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Asymptotic estimations of the solution for a singularly pertufbed
equation with unlimited boundary conditions

The paper studies a two-point boundary value problem with unlimited boundary conditiongyfor ‘aylimear
singularly perturbed differential equation. Asymptotic estimates are given for a linearly indépendent system
of solutions of a homogeneous perturbed equation. Auxiliary, so-called boundary functionSfithe” Cauchy
function are defined. For sufficiently small values of the parameter, estimates for the Cauchy function and
boundary functions are found. An algorithm for constructing the desired solution ef thé“Boundary value
problem has been developed. A theorem on the solvability of a solution te®agboundary value problem
is proved. For sufficiently small values of the parameter, an asymptotic estimate dor the solution of the
inhomogeneous boundary value problem is established. The initial conditiong for the degenerate equation
are determined. The formula is determined; the phenomena of the initial\jump“are studied.

Keywords: two-point boundary value problem, initial jumps, degenerate problem, small parameter, initial
function, boundary functions.

Introduction

Researchers [1-14] have developed efficient asymnptotic methods for singularly perturbed problems.
For sufficiently small values of the paramgter, these methods make it possible to construct uniform
asymptotic approximations. However, for some singularly perturbed two-point boundary value problems
with initial jumps, the choice of an apprfepriate method for constructing asymptotic approximations
without a preliminary study turus outyto be almost impossible. The first studies devoted to the
phenomena of initial jumps Swese the works of Vishik, Lyusternik [15] and Kasymov [16]. In [17-19],
these studies were summarized and comfinued. The jump phenomenon in many real problems of practice
is a significant componentgwhieh 1sitéken into account when building a model of these processes. In this
case, the value of the jumpds the condition for the perturbed problem to be replaced by a degenerate
problem. For exdmple, a newmjiistification for the Painlev paradox, the existence of contrast structures,
and the jump phenemeéfon were established by Neimark and Smirnova [20]. Asymptotic behavior,
jump phenomena“of théysolution of a general two-point perturbed boundary value problem with finite
boundaay conditionswere considered in [21-23]. In these papers, using the formula for solving a two-
pointboundary walue problem for sufficiently small values of the parameter, asymptotic estimates
are established) a theorem on the solvability of a solution to a two-point boundary value problem is
formulated aftd proved, and the phenomena of initial and boundary jumps are revealed.

1 Statement of the problem

The next natural continuation in this direction is the study of the asymptotic behavior of solutions
to perturbed two-point boundary value problems with unlimited boundary conditions. This work is
devoted to the consideration of such problems.
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Consider the following inhomogeneous differential equation:

Ly=cy +A(t)y +B(t)y +C(t)y = F(t) (1)

with unlimited boundary conditions of the form:
/ a9
y(O,E) =a, Yy (078) = ?7 y(175) =as (2)

where € > 0 is a small positive parameter, as # 0, a;, i = 1,2, 3 are known constants, A(t), B(t), C(t),
F(t) are functions defined on the interval [0, 1].

In this paper, based on the analytical representation of the solution to problem (1), tence
and uniqueness of the sought solution is proved. ¢ &

Assume that the following conditions hold:

Cl) A(t), B(t),C(t), F(t) are sufficiently smooth functions defined on the infter b/

C2) A(t) >y =const >0, 0 <t <1,

= _ |%10(0)  y20(0)

08) J = yio(1)  y20(1)

7 0; K
C4) Let a1+%7&0. @

2
2 The fundamental set of solutions to the Nveous perturbed equation

Consider the following homogeneous equation ciated with (1)

Ley(t,e) = ey +

corresponding to the inhomogeneous equation (1).
(3), the following lemma [1] is valid.

or the fundamental system of solutions to equation

Lemma 1. If conditions (C1) a 2 satisfied, then the fundamental set of solutions y;(¢,¢),
i =1,2,3 of (3) in the interval 0 as the following asymptotic representation as ¢ — 0:
v 1 (), i=1,2, j=0,1,2,
t
1 ; . (4)
p| 2 [ ul@)de ) @ yse(®)[L +0(e)], 5=0,1,2,
0
where p(t) =, — AR yio(t), i = 1,2, are solutions of the problem
Loyio(t) = A(t)yzo + B(t)yso + C(B)yio = 0, i =1,2, (5)
with in ditions:
le(O) = ]-7 yIIO(O) = 07 y20(0) = Oa yIZO(O) = 17
Functions ys0(t) has the form
t
yso(t) = (A(0)/A(t))*exp /(B(ﬁ)/A(x))dx # 0. (6)
0
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By applying asymptotic representation (4), for the Wy (¢, €), y2(t, ), y3(t, €)] with sufficiently small
€ we get

t

W(t.e) = e | - / u(w)da | yso() BT ([1 + O(e)] 0, (7)
0

where W (t) is the Wronsky determinant of the fundamental system of solutions y;o(t), i=1,2,3 of
equations (5),(6), and W (t) # 0.

3 Constructing the initial and boundary functions

Also as in previous works [17, 18|, we introduce the initial function ‘\\

W(t,s )
K(t =—2 8
( 7875) W(S’E) ) ( )
determined from the next problem:
L.K(t,s,e) =0, K(s,s,¢)=0, K(s,s¢) =0, ske) =1, (9)

where W (t, s,¢) is the determinant obtained from the Wrenski
with the fundamental set of solutions y (¢, ), y2(t,€), ys(t, €)*
Obviously, the initial function K (¢, s,¢) satisfies equ d initial conditions (9), where the
function K (t,s,e) does not depend on the choicefof soluion fundamental set for equation (3).
Therefore, the initial function for equation (3) exi n be expressed by formula (8) and it is
determined by a unique form.
Let us consider the determinant

s,€) by replacing the third row

10,2) 42(0,¢) y3(0,¢)
'](6) 8) y2(07€) y3(07€) . (10)
yiloe) ya(l,e) wy3(l,e)
Due to asymptotic estimati m ents of determinant (10) has next form € — 0:
vl (0,e) =y Ji=1,2,j=0,1, 5i(1,e) = yio(1) + O(e), i = 1,2, (11)

) = o1 + O], 43(0,) = Zuso(O)(O)[1 + O],

1
n(1,8) = cap |~ [ p@)de | fi(1) + 0]

0
The determinant J(g) taking into account (11) has the following representation as £ — 0
1 _
J(e) = = Znu(0)J(1 + O(e)). (12)

Definition 1. The functions ®,(t,e), i = 1,2,3, are called boundary functions for boundary value
problem (1) and (2), if they satisfy homogeneous equation (3) and boundary conditions

CI>(.j)(O,5): 1, 7=1—-1, 1=1,2, (13)
‘ Oa ;77&2_17@:172737]20717
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1, i=3,

The following theorem is valid.

Theorem 1. If conditions (C1)—(C3) are satisfied, then the boundary functions ®;(t,¢), i = 1,2, 3,
on the interval [0,1] exist, unique and can be expressed by formula:

Ji(t,é—?)

@i(t,é) = J(g) )

i=1,23, (14)

where J;(t,e), i = 1,2,3 is the determinant obtained from J(g) by replacing the i-th row with the
fundamental set of solutions yi(t,¢), ya(t,e), y3(t, ). .

Proof. We seek the boundary functions ®;(t,e), ¢ = 1,2,3 in the next form @yhi isfy) the
condition (13) ‘ . .
(bi(ta 8) = Cllyl(t7 5) + Cz2y2(t7 5) + C?’)y?)(tv 5)7 1=1,2,

where ¢!, cb, ¢ are unknown constants which are defined from the function

boundary condition (13). Obviously, the function (15) depending on on@

(15)

unction satisfies
atisfies the homogeneous
equation (3). By substituting (15) into (13), we obtain

1, k=i—1,i=%
@f(o,a>:{0’ AU (16)
) 11— 1, 1=

With a fixed value i system (16) has a linear a
which determinant is J(g). Then, by meangof (12)
solvable. Solving (16), we have

a sufficiently small € the system (16) is uniquely

ik .
=—, i=1,2,3, 17
T (17)
where J; is the algebraic com e the determinant element J(g), at the intersection of the i —th
row and k—th column. S ti 7) into (16) and comparing the decomposition obtained with the

determinant decompositi
D,(t,e), i=1,2
Consequently, f
functions of the

i(fy¢) by elements i — th row, we get formula (14). Hereby, the functions

e formula (14) satisfy the equation (3) and boundary condition (13).
t,e), i = 1,2,3, are defined on the interval 0 < ¢ < 1, are boundary
d problem (1), (2). The theorem is proved.

Wt s.e) = € Wt s 1_jy30(t)uj(t)ex 1 x)dx
KO8 = i [ i 2 ] He
t
W(s)+0 | e+ Texp é/u(w)dl‘ . 7=0,1,2 (18)

where W (t, s) = yo(s) y20(8)) .

y10(t)  yoo(t
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Proof . We expand W (t, s,€) by the elements of the third column:

W(j)(t, s,€) = ys(s,e)Wis(t,s) — yé(s, e)Was(t, s) + yéj)(t, s)Was(s, e), (19)

where the minors Wis(t,s) (i = 1,2,3) by virtue of (11) as € — 0 can be represented in the form
Wia(t.5,) = w10()955 (1) — vao ()it (1) + O(€). (20)

Was(t,e) = W (t, s) + O(e),

Wis(s,e) = W(s) + O(e)

where T’ (t,s) is determinant obtained from the Wt,s after deleting second \
Then, taking into account estimates (20) and (4), from (19) for the func‘mo W we have
following representation as ¢ — 0

S

1 1
W@@s@—gmpe (MwmeM) < M
4l exp Ysolt
e” (21)
Use (21) and (7) in (8) we obtain esti . Lemma is proved

Lemma 3. Under conditions (C1)—
1,2, 3, the following asymptotic rep1

n the interval for the boundary functions ®;(t,¢), i =
ation holds as ¢ — 0

0
¢
+0 (5+ i—jewp é/u(w)dm)) , (22)
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t
ot 1/()d i =0,1,2
87'6'1"]9 c pix)ax y J=U L4
0

where 7(j)( t) is the determinant obtained from .J by replacing the i — th row with the fundamental set

of solutions y(])( t), y%) (t).
Proof. By spreading Ji(] ) (t,€) the element of the third column and taking into account the estimation (4),

we have
Wy oy L ) gy 1 1-i Y30 (1) 1
Ji7(t€) = ——ys0(0)(0) | I (1) + 40 (0)(0) P M z)dz JK

+0 [e+e*exp | - ,u

i Ys0(t )1 (t)

T (&) = yso(0) | TV () —

(23)
. t
7;2)(0 exp g/u(x)dx
0
Then, using (12) and (23&1, e get (22). Lemma is proved.
structing the solution of the boundary value problem
Theorem 2. (C1)—(C3) are satisfied then for sufficiently small e > 0 boundary value
problem (1), (2) interval |0,1] has a unique solution y(¢,e), which can be presented in the
followinggfor
y(t,€) = () + ZDa(t,e) + azPs(t,e)-
. 1
—®3(t, e E/K (1,s,¢) (s)ds+/K(t,s,5)F(s)ds. (24)
0
Proof. We seek the solution y(t,e) of BVP (1), (2) in the form:
. t
Y(he) = C1D1(E€) + Coda(t, £) + Cybs(h, 2) + g/K (t, 5,2) F(s)ds, (25)
0
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where C;, ¢ =1,2,3, are unknown constants. By directly substituting (25) in (1) we make sure that the
function y(t, ) is defined by formula (25) is a solution of equation (1). For determination C;, i = 1,2,3,
we use (25) in (2). Then we will have:

1
01 = ai, 02 = g, 03 = as — g /K(l,s,&)F(S)dS. (26)

Substituting found values (26) into (25), we obtain (24). From here and from that, the boundary
function ®;(t,e) does not depend on the choice of the fundamental solution system of equatfon (3) it
follows that solutions of the boundary value problem (1), (2) exist, are unique and are expr
formula (25). The theorem is proved.

L 2
Theorem 3. Under conditions (C1)—(C3), for the solution y(t, ) of the boundary&
b

and (2) in the interval [0,1] the following asymptotic estimations hold uniform e t and as
e—0
y(t,e)| < |lar — D1 (t)] + |ag||P2(t K
y(t,2) < || Mn )|+ Jas|
+|as| (exp ( + rnax |F (27)
where C' > 0 are constants independent of ¢ and e, funeti =727(t) satisfy the
degenerate homogeneous equation
Ay By +G(1)y =0 (28)
and boundary conditions
ON=1,  P2(0) =0, (29)
@ (1) =0, &(1)=1.
Proof . In (24) the expre% ,$,€)F(s)ds can be expressed in the next form
[0 o )
— s
,s,stds:—/Kl,s ds+ O(¢e) =
)E(s) (1,5) () ()
0
[0t o FG)
— s
= [ K(1,s)——=d
Jag ) s +0C). (30)
0
— W(t,s)
K(t,s) = = , 31
(19) = S (1)

is an initial function of equation (28), by means of (31) and by variable ¢ satisfies equation (28) and
initial conditions

K(s,s) =0,K'(s,s) =1

and, the function K (t, s) does not depend on the choice of the fundamental set of solution 10 (%), y20(t)
to equation (28). The function
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Dp(t) = ’“_J(t), kE=1,2, (32)

satisfies the degenerate homogeneous equation (28) and the boundary conditions (29).

Consequently, functions (32) are boundary functions of the unknown degenerate problem. The
function ®;(t) does not depend on the choice of the fundamental set of solution yio(t), y2o(t) of
equation (28) too. From (24), and by means of (30),(18), (22), we have

A0 Ji(t) iy oyde | Y|
ylthe) = a1 —==+az o) T E/M( M ) o (0) %

1 t ‘\
/Kls d5+/K Sds—i-O \
A(s)
0 0

Hence, we obtain the desired estimate (27). The theorem is proved.

—CL3

5 Constructing a solution of the unperturbe

Now we formulate a degenerate problem. Let’s conside%che degenerate equation

Loy = A(t)y + B(t) N(t) (34)
In order to select the boundary conditions of theddegetierate problem, we turn to the estimate (27).
In the first approximation, in these estimates, for t
there are constants a; — %, a3 Taking thisji

equation (34) under the conditions:

oundary functions of the degenerate problem,
nt consideration, we construct a solution to

y(0) = y(1) = as. (35)

 (0)’
, the solution g(t) of the boundary value problem (34),

Theorem 4. Under the condltl S
(35) on the interval [0,1] is n be presented in the following form

( 61( ) + a;)@g(t)—

-~

@

1
6 /Kls

? K(t,s) are functions defined in (31), (32).

eorem 3 is carried out similarly to the proof of Theorem 2.

t
(s) —; A F(s)
)ds + O/K(l,s)A(s)ds, (36)

6 About limit transition and initial jump

Theorem 5. Under the conditions (C1)—(C4), for a sufficiently small e > 0 the difference between
solution y(t,e) of BVP (1), (2) and solution %(t) of problem (34), (35) on the interval [0,1] satisfies the
following inequality:

9(t,0) =50 < C [ e eap [ 1 / w(xydz | | . (37)
0
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Proof . We introduce a function u(t,e) = y(t,e) — y(t). The problem (1), (2) have the next form:

Leu(t,e) = —e7" (1), u(0,) = % W (0, ) = % —7(0), u(1,e) = 0. (38)

By applying Theorem 3 to boundary value problem (38), taking into account (37), we obtain the
following inequality:
t

lu(t,e)| < C | e+ exp é/u(az)d:c )

0
which proves the estimation (38).
Thus, from Theorem 5 it follows that ‘
limy(t,e) =7(t), 0 <t <1 (39)
e—0
Now we determine the magnitude of the initial jump. For this, we turn he ate (33). From
(33) taking into account (36), we obtain
limy(0.€) ~7(0) = 2. y(0.2) (40)
im - = — =
8_>0y €)™Y 1(0)° y‘ €

Based on (39) and (40), we conclude, that the solution M singularly perturbed equation
(1) with unlimited boundary conditions (2) has the zero itial jump at point t = 0, which is
one of the features of the studied problem.

Thus, we conclude that the established algorith
problem with unlimited boundary condition to investigate the asymptotic behavior of
the solution of a general boundary value prob unlimited boundary conditions for higher
order linear equations. However, the prop@sed algorithm does not allow to construct the asymptotic
solution of substantially nonlinear boundary\value problems with unlimited boundary conditions that
possess the phenomena of initial j tural direction for further research is the construction
ar singularly perturbed boundary problems with unlimited
mps. Therefore, the study of the asymptotic behavior and
the singularly perturbed boundary problems with unlimited
e phenomena of initial jumps are still relevant, of particular

=

dying the solution of a boundary value

further research
equations with
can be used when

ent of the theory of boundary value problems for ordinary differential
meter at the highest derivatives. The constructed initial approximations
ering various problems of chemical kinetics.

7  Conclusion

nitial and boundary functions for perturbed and unperturbed problems are introduced
and constructed, and their asymptotic estimations are found. Using these functions, we constructed
an analytical representation of the solution to a singularly perturbed boundary value problem (1), (2)
with unlimited boundary conditions. The unperturbed boundary value problem is formulated. The
difference between the solutions of the degenerate and initial boundary value problems is estimated
for sufficiently small € > 0, and thus it is proved that the solution of the perturbed problem tends to
solve the degenerate problem as the small parameter tends to zero. The growth of the derivative with
respect to a small parameter is established. The class of boundary problems with unlimited boundary
conditions with the phenomenon of initial jumps is distinguished.
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The obtained results give the opportunity for further research in the theory of singularly perturbed
boundary value problems, to reduce the boundary value problem (1), (2) to the Cauchy problem
with unbounded initial conditions, which in turn can be considered as the basis for constructing the
asymptotic expansions of some singularly perturbed boundary value problems with unlimited boundary
conditions.
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H. Araxan', K.C. Hypnencos?, K.T. Konricoaesa'

FOr- Dapabu amwindaes. Kasar yammows yrusepcumemi, Aamame, Kazaxeman;
2I. XKancyeipos amwmdaew XKemicy ynusepcumems, Taadwropean, Kasaxcman

CuHryngapJsl aybITKbIFaH nauddepeHnnaaablK, TeHaey YIIiH

meKTe/JIMereH meKapaJiblK IIapTTapbl 6ap eCGHTiH ACIMIITOTUKAJIBIK

30

OaraJjiaysiapbl

Maxkasaga CBIBBIKTHI CHHIYJISIDJIBI ayBITKBIFAH mauddepeHnuaiaplK TeHAey VIINH IIeKTeJIMereH IIeKapa-
JIBIK, IIIAPTTAPbl 6ap €Ki HYKTesi MeKapaJsblK, eCell 3epTTeareH. AybITKbIFal OipTeKTi TeHAey IemiMaepinin
CBIBBIKTBI TOYEJICI3 2Kyiieci YIIIiH acCUMIITOTHKAJBIK Oarasaysnap Oepinren. [lekapasslk dbynknusmtap, Komn
GDYHKIUSICHI JIET aTAJIATHIH KOMEKII (DYHKIUIap aHbIKTa Fad. [lapamMeTpin KeTKiTiKTI a3 MoHIEpi VImiH
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Komm dyukiuscel MeH 1mekapasiblk, GQyHKIUIaApAbIH Oarajiaysiapbl TaObLIFaH. 3€PTTEJETIH IIEKAPAJIBIK,
eCceNTiH KayKeTTi menriMiH Kypy ajaropuTMi KypacTelpeliasl. IllerTik ecenriy menriminig memmiseringiri Ty-
pasel Teopema mpsengesai. [lapamerpain »KeTKiMIKTI a3 MoHAEP] YIMH KApaCTBIPBLIBII OTBHIPFaH OipTEKTI
eMec IIeKapaJIbIK, eCEIITIH, IIeiMi YIIiH aCHMITOTUKAJIBIK, 6arasay 6epiimi. ©3repriiren TeHaeyis 6acrar-
KBl MIapTTaphl aHbIKTAFaH. QopMysia aHBIKTAJIBI, HACTAIIKEI CEKIPIC KYOBLIBICH 36pTTE/INEH.

Kiam cesdep: exi HyKTeJIl MIEKapaJIbIK €Cell, HacTalKbl CEKipic, aybITKBIFAH €Cell, Killli mapaMeTp, 6acTamKbl
bYHKIMS, MIeKapaJIbIK, DYHKIUSIAP.

H. Araxan', K.C. Hypueucos?, K.T. Konucbaesa'

! Kazaxcxut nayuonarvnont ynusepcumem umeny asv-Dapabu, Aamamo, Kasazem
2 XKemmicycruts yrusepcumem umenu M. XKancyeyposa, Tardviwopean, Kasaxc

AcuMnTorndyeckne OIEHKHU PeIleHus] CUHTYJISPHO BQO3 HHOW
KpaeBoil 3a/1a4u C HEOrPAHUYEHHBbIMU I'PAHUYHbIMU BUAMMU

B crarpe mccnenoBana JByxTOdedHasi KpaeBas 33J1a9a C HEOI'DAHHYIEHHBI bl YCJIOBUSIMU J1JIST
JIMHETHOTO CUHTYJISIPHO BO3MYIIEHHOTO A DepeHITnaIbHOTO YPaBHEHVEL. I MIITOTUYECKHUE OIEH-
KM JIJIs1 JIMHEHHO HEe3aBUCHMOM CHUCTEMBI PEIIeHUN OJHOPOJIHOIO BO3MY H, aBHenusi. OnpeesieHbl
BCIIOMOTaTeJIbHBIE, TAK HA3bIBaeMble I'DAHUYHbIE (DYHKINU, cbyﬁm IIpu mocraToyHO MaJIBIX 3HA-
BIX

YeHUAX TapaMeTpa HalIeHbl OleHKHU st pyHKimn Komm u rpa kumit. Pazpaboran amropurm
[IOCTPOEHUSI UCKOMOTI'O PEIIeHUs UCCIeyeMON KPaeBoii 3a/l aHa TeopemMa O Pa3penIuMOCTH pe-
e

o
meHnsl KpaesBoi 3amadu. llpu mocraroyHo MasbIX 3 a yCTaHOBJICHa aCAMIITOTHYECKas
OIleHKa peNIeHHsI pacCMaTPUBaeMOil HEOTHOPOIHOM K aun. ‘OnpenesieHbl HadaJIbHbBIE YCIIOBUS JJIS
BBIPOKIatoIerocs: ypasuenusi. Popmysa onpezeseHa, u BJIEHNH HAYaJ/JIbHOI'O CKAYKa.

paMeTrp, HadaJIbHasA DYHKIWS, TPAHUIHBIE (DYHKITH
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