— B+ 586 >0,

%<1—9<%, at that
ili)l%b(%y) =0. (58)

By (53); (54), (55), (57) and (58) we get (48).
The relation (49) is proved similarly.
Let us prove the relation (50). Formulas (25) and (26) give the equalities

aS
oy’

N o 1—fii41,p0 1—fiip1,pi—vi+1—
}(I)a,ﬂ#]+1 Py (a:,y) — q)aﬁﬂj-&-l pj—V s(x,y)7 5 — 07 17

and
¢1*Bﬂj+1,Pj*Vi+lfs($’ y) S C$a—a0—ﬂj+1ypj—l/i+,39—s’ s = 0’ 1’ 9 c [0’ 1)

«a, %
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By the last estimate, taking into account that due to p; > 1 — ,, > 1 — ;41 one can choose 0
sufficiently close to 1, so that p; —v; + 860 = pj + Vi1 — 1+ (0 — 1) > 0, we get

Y
DU, (o) = [ @ = s)i(s)ds € C(R Uy = 0)) (59)
0
Yy
gy D0 e ) = [l - g (s)ds € @ U L), (60)
0

nd (0.
Z]}% DQyO,.--, i U/(Pj (.’L’,y) = O, 0 < ) < m— 1. \
The relation (51) is proved similarly. Lemma 3.3 is proved.
Lemma 3.4. The function (37) is a solution (1) satisfying the inclusions
Proof. Using estimates

-1

k-1
‘Q) /‘l‘j-}—l}O(x,y) <C(17a af— /‘J+1 -1 60 1

a7ﬁ
*
k-l
N O e~ W [0, 1),
*
and inequalities o — afl — ,uflll >0, pj — B+ 56 >0, Xz =k —1 we get

D pleonidu, o,/ 88 [P (o s)es(s)ds-
y
—1 iapi—
—A / e, 5" y —s)p;(s)ds € C(Q) N L(Q). (61)

0
By (61) it follows that O
y
}“% (0) = B [ @3y — gy (o)ds—
0

A/¢L—Bﬁj+1,Pj_ﬁ(x7y —8)pi(s)ds € C(QU {z = 0}). (62)

)

mate

‘®1 NJ+17P]*V1( S Cwa—ae—ﬂjJrlypj—Vi-i-ﬁe—l, 0 c [07 1),

z,Y)
*
and the inequality p; + B8, > 1, one can always choose ¢ sufficiently close to 1, so that

pj —vi+ B0 > Bit1+ ...+ B+ (0—-1)8>0,
SO

)
O pifo-id, (2,y) = / LTI (g y )t (s)ds € C() N L(9). (63)
0
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From (63) for i = m — 1 it follows that

o,

Yy
D g, (2, y) = / o 7 (o — )3 (s)ds € C(Q). (64)
0

It can be seen from (62) and (64) that u, (z,y) are solutions of the homogeneous system

D g, (2,y) + ADG g, (2,y) = Bug, (2.9).

The proof for wy, (z,y) is similar.

Let us show that \
z Y 2
urtea) = [ [ @2ty = )50 s)dsa \
s S

system solution (1). In view of

‘q)a M]H’p( ,y)‘ < Oghi+1—ab+o—1 p+ﬁ®

we get
‘D{ao’ g (a, y < Cro e \ B
The inequality o + £ > 1 — ag, implies o —i—f (1= [y and the relations
z vy
DLeo by () = / / o7 1 Mg 1,y s) (1, s)dsdt € C(QU {z = 0}), (65)
00
. {ag,...,a; } _ < i<l
ilg%DOz (r,y)=0, 0<j<k-1. (66)
It follows from (48)—(51) and (66) e boundary conditions (30) and (31) hold.

By the estimate

< O p¥Hi —a0+a—1yp+60—1’

)
*

and inequalities o — p1; —
we get

fijy1+0—1—af > 0, which follow from the inequality o > 1 — ay,

T Y

0 g (a,y) = / / O 7P (x —t,y — ) [ (t, 5)dsdt. (67)
0 0
By
;TD{ao, o5}, up(z,y) SCx0+§+ﬁj+1—1—a0yp+77+,39—1,
*

due to the inequality ¢ > 1 — ay, we obtain

9 {ao.o .
5-Doe” ug(a,y) € C@QNLEQ), 0<j<k-1. (68)
Therefore y
Doy (1, y) = / / BT (x — t,y — 5)[*(t, s)dsdt € C(S). (69)
0 0
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Similarly, we get

T Y

Défo""’ﬂm //(I)"p ,8 x —t,y—s)f*(t,s)dsdt € C(Q). (70)
0 0

By (69) and (70), taking into account Lemma 2.3, we obtain

<Dégo, o} + AD{ﬂm Bm} B) gz, y) =

T Y
:// <Dé$0,...,ak} _I_ADéfo,,,Bm} _B) @ ﬁ( t Y — t 8 \
0 0

[ [t =)
=// Y fr(t,s)dsdt = Dol Dol f*(t, s s
0

L(a)T(p)

0
From (52), (56), (59)—(65), (68)—(70), it follows that (37) satisfies the @\s (32), (33). Lemma 3.4

is proved.
4
3.8 Proof of the main the

Using the estimate (26) and the conditions of T
we obtain the estimates

3.1 omthe functions ¥;(x), ¢;(y) and f(x,y),

zl eyl 5|u¢,] (z,y)]« < Cz®~ EyPitmitBO=0 g (0,1), (71)
x1_6y1_6|u¢’i (az,y)|* < a—a@—l—ai—l—ﬁi—syBG—z'/H_l—l—l—cS’ 0 e (0, 1)7 (72)
m1_5y1_5|u]c(x < —a6’+a+§—5y,80+p+n—5’ = (0; 1). (73)

we get z!7fyl™ 5u% e C(2 to account the inequalities o; + & > €, and the fact that

B0 —vip1+1=p5(0-1) Ndtie to By > 6, by (72) we get x1 =Syl duy, € C’(ﬁ)._lt follows from
(73) and the inequalities ¢S e and p+n > d that the inclusion 2!~y ~%u; € C(Q).
The above together wi mas 3.2, 3.3, and 3.4 proves the existence of a regular solution to the

problem (1), (30 : uniqueness of the solution to the problem follows by Lemma 3.1. Theorem
3.1 is proved.

Considering that o + 1 — uk e, due to ag > ¢, and the fact that p; +n; > ¢, by (71)
Q k
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M.O. Mamuyes

PFA KBFO Koadanbanv, mamemamuka sicone agmomammandopy urncmumymst, Haavuuk, Pecet

xpbamgaa—Hepcecsu 6emnek auddepeHiinaagay omneparopbl 6ap

aepbec TybBIHABLIBI TEHJAEYJIep »KylieciHe apHaJFaH IIETTIK ecel

TikOGYpBIMITHI 06JIBICTA XKYIE€HIH MATPUITAJIBIK KOI(MMOUIMEHTTEP] KYPAeai MEHITKTI MoHAepre ne OoFaH
XKarjaiaa TypakThl Koaddunuentrepi bap xkpbdamsa-Hepcecsin besrnek nuddepeHiaiiay onepaTopbl
Gap nepbec TYBIHIBLIBI TEHJIEYJIIED XKYiieciHe apHaJFaH MIETTIK ecell 3ePTTeJI/Ii. 3ePTTeJIETIH IeTTiK ecenfep-
JiH 1renriMiaig 6ap 60Ty B 2KoHE YKATFBI3IALIK, TeopeMaiapsl g tesaen . [lemiyvm MaTpuaabk apryMeHTTiH,
Paitt dyHKIMACH TYPFBICHIHAH aHBIK TYPJE KYPACTHIPBLIFAH.

Kiam cesdep: nepbec TybIHABLIBI TEHIEYJIED XKyiieci, 6emmek perTi TybHab, [ pbamsta-Hepcecstmonepa-
TOPBI, MIETTIK €Cell, ipreJii memnriM, MaTPUIAJIbIK ApryYMEeHTTiH PailT dyKHIUSICHI.

M.O. Mamayen

Hnemumym npukaadnot mamemamuru u asmomamusayuu KBHI[\RAH, Harvuux, Poccus
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158

c omepaTopamu JIPpoOHOro AudpdepeHInpoBaHUS
Jxpbamsana Hepceegna

Wccnenosana Kpaesas 3aja4a B IIPAMOYTOJIbHQH, 06/1aCcTh Jist JMHEHHON cucTeMbl ypaBHEHU ¢ YaCTHBIMU
oneparopamu Jpobroro nuddepennuposanust MgkpbamsHa-HepcecsiHa ¢ TOCTOSHHBIMEU KO3 PUITHEHTA~
MU B CJIydae, KOTJa MATPUYHbBIE KOI(PDUIUEHTHI CHEIeMBl NMEIOT KOMILIEKCHBIE COOCTBEHHBIE 3HAYEHUSI.
JlokazaHbl T€OPEMbI CyIIECTBOBaHUSA U €IUHCTBEHHOCTH PELICHUs MCCIIeLyeMOil KpaeBoii 3aja4u. Pemenue
IOCTPOEHO B SIBHOM BHUJI€ B TepMHUHaX (GyHKHEN PaiiTa MATpUYHOrO apryMeHTa.

Karoueswie caosa: cucreMa ypaBHEHUMR, C YaCIHBIMY IIPOU3BOHBIMY, IIPOU3BOIHBIE TPOOHOIO MOPSIKA, OIle-

) )
parop [Lxpbamsauna-Hepcecsna, KpaeBag 3ama4da, GyHIaMeHTaIbHOE pertenne, Gyaknus Paiita maTpud-
HOI'O apryMeHTa.
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