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1 | INTRODUCTION AND STATEMENT OF PROBLEM

Various problemsof population dynamics, mathematical biology, ecology, management of technical systems, the problem
of physics, andyétc, variational problems related to the regulatory process, the optimal control problem with delay systems
lead to boundary value problems for differential equations with time delay.!?* Periodic and nonlocal problems for the
hyperbolic equations with time delay arise of mathematical modeling of the numerous processes in biology, physics,
chemistry, and mechanics.>132530 To investigate the questions of solvability of these problems’ classes, the methods of
the qualitative theory of differential equations and the theory of oscillations, Riemann's method, numerical-analytical
method, the method of monotone iteration, asymptotic methods, the method of upper and lower solutions and others have
been applied. Based on their results, there have been obtained the solvability conditions for the considered problems and
suggested the ways of finding solutions. Study of qualitative properties of periodic and nonlocal problems for the equations
of hyperbolic type with time delay, as well as the conditions of solvability and finding solutions is associated with many
problems, such as the complexity of considered objects, the impossibility of constructing the analytical solution, the lack
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of universal methods of solving, and difficulties with adaptation of known methods. Note that the periodic problems for
system of hyperbolic equations with finite and infinite time delay are widely applied in various fields. Nevertheless, the
problem of finding effective features of unique solvability of periodic problems for system of hyperbolic equations with
time delay still holds relevant today.

In this paper, we study the questions of existence and uniqueness of periodic solution to the system of hyperbolic
equations with finite time delay. Periodic problems for the system of hyperbolic equations with finite time delay will be
reduced to the family of periodic problems for the system of ordinary differential equations with finite time delay and
the integral equations. We establish a connection between conditions of the solvability to the periodic problem for the
system of hyperbolic equations with finite time delay and the solvability of the family of periodic problems for the system
of ordinary differential equations with finite delay.

So, we consider the following periodic problem for the system of hyperbolic equations of the second order with time
delay on the domain Q, = [—7, T] X [0, @]

2 —

N L CE. B WP L Chull I NG Y LI L. SIS PR G Ny )

otox ox o0x ot

(t,x) e Q=1[0,T] X [0, w],
LD _ giag [‘”‘“””] 0@, zel-r.0. feid @)
ox ox

u(0,x) = u(T,x), x €10, o], 3)
u(t’ 0) = W(t)’ L& [_Ts T]a (4)
where u(t,x) = col(uy(t,x), uy(t,x), ..., u,(t,x)) is unknown function,the (n X n) matrices A(t, x), Ao(t,x), B(t,x), C(t,x)

and n vector-function f{t, x) are continuous on £, the n'Vector-function ¢(t) is continuously differentiable and given on
the initial set [—7,0] such that ¢;(0) = 1,i = 1,n, v > 0iscomstant delay, the n vector-function w(t) is continuously
differentiable on [—7, T], and the compatibility con@ition is valid: y(0) = w(T).
Let
C(Q,, R™) be the space of continuous on 2, veetor functions u(t, x) with the norm

Nullo =Fmax [[ut, 0], [[ut,x)[| = max [u(t, x)|;
(tx)eQ, i=1,n

C([0, w], R™) be a space offcontinuous on [0, w] vector functions ¢(x) with the norm
ll@lloa = max [|pX)][;
x€[0,w]

CY([—z,T], R%) be a space of continuously differentiable on [—z, T] vector functions y(¢) with the norm

[ly[l10 = max( max ||y (]|, max [y (®)]);
te[-7,T] te[~7,T]

Qo ={(Ex) : t=0,0 < x £ w}.

The function u(t,x) € C(L.,R"), that has partial derivatives % € C(Q.,R"), % € C(Q;\Qy,R"), % IS
C(Q:\L, R") is called a classical solution to periodic problems (1) to (4) if it satisfies system (1) for all (¢,x) € Q and the
condition (2) in the initial set [—z, 0], the boundary conditions (3), (4).

Periodic and nonlocal problems for system (1) without delayed argument were researched by numerous authors.
In the monograph,?” the numerical-analytical method is applied to the study of periodic problems for equations and
systems of partial differential equations of hyperbolic type with deviating argument. In Asanova and Dzhumabaev,*! the
well-posedness of the nonlocal problem with integral condition for the system of hyperbolic equations (1) without delayed

argument was investigated. In Dzhumabaev,?? the well-posedness of the nonlocal boundary value problem for the system
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of loaded hyperbolic equations of the second order without delayed argument was studied. In the present paper, the
proposed approach is developed to periodic problem for the system of hyperbolic equations with finite time delay

(1) to (4).

2 | UNIQUE SOLVABILITY OF A FAMILY OF PERIODIC PROBLEMS
FOR SYSTEM OF ORDINARY DIFFERENTIAL EQUATIONS WITH FINITE
DELAY

In this section, the periodic problem is reduced to a family of periodic problems for a system of ordinary differential
equations with finite delay and integral relations. Using the parametrization method,* the sufficient conditions of unique
solvability of the family periodic problems for system of ordinary differential equations with finite delay are'ebtained in
the terms of initial data.

We introduce a new unknown functions v(t,x) = % and w(t,x) = % and reduce problems,(1) to (4) to the
equivalent problem

av;t;x) = A, 0)V(E, X) + Ao (L, X)W — 7, %) + F(t, x, w(t, %), u(t, x)), .Ex) € Q, (5)
v(z,x) = diag[v(0,x)] - ¢(z), z € [-7,0], x & [0,d], (6)
v(0,x) = v(T,x), x € [0, D) (7
X X 0 :
u(t.x) = w() + / w(t, &)de., o ey () B / e, ®)
0 0

where F(t,x, w(t, x), u(t, x)) = B(t, x)w(t, x) + C(t, x)u(t, x) |flt, x).

In problems (5) to (8), the condition u(t, 0) = y(t) is includeddft integral relations (8).

A triple {v(t,x), u(t,x), w(t,x)} of functions is called a solution to problems (5) to (8) if the function v(t,x) belonging
to C(Q,,R™) has a continuous derivative withgespect to ¢ on .\, and satisfies the one-parameter family of periodic
problems for ordinary differential equationswith fifiite delay (5) to (7), where the functions u(t, x) and w(t, x) are connected
with v(t, x) and ? by the integral relations (8);

Let u*(t, x) be a classical solution 6fpériodic problems (1) to (4). Then the triple {v*(¢, x), u*(t, x), w*(t, x) }, where v¥(t, x) =
%, w(t,x) = %, is a solution t@yproblems (5) to (8). Conversely, if a triple {V(t,x), T(t, x), W(t,x)} is a solution to
problems (5) to (8), then (¢, x) 48 a cClassical'solution to periodic problems (1) to (4).

For fixed w(t, x), u(t,x) in,prebléms (5) to (8), it is necessary to find a solution to a one-parameter family of periodic
problems for system Ofiordinary differential equations with finite delay.

Hereby, problems (1) toy(4)¥educe to an equivalent problem, consisting the family of periodic problem for system of
differential equations With finite delay and integral relations.

Considerthe follewingfamily of periodic problems for system of ordinary differential equations with finite delay

ov(t,x)

Franie A(t, x)v(t,x) + Ao(t, x)v(t — 7,Xx) + g(t,x), (t,x) €Q, vER", 9)
v(z,x) = diag[v(0,x)] - (z), z € [-7,0], x € [0,w], (10)
v(0,x) = v(T, x), x € [0, w], (11)

where the n vector function g(t, x) is continuous on Q..

Continuous function v : Q, — R”" that has a continuous derivative with respect to t on Q,\Q, is called a solution
to the family periodic problems with finite delay (9) to (11) if it satisfies system (9) for all (t,x) € Q and has the values
v(0,x), W(T,x) on the lines t = 0, t = T and the equalities (10), (11) are valid for all x € [0, w], respectively.
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For fixed x € [0, w] problems (9) to (11) are a linear periodic problem for the system of ordinary differential equations
with finite delay.”17182° Suppose a variable x is changed on [0, ]; then we obtain a family of periodic problems for

ordinary differential equations with finite delay.
n

n
Let  [JAGELX)| =max Y llay (6,0l < ax),  [[Ao(t,X)]| = max lea?j(t,x)ll < ap(x), where the functions a(x) and ao(x)

i=1,n j=1 i=1,n j=1
are positive and continuous on [0, w].

Further, we apply the parametrization method?? to the family of periodic problems for system of ordinary differential
equations with finite delay (9) to (11).

The scheme of parametrization method. Take the step h = % : Nr=T, IeN,andwemake thepartition of domain
Q. on the following form

IN
(=70 X [0.0] U [0, T) X [0, ] = Ul ~t, 1) X [0.0] rLZJI[tH, tr) % [0g].

where t) =0, —t; = —sh, s = ﬁ tr=rh, r=1IN.
Let C(Q, t,, R™) be the space of systems functions v([t],x) = (v1(£,X), ..., Vin(t, X)), where the function v, : [t._1,t,) X
[0,w] — R" is continuous and uniformly for x € [0, w] has a finite left-hand side limit tlitmovr(t, x), and r = 1,IN with

the norm

[[V([-],0)|l2 = max  sup |[v(£,%)]].
r=LIN t€[t,_;.t,)

Let the function v(¢, x) be a solution to problems (9) to (11). By v, denote,the#estriction of v to the domain Q, = [t,_1, t,) X
[0, w] such thatv, : Q, — R" and v.(t,x) = v(t,x) for all (t,x) € Q, andx = I,T\T By @,(t), s = 1,2, ...,l denote the
restriction of initial function ¢(¢) to the sth interval [—t;_s—1), —t;_s)¢ Then, family of periodic problems (9) to (11) reduces
to an equivalent family of multi-point problems

o, (¢ 1.1
vr;t’ 9 = AL + Ao N — 7. X g0, (G0 € Q. r=TL (12)
avr;i,x) = A(t, x)vr(t, x) +A0(t’x)vr—l(t - T7x) + g(t’x)7 (t’ x) € Qr’ r= l + 1’ lN’ (13)
v5(z, %) = diagv1(0,%)] - @5(2), 2 € [—ti—s-1)» —ti-s), X € [0, @], s= ﬁ, 14)
Vo) = lim vin(6,%), x € [0, 0], 1s)
litmovs(t,x) = Vg1t X), x€[0,w],s=1,IN -1, (16)
S— 1=

where condition (16) is‘€entinuity conditions of solution in the internal lines of partitioning the domain Q.

A solution of probl€ms (12) to (16) is a system functions v([],x) = (V1(t, x), V2(t, X), ..., vn(t, X)) € C (Q t,, RN ) with
functions v,.(t, x) &= ﬁ are continuous on .

[—ti_4hy. —t2,) X10,w], satisty condition (14), and functions v,.(t,x), r = 1,IN, are continuously differentiable on Q,,
satisfy‘ofisystém ofidifferential equations with finite delay (12), (13) and conditions (15), (16). Right-hand side derivative
of function, (¢, x)satisfies to differential equations with delay (12), (13) at the lines ¢ = ;.

By A.(x), deméte the value of v,(t,x) under t = t,_;, r = 1, IN. We replace v,(t, x) by V,(t, x) + 4,(x) in each domain Q,.

Then problems (12) to (16) is equivalent to the problem with unknown functions 4,(x):

% — AL X)) + A (0) + Ao(t, 0diaglen (€ — T)1A100 + g(6,%), a7)
LX) EQ,, r=1,1,
a”’gtt’ ) — A OGHEX) + 400) + Aol X)Fri(t = 7,%) + Ara(0) + (L., (18)

tx)eQ,, r=I1+1IN
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Tjr(tr—lax) = 07 r= 1’ lN7 X E [07 Cl)], (19)
A1(0) = An(x) + tliTH}();lN(t,x), x € [0, w], (20)
As(x) + tlitnloﬁs(t,x) =Au(x), s=1IN-1, xe€]0,w]. (21)

The pair (A*(x), 7*([£].X)), where 4*(x) = (4;(%), ..., A5, (0)) € C([0, ], R™N), and *([1].X) = (B} (t.X), ..., P (LX) €
C(Q, t;,R"™N) is a solution to (17) to (20) if the functions ¥}(¢,x) are continuous on [—t;__1), =) X [0, @], r = 11
continuously differentiable on Q,, r = 1, IN, satisfies the system of differential equations (17), (18) under 4,(x) = 4;(x)
for all (t,x) € Q,, initial conditions (19), conditions (20), (21) for all x € [0, ], and r = 1, IN.

Problems (12) to (16) and (17) to (21) are equivalent in the following sense. If the pair (4*(x)
X)) = (4700, ..., A;‘N(x))’, v([tl.x) = Oj(t,x), ... ,f);‘N(t,x))’ is a solution to (17) to (21), tlgn
VE([E],x) = (4700 +Vj(E, %), 4500 + V5L, %), ..., A () + Vi (£,X)) is a solution to problems (12
the system functions v**([t],x) = (V]*(£,X),V3*(£,X), ... VN, X))’ is a solution to problems (@2) tod(16), then"the pair
(A" (x), 7**([t],x)), where A**(x) = (V}*(fo, X), ;" (1, X), ..., Vi (tiN-1%))',

V(] x) = V778, %) — Vi (Eo, X), V37 (8,%) = V3¥ (81, %), ..., V(5 X) — v;\’;(tw_l,x))’ is a solution to preblems (17) to (21).

In problems (17) to (21), we have the initial conditionsV,(t,_1,x) = 0. This allows us to d ine the unknown functions

from the family of system Volterra integral equations second kind:
at fixed 4,(x) the function v,(¢,x), t € Q,, r = 1,1, determine from equation

t t < ¢
P(t,x) = / A(S, ) [Vr(s, %) + A(x)]ds + / Ao(s,x)G\Ar)ds + / g(s, x)ds, (22)
t t

r—1

tr—l
where ©,(t — 7) = diag[¢,(t — )] is diagonal matrix on dimensio X n);
at fixed A,(x), A,_1(x), ,_i(t — 7, x) the function ¥,(¢,x), t € = 1, IN, determine from equation

t t
P(t,x) = / A(S, %) [Dr(s,x) + A(x)]ds + / (S — 7,%) + Ar—i(x)]ds + + / g(s,x)ds, (23)
t t t

r=1 r=1 r=1

where the pair (4,(x), U,(t, x)), r = 1, I satisfie ) he pair (A,_i(x), Vy_i(t, x)), ¥ = I+1, ..., (N—1) satisfies to equation
)]ds+

t
Vot x) = / A, X)[Vra(8, x
tr—l—l
t
+ Ay
t,

t
/ rQi(s — 7,%) + Ar—2(x)]ds + / g(s,x)ds, t € [ti-1,t-1), x € [0, ]
t,

el r-1-1

Substituting ¥,(z, x) in th nd side (22) and repeating the process v times, and v € N, we obtain the representation
for function ¥,(¢, x)

t7 t’ x) : A‘Y(x) + Evr(ta t7 x) : Al(x) + er(t’ x’g(t’ x)) + Gvr(t’ x’ ﬁr(t’ x))’ t E Qr’ r= 17 l (24)

ng the right-hand side of (23), and substituting the expressions for the previously found functions
Viry (£, %), t € [ligj1, tiej), X € [0,0],i = 0,1, ...,N—2,j=1,2, ..., I, we obtain the representation for functions ¥;;(t, x)
of the following form

ﬁil-{—j(t’ x) = Dv,il+j(t7 t’ x) : A‘ll-{—j(x) + Pi/,ll‘i'j [t7 Ev,il+j(t’ t— iTvx)] : A‘l(x)+

i
k—
+ I;PV’HL [t, H, it t = (k—1)7,%) + Py g j[t, Dy gt £ — kr,x)]] - A=kt (0)+ (25)

i
+ ZPIVCJHJ- [t, Fy 4 i(t,x,8(8, %) + Gy itgj (£, X, Vi—ioy4 (£ — kT,x)] ,
k=0
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te [ti1+j_1,ti1+j),x€ [0,w],i=1,2,...,N— 1,j =12, ... ,l, where

v—1 t S
Dyt t —mz,x) = Z / A(sy —mz,X) ... / A(Skp1 — mt,X)dSyq ... dsq,
t; t;

k=0 il4+j—1 il+j—1

v—1 t
Ap(s1 — mz,x)ds; + Z / A(sy —mr,Xx) ...
=1 /1

il+j-1

t
Hv,il+j(t, t— mT,x) = /
t;

il+j—1

Sk-1 Sk
. / A(sg — mrt,x) / Ao(Ske1 — M7, X)dSp1dS ... dsq,
t, t.

il4j—-1 il4j-1

t v—1 t
Fy 4t x,g(t —mr,x)) = / g(s; — mr,x)ds; + Z / A(s; —mz,x)... &
t, k=1 Y lurj—1 \

il+j-1

Sk-1 S
. / A(Sy — mrt,x) / 8(Sk+1 — M7, X)dSk41dS ... dsy,
t L

il+j-1 il+j-1

t
Gyt (L, X, Vi j (E — M, X)) = / A(sy —mr,X) ... K
Lty j-1
. .o 1s

. / - A(S,_1 — mt,X) / - A(s, — mr,x)f),-lﬂ-(sv‘c)d ds,_
t; t;

il+j-1 il+j—1
t
Py j(t,x, Vo1yg(E — mz, X)) = / Ao(s1 — XMW 1)14 ($1 — Mz, X)ds+
lityj1
m=1

v—1 t Skt
+ A(s — - D7,x)... A s
; / (51 — (m — 1)z, %) (Sk )T, X)X

il+j-1

Sk
X / Ao(Sk41 — (M = D)7, 002014 (Skr1 — MT, X)dSk41dS ... dsi,
t.

il4+j-1

t

Ey it t —mz,x) = @1 —mr,x)®;(s; — (m + D)r)ds; +
t \
/ m
t

v—1
2
k=1

Sk-1
A(sy — mr,x)X

Ligj

il+j—

—m7,X)P;(Sk+1 — (M + 1)7)dsg1dsk ... dsq,

0, 1,1, P, x,y] = y, PA(t,x.y) = Plt,x, Ut x, ],
mits thtmoD”(t’ t,x), tlitlno F, (t,x,Q), tlitmoEV'(t’ x), tlitInO H,,(t,x), it follows from the continuity of
7,0] and A(t, x), Ao(t, x), g(t, x) on Q (thereby also on Q,). Since the function (¢, x) is continuous on

i . u,(t,x), then after determining ¥,(¢t,x) at t = t, by its left-hand side limit, we obtain that its is also

Q, and exists lim
-t

continuous on [t,_1, t,] X [0, w]. From this and the continuity of the A(t, x), Ao(t, x), and ¢(t) it follows that the existence
of limits rlitmo G, (t,x,V), . litm0 P,.(t,x,(t — 7,X)).
Passing to the limit in (24), (25) as t — ¢, — 0, we find

¢ htrnO f)r(ta x) = Dvr(trs ta x);lr(x) + Evr(tr, t’ x)il(x) + er(tr's xa g(t7 x)) + Gvr(tra x, ‘N)r(ts x))a r= 1’ l’
o (26)

lim Of)il+j(t»x) = Dy it4j (bt j» £, %) Aty j 00+

=y~
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i
+ ZPIVCZIL [til+j,Hv,il+j(f, t—(k=1D7,x) + Py g [t, Dy iy (8, = kr,x)]] A=kl (X)+
=1

; . S 27
+ Pv,il+j [til+j9Ev,il+j(t, t— lTsx)] ﬂ'l(x) + ZPV,il+j S [til+jst,il+j(t’ X, g(t’ x))+
k=0

+Gy it (6%, Vit — kT, )|, i=1LN-1, j=1,L

Then, substituting their into (20) and (21) instead of tlitrnof),(t, x), r = 1,IN, and ¥,41(¢, X), respectively, we obtain the

system of equations with respect to functional parameters 4;(x),A2(x), ..., An(x) the following form

N-1
(1= PYIT. Bt t = (N = D201 ) 200 = 3 P [T Huaw (e, £ = (e = D x
k=1

+Pyn[t, Dy n(E, t — kT,x)]] AN-1-ky+1(X) — (I + Dy n(T, t,x) m (28)
N-1
= ZPI‘ZIN [T, Fyun(t,x,8(t — k7,%)) + Gy un(t, X, 1~)(ik)l§1'
k=0
J J j

=—F,;({t;,x,8tx) —G,;(t,t, ﬁ,g,x), j (29)
Pi,il+j [til+j’Ev,il+j(t, t— iT’x)] A1(x) + (I + Dy i1 (tuy 50O = Aty j410%)
i
+ D P [ty Hoe (6, = (k= D7, x j (1= k2, 20]| Ag-iora ()
. (30)
= —ZPIS,HH [t Fuosj (8%, gt = kr, (6%, i (E = ke, )]
k=0
where in (30) the index j = 1,lfori=1,N — 2,and the index j = 1l-1fori=N-1.
System of Equations (28) to (30) write in_th
Ax) = =F,(L,x) - G, (¥, 1, x), (31)
where the (nIN x nIN) matrix 0 sed of coefficients of the unknown parameters 4,(x), r = m of system

(28) to (30), A(x) = (41 (%), 055, Ay0)) € C([0, ], R™),

(Tax)5 F\/l(tlsx)s sz(tZ’x)s ’FV,IN—l(th—lsx))/ € C([O’ CO], RnlN),

~ ~ ~ - ~ ~ ~ ~ !
Goin®, T,x), G (D, 1, %), Goo(3, 12,%), ..., Gy ivo1 (B, tiv-1, %)) € R™,

i
and % x) = ZP'V"”H[IHH, G it (8, X, V(i (E — kT, X))],
k=0

i
Fv,il+j(til+j7x) = Zplé’il+j[til+j7Fv,il+j(t7xag(t - kT,x))L i= 09N - 17 j = 17 L
k=0

If we know ¥([t],x) € C(,1,] R"Ny with components 7,(t,x), then from (31) we find A(x) € C([0,w], R™) with
components 4,(x), and r = 1,IN. Conversely, if we know A(x) € C([0,®],R™Y), then from (22), (23) we can find
¥([t],x) € C(Q,t,,R"N). Since the ¥([¢],x) and A(x) are unknown to find a solution to problems (17) to (21), we use the
iterative method. A pair (4*(x),v*([t],x)) € C([0, ®], R™) x C(Q, t,, R*N), with components (1*(x), V:(t,x)), and r = 1,IN
we determine as limit sequence (A% (x), 7®([1], x)) € C([0, w], R"™) x C(, t,, R*N) with components (A% (), 7¥(t, x)), and
r= m, and k =0, 1, 2, ... by the following algorithm:
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Step 0. (a) We assume that for some v,! € N the matrix Q,(I,x) : R™ — R" invertible for all x € [0, w]. The zero
approximation with respect to functional parameter A9 (x) = (ﬂ(lo)(x), e /lg?(x))’ € C([0, @], R"™N) we define from the
system of linear equations

Q. (L,x)Ax) = —F,(1,x),ie. 19x) = —[Q,(L,x)]"'F,(L x). b) Solving the family of Cauchy problems (17), (19) for
Ar(x) = ﬂio)(x) on Q,, we find v, )(t x), r =1,2, ..., L Further, solving the family of Cauchy problems (18), (19) for A,(x) =
AV (), Araa(x) = A2 (x), and Byt — 7,x) = ““”l(t— 7,x) on Q,, we find ¥ (t,x), r = [+ 1, IN.

Step 1. (a) Replacmg function ¥([¢],x) by VO([t],x) in system (31), we determine AV (x) = (A(l)(x) . /lgll\l)(x))’ €
C([0, ], R"N). (b) From the family of Cauchy problems (17), (19) for 4,(x) = /151)(x) on Q, we find T)(,l)(t, x),r=1,2,...,L
Further, solving the family of Cauchy problems (18), (19) for 4,(x) = Ail)(x), Aroi(x) = Agl_)l(x), andv,_(t—7,x) = i(rl_)l(t—r, X)
on Q,, we find T)(,l)(t,x), r=1+1,IN.

And so on.

Step k. (a) Replacing function v([t],x) by V&~V ([¢],x) in system (31), we determine A®(x) = (Agk)(x), - /lgf])(x))’ €
C([0, ], R"N). (b) From the family of Cauchy problems (17), (19) for 4,(x) = A(k)(x) on Q, we find i(k)(t %), =12, ...,L
Further, solving the family of Cauchy problems (18), (19) for 4,(x) = /l(k)(x) Armi(x) = A(k)l(x), andW,_;(f=¢,x) = N(k)l(t T, x)

onQr,Wefmdv )(t x),r=1+1,IN,k=1,2,.

The method of parametrization divides the process of finding unknown functions int@ two pauts: (a) From the system
of functional Equation (31), we find the previously introduced parameters A,(x). (bpErem‘@,family of Cauchy problems
for ordinary differential equations (17), (18), (19), we find the unknown functions v, (%)s

Now we state the main theorem of the realization and convergence of the propesed algorithm. This assertion also
provides sufficient conditions for the unique solvability of problem (9)>(119;

Theorem 1. Suppose that for some | € N and v € N, the matrix Q,(I, )% R"™ = R"N is invertible for all x € [0, ®]
and the following inequalities hold:

@ IQ,LX1 < 7v,(Lx),andy (I,x)i is a positive contmuousﬁmctlon inx e [0,w]
_ ax)t 1 a(X) T a)z)| !

(b) qv(l,x)—yv(l,X);[T] i:rng Z—~ l Zk,[ ] ] P(Lx)< y <1,

where

P(l,x) = max lmax sup {ea(?r -1+ @e# |t — T)”} ,
)

1<j<l telt;_

0o [a X)T o f ) ay(X)T e m

a(x)t 0 a(x)t a(x)t 0 ax)t .

max su e ! et +e 1T —1+ et dD(t—-(i+ D7 ,
1<1<N el p z [ ] ] [ I ] |[D;(t—( )|

<j<l il+j-1> [ll+j) klzl

and y — const.
Then the sequence of pairs A% ), u®([t], x)) converges to (A*(x), u*([t],x)) as k — oo, and the pair (A*(x), u*([t],x))
is a unigue solutiomto problem (17)-(21), and the estimates hold:

1460 = APl < 1[‘1_”(—(1)”1(”@) A0l <
lagor ol atr]” Z 1 ao(x)r”i 1 [x0e] ) g
ST-qo™” T (= T8 APVl e

lu*([1,%) — u® (1,02 <

[q. (L, x)1* a0t L1 ao(x)‘rv_ll a0z !
SP(l,X)m i, x)— [ ] ] l:&%_:;); lTkEOF[T] ] Y, x),
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where

i+1
¥(x)= max _ { “(XO(;C)Te@] sup  ||®;t—-(G(+Do)|| -1

i=0.N-1j=1l t€ by tiey)

we o [ @007 anr ] < 1 [aer]™
Lz 0 awr T ]
+e 1 Z [—l e ] ]yV(l’x)TZ_:k_l![ l ] sup gt — iz, x)|l

tE[tyyj 1oty j)

: 1 ap(x)T a(x)t L)’ T a(x)r ! aO(x)T a(x)r ky
X2 Zkl[ Db e Z[ 2] ||g<t—nx>||

p=0 k=0 te[tzlﬂ 15 zl+/)

Proof. Suppose that conditions (a) and (b) of theorem are valid. Then, we have the followmgg 6

Fuiie s, . 8 — iz )] < le, [“(x)’] sup  llg(t — iz, 0l

te[tll+j 1 tll+j

a(x)t
”Gv ll+j(tll+j’x vll+j(t - lT x))” < _' [ 1 ] sup ”vll+J(t —i
v te[ﬂlﬂ volitej)
- . ao(x)r a(x)
[Py it j Eitgj» X, Vi—ryiej (E = iz, X)|| < Tzk' [ [D-1yi4; (& = iz, 0|l
=1 [tzl+/—

Q;(t—(+ Dol

v—-1
. aX)T o 1 |ax)T
”Ev,il+j(til+j’ t— lT’x)“ < O(I ) ZF [ (l)

. 1 [a()z]"
”Dv,il+j(til+j,t_ lT,x)” < ;Ii ] >

v—1

. a(X)T
Hy 14yt £ = 2.2 < Tkz
=0

The continuity of matrices A(t, x) an implies the continuity of matrix Q,(l,x) in x € [0, w]. From our
conditions of theorem and the fo . | lity

QLX) L, I < QW) QLX) = QUL B - 1TQUL DI,

where x, X € [0, w], We get that trix [Q, (L, x)]~! is continuous for all x € [0, w]. Then there exists a unique 19x)
with components 1” ],R"), and r = 1, IN, and we have 1290 = max [|A% )| <
r=1,IN

k
A OIFADN < 700 max 1Fos e 9 < 10,0 2 e @]

j=Ll

q°
ap(X)T a@)r]"
B ' 32
xi%{ sup  lg(t ”x)“z l lgk![ ! ] } ¢y

N [E[[il+j—1’til+j) =i ]
j=1]

Functions v( (t,x), r =1, 1,1 are a solution to Cauchy problems (17), (18) for 4,(x) = A(O)(x), and we find their by
method of successive approximations:

t t
7091, %) = 0,7V, x) = / A(s,x)dsA % (x) + / A8, )®,(s — 7)dsA” (x)
t, t,

r=1 r=1
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t
+/ g(s,x)ds, t € [t—1,t), x€[0,0], r=1,L
t

r=1

From continuity of the matrices A(t, x), Ay(t, x), the function g(t, x) on Q, and the function ¢(¢) on [—7, 0], it follows
that the existence of limit

t, f, t,
th[m 70V, x) = / A(s,x)dsA%(x) + / Ao(8,)®,(s — 7)dsA” (x) + / g(s, x)ds.
—h tr—l tr—l tr—l

For difference "¢, x) — 9°%(t, x) we get the following inequality

~(0,1 ~(0.0
1500t %) — 50t %)

t
< / AG. 0lldsIIAC G| + / Ao(s. x)||||d>,<s—r)||ds|u(°>(x>||+
L,

r=1 2
Determining the function v(0 1)(t x) at the line ¢ = t, by equality v(0 1) (ty,x) == hm i (t,x), tain the function
(0 D is continuous on the rectangle [t,_1, ;] X [0, w]. Continuing the iterative pr th step, we obtain

P01 x) = / A3, )0 (s, x)ds + A@x) 29
Ly
, " (33)
+ / Ao(8, )@, (s — 7)dsA” (x) + g(s, t,_l, t),
t

r-1

Supposing existence of limit tlitmo ﬁio’m)(t,x), based o 3), we establish the existence of limit

thtrrl O™ (¢ x) = 5, )00 (s, X)ds + A(s x)dsA® (x)
o(s,x dsi O)(x) + g(s x)ds, m=1,2,
tr
And the estimates hold
Sm—Z
15 il < [ ||A<s,x>|| B T
tr—l
Ty S 1, %) — T (S 1,x)IIdsm Lods,  t€ltit), x€[0,w], r=1,L

Henc

m+1
a(xX)t
max sup [0V, x) - 500 < ——— | 2T 106
r=1,1 te€lt,_,.t,) (m+1)! l

+i [a(x)‘r] " [ao(x)‘r
m! l

[ telt,_1.t,) r=1,1 telt,_,,t,)

max sup ([0t =)l - | AVl + T max sup ||g(t,x)||]. (34

From inequality (_34), it is clear that the sequence of functions ﬁﬁo’m)(t, X) converges to function f)(,o)(t, Xx)asm — oo, and
(t,x) € Q;), r = 1,1. Using the inequality of Gronwall - Bellman, we have the following estimate

~(0 — 0
570l < [e 0 = 1] 147 o1+
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t t —
e D sup < / o, Il - st = 7)1l A Ol + / ||g<s,x>||ds>,r= L
t€[t,_y.t,) ty t

r-1

whence we get

- s
sup (900l < [ = 1] 147

telt,_y.t,)

(35)

telt,_1.t,) telt,_1.t,)

ax)T X B
+e 1 [ao(l )T sup (1@t — D)l - 147Gl + % sup ||g(t,x))||] r=1.1

Functions igo)(t,x), r = 1+ 1,2l are a solution to Cauchy problems (18), (19) for A,(x) = /lﬁo)(x), Uyt — 7,%x) =
f)(r(i)l(t — 1,Xx), and we find their by method of successive approximations: ﬁ(ro’o)(t, x) =0,

t t
O™ (¢ x) = / A(s, )0 (s, x)ds + / A(s,x)dsA% (x) ) 4
L

r-1

tr 1 \
t t
+ / Ag(s. 0[5 — 7.) + A2, (0)]ds + / g(s.x)ds, [ € [t_1. 1), .2
tr—l tr—l
From continuity of the matrices A(t, x), Ao(t, x), the functions g(t,x), f)(ro_)l(t -1, llows that the existence
of limit

by t, t,
tlitlnoﬁi‘)’l)(t,x): / A(s,x)dsA® (x) + / Ao(s,x)[f)io_)l@— x) + (6)ds + / g(s, x)ds.
—h= t t,_

r-1 7Y 1

For difference f)(,o’l)(t, Xx) — vio’o)(t, x) we get the following inequali

t t t
< / IAGs. ) lldsl| A (o)l + / [lA0(s.%) —7,%) + A (0)llds + / llg(s,x)llds.
t t t,

r=1 r=1

r—1
Determining the function %" (¢, x) at the li y equality 5°V(t,, x) == llitmo 7" (¢, x), we obtain the function
X [0, w].

. 17(,0’m)(t, X), we establish the existence of limit

7%(t, x) is continuous on the rectangle
At the mth step supposing of t i

tY’
1itm017§°”"+”(t,x)= / A8, )00 (s, x)ds

tr—l

1 Ly

t, t,
(s,x)dsll(ro)(x) + / Ap(s, x)[fzio_)l(s - 7,%X) + ﬂ(r(i)l(x)]ds + / f(s,x)ds.
tr—l

~(0,m+1 ~(0,
15D (1, x) — 5™ (2, 0)||

t Sm—2
~(0,1 ~(0,0
< / IAG, ) .. / IAGSm-1. 1 - 19V (o1, ) = T (St X) | St ... s,
t t

r-1 r=1

te [t_1,t),x€[0,w], r =1+ 1,2l Hence

m+1 m
X x
max_ sup (B0t — 5O ()] € [a( )T] 12O + = [a( )T] :
r=l+1,21 t€[t,_y 1) (m+1)! I m ]

. ao(X)T

(max sup (9 =m0l + (140Gl +T max sup Ilf(t,x)lll. (36)

r=l+1,21 t€[t,_y.t,) r=1,1 te[t,_.t,)
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From inequality (36), it follows that the sequence of functions ﬁ(,o’m)(t, X), r = [+ 1, 2l uniformly converges to function
\750)(1,‘, X)asm — oo, and t € [t,_1,t),x € [0, 0], r = [+ 1, 2l. Using the inequality of Gronwall - Bellman, we have the

estimate
~0 - 0
”V(r )(t,x)|| < [ea(x)(t f-1) 1] ||/1£ )(x)||

t t
+e 000 gup ( / Ao(s. 01l - 192 (s = 7, %) + 22 @)l ds + / ||g<s,x)||ds>,
[ t,

te[t,_y.t,) - -1

r =1+1,2l, whence we get
- e
sup (57t 0l < [~ 1] 14”7

te[t,_1.t,)
2@z (X()(X)T ~(0 0 T
+et [ === sup W00 -0+ =A%+ sup [/t
U ren, l Uierr, 1y

ap(X)T

<

2

ax)t 2a(x)t an(X)T

[el —1] AP + e [#] sup (| @it — 22)|| - 147
te(t,_q.t,)

e 0o (X)T 20we [ 772 Ea):
T L0 @I+ [T sup - el +e % @ ll,
)

telt,_.t,)

r =1+ 1,2l Similarly, for finding of functions f)ﬁ?ij(t, X), i=

4
2,N — & e the solutions to Cauchy problems

0 0 ~ 0 . .
(18), (19) for Ai, j(?c) = AEH)], ('x), AG=1)l4 (x) = ’12121)”]‘ (x)., v(l-_.l)p,‘ (t (.il)lﬂ,(t — 7,Xx), we construct the iterative
process. We establish the existence of finite left-hand sidedimit
omeng o = [ B0 Bods + [ A 0dsi® (o)
t—»t-m—o vil+ A il+j s § 5, S il+j X
i+ Liyj-1 Litgj-1
Ly © © Lityj
+ / Ap(s, x)[f)( ) 7,X) + A(i—l)l +j(x)]ds + / g(s,x)ds
b1 Litgj1

forallm =0,1,2, .... Convergence of s

@ functions ﬁ?&';’)(t, X) to the function f)glolj(t, Xx) as m — oo follows from
the estimate

Dy oy 0.m)
Vi, (6X0) =T (X)) < D)

m+1
LS| oo

max
r=Il+1,2l te[i

ap(X)T ~
O max sup Y, - 0l
l =2,N-1 t€lty, ;b))
j=1]

T
-~ max sup g )|
l =2,N-1t€lty;1.tiy;)

j=1.

A )T 2000 +

From inequalities (34), (36) and hence it follows that the sequence of systems functions ¥ ([t],x) converges to
system of functions 7@ ([t], x) by the norm of space C(, t,, R"™N). Taking into account that the completeness of this
space, we obtain 7O([£],x) € C(Q, t,, R"N). Using the inequality of Gronwall - Bellman, we have the following estimate

i+1
. ap(X)T  awx .
max sup ||vs)i‘(t,x)|| < max [left[&e 1 ] sup  ||@;(t =G+ Do)l
I=ON—T t€lty, ) i=0N-1 l t€ltyy-1otas,)

j=L1

i k i k
—1+e&’”2[&fﬁe“7”] ] 1Al + +Te T [“"(lx)feLf”] sup ||g<t—ir,x>||},
)

k=0 SRR

s=1 (37)

k=0



ASSANOVA ET AL. W ILEY 893

whence taking into account that ( 32), we get
9O CL 0112 < M(Lx). (38)
On the first step of the algorithm, we determine A”)(x) from equation

Q.(Lx)Ax) = =F,(,x) = G,#?, Lx), A€ R™ ie,
AD) = [Qul, 1 -F (,x) - G2, L%,

and calculate the norm of difference AV (x) — 1@ (x):

i=0,N—1,j=1,

x il “O(x)fvil 2] p||f)(0)([.]
=LA R (39)

i=0N-1 ;=)

1 [at0)z]” L1 [ ara 1 [aor]® g
Syv(l,x)ﬁ[ I ];{;%;)El I I;)E[ I ]] (

L 4
\(x) =" (x) we use the following iterative

For finding 1")(,1)(t, X), r = ﬁ is solution of Cauchy problem (17), (19
process ﬁ(,l’o)(t, X) = ﬁﬁo)(t, X),
t
(g x) = / AGs, )i A(s, x)dsA® (x)
’ : (40)

t
+/ Ap(s, x)Pr(s — 7)d m(x) + g(s,xyds, t € [ty_1,t,), r=1,L
t

r—1

L 3
1AVx) = A9 < n@ONG,E?, L)l < 7(x) _max _||év,iz+j(ﬁ<°>,til+j,x\

a()r]’

l

1
< yV(l’X)W [

r=1

Then

t
D) =N (s, 08" (s, x)ds + / As, x)ds A (x)

L1 by

t
0(8, )@, (s — 7)dsA" (x) + / g(s, x)ds.
L

r—1

I and side finite limits tlitmof)io) (t,x) forall r = l_l and determining functions f)(,o)(t, Xx) at

-hand side limit, we obtain the functions f)(,o)(t, X) are continuous on [t,_1, t,] X [0, ®]. From
t,x), g(t,x) on [0, T] X [0, w], and ¢(t) on [—7, 0], it follows the existence

tf
: ~(1.1) _ ~(0)
t—1>1z,nlov’ (t,x) = / A(s, x),” (s, x)ds+

tr— 1

t, t, by
+ / A(s,x)dsﬂﬁl) + / Ap($,X)D(s — r)dsﬂ(ll)(x) + / g(s, x)ds.
t t, t,

r—1 r-1 r-1

Determining of function 9"z, x) at the line t = ¢, by equality 7 (¢,, x) = t—1>itn}0 1 (t, x), we get the function 9\V(¢, x)

is continuous on [t_1, t] X [0, w].
Using iterative process (40), we get the existence of finite left-hand side limits
tlitmof)ﬁl’m)(t, x), r=1,1forallm=2,3,...
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Now, we show the convergence of sequence of functions ﬁ(rl’m)(t, X), r = m, to the function f)(rl)(t, X)as m — oo.
For this, we evaluate of differences 3"V (t,x) — 9" (t,x), 7"V (t,x) - 90t x), m=0,1,2,..:

t
0060 — 50t | < / IAG, lldsl AP0 — 20l
t

r—1

t
+ / lAo(s, )| - 1D, (s — DI dsl| AV ) = AP, t € [ts b)), 7 = 1,1,
t

r=1

t
~(1,m+1 ~(1, ~(1, ~(1,m—1
5808, x) — 5™ (8, %)) < / 4G, )|l - [P (s, %) = 5™ (s, %) || ds
t

r=1

(41)
t Sm—2 ‘
< [ s [ ||A<sm_1,x>||-||fz9’”(sm_1,x)—~9’°>(sm_1,x)||dsm_1...\
() Ly
1 a(x)r m+1
max sup [0V x) = 0 (X)) < —< )
AL r m+ I\ 1
1 [ a()r\" ap(x)r
—,( > S max sup || @,(¢ = D)1 1AV Gx) = Q)
m: l [ telt,_.t,)
TS
t
192 (8, ) — 506 01l < / I AGs, x)] - v?’”(s,)@ds
tr—l
t t
+/ ||A(s,x)||ds||/1£1)(x) _ 150)(x)|ds®) S| Dr(s — T)”dsllj(ll)(x) - /1(10)()6)”
tr—l
t t N
< / lAGs, )l ds + / llAGs, )| ||A<s1,x>||ds1ds] 14060 = 22l
b S 1
t N
N [ / Ao, 0l - 1D (s + [ jasll / Ao(s1. )1 - 1@, (51 — )l dsuds
tr—l tr—l tr—l
x 140 ex) — A9
140 ) — A¢ .
m+1 1 t k
" I'< ;F< / ||A<s,x>||ds> 12760 = A7l

m—1 t k
[ ,x)||-||<1>r<s—r)||ds2%< / ||A<s,x)||ds) 14700 = A2 @I,
k=0 "

r=1

as 1 (al)r k
sup [Vt x) — 5V 0] < lZ ( )

=11 telt, L) = k! l

r=1,1 te[t,_.t,) !

ao(X)T "1 a0 \F
200% _ N i Dy _ 3O
+— max sup |, (t T)”;;:ok’( )]Ilﬂ ) = 27l

From inequality (41), it follows that the convergence of sequence of functions f)(rl’m)(t, X), ¥ = m, to the function
ﬁﬁl)(t, X), ¥ = 1, 1. Passing to limit in (42) as m — oo, we obtain the following estimate

max sup [[B7(6x) — BV < PLOIAV ) — AQ). (43)
r=1,1 teft,_;.t,)
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Functions ﬁ(rl)(t, x), r = 1+ 1,2l are the solution to Cauchy problems (18), (19) at 4,(x) = /l(rl)(x), Ari(X) = A(rl_)l(x),
Ut —17,x) = f)il_)l(t — 1,x), we find by the method of successive approximations: ﬁ(,l’o)(t, X) = 17(,0)(t, X),

¢ t
B = / As, B, (s, )ds + / A(s, x)ds A o)+

tr—l tr—l

+/ Ao(s. 00 (s — 7.0) + /1(1>l(x)]ds+/ f(s,x)ds, (,x)€Q,r=1+1,2l.
t

r=1

~(0

=

Since the left-hand side limits hm 0 )(t x) exist for all r = [+ 1, 21, then determining the functions ¥, (¢, x) at the

line t = t, by their left-hand s1de 11m1t we obtain continuous on [,_1, t,] X [0, @] functions vio)(t, ). From
A(t,x), Ao(t,x), g(t,x), ~(1)l(t — 7,x) on Q it follows that the existence *

t, t,
thtmo (g, x) = / A(s,x)f;go)(s,x)ds + / A(s, x)ds Agl)(x) n
- tr—l tr—l

r tr
+ / Ao(s. 0 (s — 7.0) + AL (0)lds + / g(s,x)ds.
t, t,

r=1 r-1

e getcontinuous on [f,_1, £,]X

Determining function f)ﬁl’l)(t, x) attheline t = ¢, by equality f)(,l’l)(tr, X) = lim0

(l )

[0, w] function. Using the iterative process we get the existence of f nd side limits hm0 P X), =

I+1,2l, for all m = 3,4, .... Convergence of sequence of functio , = 1+1,21 1, 21, to function v( )(t X), r =
1+ 1,21, it follows that from the estimate

m+1
max_ sup [0Vt x) — (t, %) a(x)r
r=lr1.21 telt, 1.t,) (m+1)! +1)' S (44)
ap(X)T 1 a(x)t
+A+ P2 L (l) " 1) - 19wl
In the inequality
m+1 k m—1 k
N 1.0) 1 a(x)r) ap(X)T 1 <a(x)r)
max su , s F X)L —< + — ==
r=1, telt, Il)t)” I L;k! l l ;k! l 5)
x| 1 sup I8}t — 7.x) - ~“”(t—mon)] 14960 = A9l
1, r—1:Lr)
passin; imit —) 00, we obtain the estimate
max_ sup [[57(6,x) - 500 < P )| AV — AO)]l. (46)

r=l+121 telt,_.t,)

Analogously, for finding the functions ﬁfl) .(t xX),i=2,N-1,j = 1,1, are solutions of Cauchy problems (18), (19)

at Ay j(x) = ll+j (x), A=)+ (X) = ’1(121)1+,(x)’ Vi-ni(E=7,X) = v(l) 7,X), we construct the iterative process. We

establish of the existence of finite left-hand side limits

i—D)l+j (t

tll+ tzl+
—t; o~fll+rjn+l)(t x) = / Acs, x)V(l m)(S x)ds +/ A, x)dsﬂ( (x)
T til+] 1 [il+, 1

Lityj Ly
+ /t Ao 0B, (5= 7.0 + A0 (olds + /t g(s.xds, forall m=0,12, ...

il+j-1 il4j-1
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Convergence of the sequence of functions ﬁgll:j'.’)(t, Xx) as m — oo to the function f)lfllij (t,x), it follows that from estimate
founded as estimates (44) to (46), ie,

I=2.N—1 t€lty, 1ty i+ Vit (m+1)! !

j=11 47)

0 1 (100 0 0,
m! l

~(1,m+1) G(Lm) 1 aGor\ "
max_ sup ||V, (t,x) - 0 <

+ (1 + Pi(L,x))

1 a0\ are 1 e\
L AR R M C R SO
k=1 """

N=1 €[ty _1:tiy))

Jj=1l ¢ (48)
<1+ max_ sup [, —rx0) =V (- rx)||>] 140 ) = A,

r=l+1,21 t€lt,_1.t,)

maxsup [ (60 =) (60l < Pua (Lol A0 @) - 49)
N1 t€ltyy oy tiy)
:_1
From inequalities (41), (44), (47), it follows that the sequence of systems o (Lm)([¢],x) converges to the
system of functions ¥V ([t], x) by norm of space C(, t,, R"N). Takinggnt t tha the completeness of this space,

we get ¥V([],x) € C(Q, t,, R"N).
Continuing the proposed algorithm, we obtain the seque
C([0, @], R"™N), 30([t],x) € C(Q, t,,R"™), k = 1,2, ..., and applyi

f pairs (A©(x), 710([1],x)), where 1 P(x) €

quality of Gronwall - Bellman, we evaluate

~(k ~(k—-1 — k—1
15198, ) = 0Vt )| < (0 — 1 APl
! k k-1 P
+e* @) gup / lAo(s, )| - (@, (s — D)Idsl| 20 ) = 2SI, ¢ € [, ), 7= 1,1,
telt,_1.t,)

k ~(k-1
199 (¢,%) — 3Vl <

(k) (k-1)
il+j ll+ 1) IM’ 4 ”

il+j il+j

aQ)(E—ty, 1) . s _ _ k-1 _
+e L1 su X)|| <|| Vil (s —17,%) Vi 1)1+,(S 7,%)||

Sa te [til+j—1’til+j)9 i= 17N_ 19 .] = 77 k= 17 27

(k)
+HI4,2 D1 &) ~ ‘ )l

Hence

P91, = * P10l < PA0)IAP @) - 24Dl (50)
d A¥%x) are the solutions of equation (31) for right-hand sides G, (¥®, 2k, x), and G,(H*~V, 2k, x),

rm their difference, we have the following estimate

V) — AP < rn@x) - 1G,0%, Lx) - G,3* Y, Lx)||

v i v—1 K\ ”?
syv(l,x)%<a(7)r> max Z%(“‘)(f)’Z%(“(f)’) ) 19, = 5D (LD
| 2

i=0.N-1,5 P-

Substituting of right-hand side of inequality (1.46) instead of ||?*®([-],x) — ?*~D([-],x)||,, we get the inequality
12400 = 2Pl < g LoIAP®) - A4 V@I, k=12, ... . 1)

From condition g, (I, x) < 1 and inequality (51) we obtain that the convergence of sequence 19 (x) to 1*(x).
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Then, from (50), it follows that the convergence of sequence of functions #®([¢], x) by the norm of space C(, t,, R™)
to the function ¥*([¢], x). Taking into account that the completeness of this space we obtain that the system of functions
v*([t],x) € C(Q, t,, R™). Now, we show that an uniqueness. Let exists (A(x), b([t],x)) is another solution to problem
(17)-(21). As estimates (50),(51), we establish

1501, %) = 91, 0ll2 < PAONA* ) = 201, 14°(0) = A1l < g0l A*(0) = AQ)I.

By virtue of condition g, (I, x) < 1, we have the equalities A*(x) = A(x), ¥*([t],x) = D([{],X), i.e. A:(x) = A.(x), D (L, x) =
P.(t,x) for all (t,x) € Q,, r = 1,IN. Theorem 1 is proved.
We determine the functions v¥(¢, x) by the equalities

VO x) = AP0 +3%(t,x), te€Q., r=1,IN, ‘
vO(T, x) = (k)(x)+ lim v(k)(t x), x €[0,0],k=0,1,2,

From the equivalence of problems (9) to (11) and (17) to (23), it follows O
Theorem 2. Suppose that for somel € N and v € N, the matrix Q,(l,x) : is invertible for all x € [0, ]
and the conditions (a) and (b) of Theorem 1 are fulfilled. Then problews (' has a unique solution v*(t,x) and the

estimates hold:

v, x) —v®@ )| < 71, x)
(52)

i=0N-1 7

i K
X max Z o [aﬁ(x)r Z T + P(,x)¥P(, x), (t,x) € Q,

X . . . . (k) ~(k) —

where the function v(t,x) is piecewise continuously differentiable on Q, for its the function 4,”(x) + V,"(t,X), r =

1, lN k=0,1,2,... is restriction on Q,, r = 1
The main condltlon for unique solvabili

numbersl € Nandv € N.

em is invertibility the matrix Q, (1, x) for all x € [0, w] under some

Rewrite the matrix Q,(1,x) in th < 82%: g jg SZE“: % g > , Where Q,;(v, 1,x) is matrix on dimension
nxn, Q;,(v,1,x) is matrix on io (IN — Dn, Q,;(v, L, x) is matrix on dimension (IN — 1)n X n, and Q,,(v, [, x)
is matrix on dimension (I (IN-Dn.

Since (nIN x nIN) r N > 2 has a special block-band structure, we have

Lemma 1. The (n - matrix Q, (I, x) is invertible at x € [0, w] if and only if so is the (n X n)- matrix M, (L, x) =

Qll(v» l’ Ql l’ x) Z(V’ l’x)]_l QZZ(V’ l’ x)'

Lem atrix M, (1, x) is invertible for all x € [0, w], then
21 Auv,Lx) Ap(v, LX)
Q.01 = </\21(V, L) Asa(v. l,x)>’ (53)

where
A (v, Lx) = M (1 x),
Ap(v, Lx) = =M (L, X)Qr2(v, L 0)[ Qe (v, L) 7,
An(v,Lx) = ~[Qu2(v, L)1 Quu(v, LM, (I, ),
A (v, LX) = [Qu(v, LX) ™I + Qu (v, LM, (L X)Qr2(v, L X)[ Qa2 (v, Lx)] ).
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3 | THE WELL-POSEDNESS OF PERIODIC PROBLEMS FAMILY (9) TO (11)
AND ITS RELATIONSHIP WITH SOLVABILITY OF PROBLEMS (1) TO (4)

In this section, the sufficient and necessary conditions of unique solvability of the periodic problems family for system
of ordinary differential equations with finite delay are established in the terms of initial data. The coefficient criteria of
unique solvability of the periodic problem for the system of hyperbolic equations with finite time delay (1) to (4) are
obtained.

We establish the assertion about equivalence of well-posedness of periodic problem (1) to (4) and well-posedness of the
family of periodic problems for the system of ordinary differential equations with finite delay.

CY([0, T],R"™) be a space of continuously differentiable on [0, T] vector functions y(f) with the norm ||y/| lho =

max [ max D], max ||y (t ;
<t€m Il (1], max [l )||>

2
C"(Q, R") be a space of functions u(t,x) € C(Q, R") with continuous on Q partial derivatives a”;;’x), 6ul(;,x)’ "a“tg;‘) with

1l 111
0 0 0

Lemma 3. If problems (9) to (11) have a solution for arbitrary g(t,x) € C(L, R™), then this solutiemlis umnique.

%u

otox

ou
ot

ou
ox

the norm [lull1.; = max (1ullo,

Proof. We show that the family of homogeneous periodic problems

ov

Fri A, x)v+Ap(t,x)v(t —1,x), t€[0,T], x€[0, ol veR" (54)
v(z,X) = diag[v(0,x)] - (z), z € [-7.0], ¥&[0, »], (55)
v(0,x) = W(T,Xx), %& [0,w] (56)

has only the zero solution.
Let ¥(t,x) be a solution of problems (54) to (56) and there eXists a point (¢y,xo) € Q such that ||D(ty,x0)|| # O.
Consider the periodic problem for the system of ordinaryidifferéntial equations with delay

dv

i A(t, X0V + Ag(t, X)v(t — 7,%0) + f(t), t€[0,T], veR", (57)
V(& xo) =diag[v(0,x)] - p(z), z € [-7,0], (58)
v(0,x9) = W(T, Xp). (59)

By assumption, problems (57) tof(59) have a solution for arbitrary f(t) € C([0, T],R"). Hence, it follows that the
homogeneous boundary problem

% = A(t,xo)v + Ao(t, xo)v(t — 7,%9), t€[0,T], veR", (60)
vz, Xo) = diag[v(0,X0)] - (z), z € [-7,0], (61)
V(O, xO) = V(T,X()) (62)

has only the zero solution. This contradicts with our assumption that the function ¥(¢,x,) is a nonzero solution of
problems (60) to (62). Therefore, if (¢, x) is a solution to the homogeneous periodic problems (54) to (56), then d(¢, x) =
0 for all (t,x) € Q. Lemma 3 is proved. O

Definition 1. Problems (9) to (11) are called well-posed if for arbitrary g(t,x) € C(Q,R") it has a unique solution
v(t, x) and for it the estimate holds

v(t,x)|| <K t,%)|l, 63
fe?&’;]”( | < trerg%llg( il (63)

where the constant K independent of g(¢t, x) and x € [0, w].
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Lemma 4. Ifv(t,x) is a solution to problems (9) to (11), and the estimate holds

[lvllo < Kllgllo, (64)

where K is constant independent of the function F(t,x), then for every x € [0, @] the inequality (63) is valid.

Proof. Take an arbitrary X € [0, w], and consider the problem

%%:A@@v+&ﬁﬁw0—nm+g@@,temjl (65)

v(z,%) = diag[v(0,%)] - ¢(z), z € [-7,0], (66)

w0,%) = W(T,%). (67)

By assumption, 7(t) = v(t,X) is the solution to problems (65 to (67). Let ¥(t,x) be a solution‘te the family of

periodic problems

% =A{t,x)v+ Ag(t,x)v(t — 7,x) + 8(t,x), t€[0,T], x € [0,w]4

v(z,x) = diag[v(0,X)] - ¢(2),z € [-7,0],x € [0, w],
v(0,x) = WT,x),x € [0, ],
where g(t,x) = g(t,X). From the uniqueness of solution for problems (65) tQy(67)gWe get that (t,X) = v(t,X). Then,

using (64), we have
max ||[v(t,X)|| = max |[P(t,%)]|] < K[|g|lo = K max ||g(t,%)||. By the“ambitrariness of X € [0, ], we obtain the
t€[0,T] t€[0,T] t€[0,T]

statement of lemma. Lemma 4 is proved.
n — —
Denote by Q" = [0, T] x [0,#] and ||ullo, = (2}})2’5,, [udt,x)||. 0

Definition 2. Boundary value problems (1) to (4) are called'Wwell-posed if for arbitrary f(t,x) € C(Q,R") and y(t) €
C'([-7, T],R") it has a unique classical solution u(t, X)land this selution satisfies the following estimate

au
ox ||o

ou

= > < Kmax (|| flos llwll1o) »
0.1

max<||u||o,n, by

where constant K independent of f(t, x) aftd Yu(t) and'y € [0, w].

Theorem 3. The periodic problems (1) toi(4).dre well-posed if and only if so are problem (9) to (11).

Proof of Theorem 3 is similar tethe proof of theorem 1 in Asanova and Dzhumabaev’! taking into account the properties
of the delayed argument.

From Theorem 3, it follows that thewell-posedness of periodic problems (1) to (4) is equivalent to the well-posedness of
problems (9) to (11). Frem Theorems 1 and 2, it follows

Theorem 4. Supposethat for somel € N and v € N the matrix Q,(L,x) : RN _ RN s invertible for all x € [0, ]
and theonditionsy(a) and (b) of Theorem 1 are fulfilled. Then problems (9) to (11) have a unique solution v*(t,x) and
the estimates hold:

v (&, 0l < ¥, (,x) max [|g(t,)ll, (68)
€[0,T]
where
v—1 k, N-1 v—1 K\ P
_ 1 a(x)t\" 1 ag(X)T 1 a@)t\ "
Tv(l,X)—yv(l,X)z,kl!< l > ;) !< l Z_k1!< l >>{1+P<l,x>

p=

S a (x)r e nx) 1 [aM)r N (o 7 vl a0z \ M ’ .
0 am Y .
(Y (1l () S (5 (400) Y )

p=0 p= ky =0

7v(l X) 1/« -1 1 (Zo(.X)T 1 a(x)r . P . .
<1+1_qv(lx)V_(T> ,7( Zk_< > )(1+P(l,x))> THe
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The function ¥, (l,x) in the inequality (68) is bounded and continuous in x on [0, w] for given | € N and v € N, and
independent of the function g(t, x). Then, from Theorem 4, it follows that well-posedness of problems (9) to (11).
The following statements is proved as theorems 2 to 4 in Solodushkin et al.?*

Theorem 5. If problems (9) to (11) are well-posed, then for all I, 1 = 1,2, ..., there exists v = v(l), and the matrix
Q,(L,x) : R"™N — R"N is invertible for all x € [0, ®] and inequalities (a) and (b) in Theorem 1 are valid.

Theorem 6. If problems (9) to (11) are well-posed, then for all v € N, there exists | = I(v) > 0, and the matrix Q,(I,x) :
R"™N _ RN s invertible for all x € [0, w] and inequalities (a), (b) of Theorem 1 are valid.

Theorem 7. Problems (9) to (11) are well-posed if and only if for all v € N there exists Iy = lp(v) such thafithe matrix
Q,(,x) : RN — R js invertible forallx € [0, w], and for every I > ly(v) the inverse matrix [Q, (I, x)]=! satisfies the
following estimate

QLX) < yé, (69)

where y is a constant independent of I.

Moreover, if it is known a constant well-posedness of problems (9) to (11), the number K then for all € > 0 there exists
I(e, v) and estimate (69) is satisfied with constant y = (1 + €)K under | > I(g, v). Converselyyif the inequality (69) is hold,
thenK =y.

For constructing the algorithms of finding approximate solutions to the periodie’problem for system of hyperbolic
equations with finite delay 1 to 4 results of paper Assanova et al®* are used.

Thus, the necessary and sufficient conditions of well-posedness of problemsi@) to (11) are established.

Therefore, using Theorems 1 to 7, we obtain the following statements.

Theorem 8. Periodic problems (1) to (4) are well-posed if‘and only if forlall v € N, there exists | = I(v) > 0, and the
matrix Q,(1,x) : R™ — R"™ is invertible for all x € [0, w], andithe inequalities (a) and (b) of Theorem 1 are valid.

Theorem 9. Periodic problems (1) to (4) are well-posed ifiand only if for all for all v € N, there exists | = I(v) > 0, and
the matrix Q,(1,x) : R™ — R"N s invertible for all x € [0, w} and inequalities (a) and (b) of Theorem 1 are valid.

Theorem 10. Periodic problems (1) to (4) aréfwell-pesed if and only if for all v € N, there exists ly = ly(v) such that the
matrix Q,(1,x) : R™ — R"™ s invertible gorall x €10, w), and for everyl > 1y(v) the inverse matrix [Q, (L, x)]~! satisfies
the estimate (69).

Example. Consider periodic problemyfor hyperbolic equation with delay on [0, 1] X [0, 1]

Pu(fix) _ Ju(t = 0.5,%) N
otox ox

1, (t,x)€[0,1]x[0,1], (70)

ou(s,x)  ou(0,x) .

1 -0. 1
o o , s€[-05,0], (71)
ou(0, x) _ au(l,x)’ 72)

0x ox
u(t,0) =0, t € [-0.5,1]. (73)
Corresponding family of periodic problems has the form

% =—wt-05x+1, te[0,1], xe][0,1], (74)
v(s,x) =v(0,x)-1, se[-0.50], xe][0,1], (75)
v(0,x) =v(1,x), xe€][0,1]. (76)

Problems (74) to (76) have a unique solution v(t, x) = 1.
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We use the parametrization method for N = 2,1 = 1. Let 4;(x) = v1(0,X), A2(x) = 1,(0.5,x), and we introduce the
functions 1 (¢, x) = v1(t,x) — 41(X), t € [0,0.5) X [0, 1], P2(t, X) = v2(t, x) — A2(x), t € [0.5,1) X [0, 1]. We get

@%?Qz-hundﬁmqm=a t €10,0.5) x [0, 1],
(1, i i
-ﬁ%2=—mpmim—hm+meam=atemiuxmu

7100 = Aa(x) + Tim Ba(t,0),

A1) + tl%{?_oﬁl(t, x) = A2(%).

Cauchy problems are equivalent to integral equations

t t <
(6, x) = —/ A1(x)ds + / ds, t €[0,0.5),
0 0

t t t \
Vy(t,x) = —/ P1(s — 0.5,x)ds — / A1(x)ds +/ ds, t €[0.5,1).
0 0

.5 0.5 .5

8 38
Forl =1, v =1the(2x2) matrix Q,(1,x) has the form: Q;(1,x) = ( 16325 :} )an ertible [Q;(1,x)]™ = ( i 4 )
7 7

We check the conditions (a) and (b) of Theorem 1: ||[Q1(1,x)] 7| sg, 1@, x)=0<1.
Therefore, problems (74) to (76) have a unique solution. Using algoril\ it. From system equations

137511(3(:) - ﬂz(x
0.5/11()6) - ),2

we get A(lo)(x) =1, A(ZO)(x) = 1. Solving Cauchy proble T A1(x) A(lo)(x) =1, Ax) = A;O)(x) = 1, we have ﬁ(lo)(t,x) =
0, #(t,x) = 0.
Then v(t,x) = 1. From Theorem 2, it follows that{problems (70) to (73) have a unique solution u(t, x) = x.
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