Bulletin of the Karaganda University. Mathematics series, No. 1(113), 2024, pp. 101-111

https://doi.org/10.31489,/2024M1/101-111 Research article

Some properties of the one-dimensional potentials
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The main aim of this paper is to study the properties of the one-dimensional potentials. In this paper,
we have studied the connection between the one-dimensional potentials and the self-adjoint part of the
operator Ll}l, which Ll}l is the solution to the one-dimensional Cauchy problem. Moreover, a new method
is used that allows us to reduce the spectral problem for the Helmholtz potential to the equivalent problem.

Keywords: one-dimensional Helmholtz potential, spectral problem, Fredholm operator.

2020 Mathematics Subject Classification: 34B05.

Introduction

One-dimensional potentials are important in the field of mathematical physics, offering insight into
the behavior and characteristics of physical systems in a simplified/form. The study of one-dimensional
potentials also involves the analysis of eigenvalues and eigenfunétions. These concepts provide valuable
information about the energy levels and corresponding wavefunctions associated with the potential.

In the study of elliptic equations, the Laplace and Helmholtz equations hold significant importance
due to their wide-ranging applications and deep implications. The solutions to these equations take
the form of Newton and Helmholtz potentials, régpectively, which offer fundamental insights into the
behavior and properties of these equations.

The Newton potential’s properties haveyiimportant applications in various fields, including physics
and engineering. Similarly, the HelmholtZ patential finds extensive utilization in electromagnetic radiation,
seismology, and acoustics due to itsjfiherent connection with the wave equation. In recent years, new
methods have been discovered for investigating the potentials of the elliptic equations in multidimensional
cases [1-4].

Let Q be a bounded simplyreennected domain in R”. In multidimensional case, a Newton potential
is defined as follows:

u(z) = / eulz — ) F(E)de, 1)

Q

_1 _ —

el =€ n >3,

where

oy is the surface domain of the sphere in R", and ¢, (z — &) is a fundamental solution of the Laplace
equation, such that

Agp(z — &) = d(z = §),

here 0(x) is the Dirac delta function.
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In [1], the general form of the boundary condition for the Newton potential (1) was discovered by
T.Sh. Kalmenov and D. Suragan used their method

Nu] = —“(21’) +/ <sn(:c —¢) 6;‘75? - ag"é‘”;; 5)u(5)> dE =0, x €0, 2)

o0

where 8%5 is a normal derivative. In the aforementioned study, the eigenvalues and eigenfunctions of

the volume potential were discovered for both the 2-disk and the 3-ball. In [2], the eigenfunctions of
two-dimensional Newton potential was studied.

In the work [3], for the n-dimensional Helmholtz equation, after transforming the entire space
into a finite domain in R™, the Sommerfeld radiation condition is transferred into a general boundary
value condition with the same form as boundary value condition (2). Additional and comprehensive
references on this study can be found in [5-7].

In the present paper, we will study the connections between potentials in the Cauchy problem and
investigates the eigenvalue problem of the one-dimensional Helmholtz potential asta Fredholm operator,
employing a novel methodology. Furthermore, we will analyze the relationshipbetween one-dimensional
Newton potential and the solution of the Cauchy problem.

1 Main functional relations

It is well known that the one-dimensional Newton potentidl 1§ defined as follows

b
ute) = [ 25 Qe c =

and satisfies the following Poisson equation

d2

Lu™= Wu(m) = f(x).

Let f € La(a,b), then we can find thé&solation of the one-dimensional Cauchy problem in the following

form
X

W) = Ll f o= / (x— &) f(€)de.

An adjoint operatof tg Ll}l is
b

(L&) f= [~ ) 3)

T

By using the Cartesian theorem for operators, we can rewrite operator (3) as follows

_ L E) L - (L)
2 21

Lt f=Re (L) f+i-Im (L) f f
The operators e (Ll_(l) and Jm (Ll_{l) are respectively the real part and image part of the operator
Ll}l, and they are self-adjoint operators.
It is easily seen that the real part of the operator L[_{1 coincides with the one-dimensional Newton
potential such that
Ly + Ly

b
_ [le—¢
ety [ RS e,
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Note that we have related the one-dimensional Newton potential to the classical Cauchy problem.
The proof above gives more, namely, we can generalize this fact to high-order differential equations.

Let us consider the following self-adjoint linear differential equation

d(2m) d(2m72)

Lu = —U(l') + alm

@) w(@) + ... +apu(z) = f(x), meN, z€(a,b), (4)

where coefficients aq, ..., a,,, € R are constants.

By the Malgrange-Ehrenpreis theorem [8] we know that equation (4) has a fundamental solution.
Now, we will construct the fundamental solution of the operator (4).

Lemma 1. Let z(z) is a solution of the following homogeneous equation

which satisfies the conditions \\
Then the function . A

1 X

5 :

is a fundamental solution of the operator L.

(6)

Proof. By using the weak derivatives afid properties of distributions, and taking into account
conditions (5), we have

/ 1 B 1 ,
€ (IIZ) Q;;! 2 2 (x) = 2sgn(a:) 2 (x),
Z/(x) 1 /(113) — lsgn(x) Z/I($)7
2™ 2
7
_Sgn H(2m— 2)(36)7 (7)
1
2m) §(x) (2m— 1)( ) + ESgn(w)-z(Qm)(;p)
=d(x) + %sgn( ) - 22 ()
We see at once that
dm) d42m—2)
Le d$(2m)€(ac -I-ald o) (2) + ... + ame(z)
1
= 5oen(e) - Lz +0(x)
= 4(z),

which is clear from (7).

Mathematics series. No.1(113)/2024 103



T.Sh. Kalmenov, A. Kadirbek, A. Kydyrbaikyzy

Using fundamental solution (6) we can write the potential of equation (4) as follows

b

u(w) = L7 =exf =5 [smnlo—€) -2l - OF©de. )

a

On the other hand, the solution of the Cauchy problem with zero-conditions of equation (4) is

. / 2o — O F()de,

and

(L) f = / 2(€ — x) f(€)de.

x
By the Cartesian theorem, the real part of the operator L;(l is 6\

*

se (170§~ ()
1 { @ dg] (9)
Obviously z(z) is an odd function, Le. z(—z) xﬁfore we can rewrite (9) as
Re (L)) £ = ]z(x - 5 (e - )f(€ d£]
% @ 2o — &) f(©)de + / sen(z — €) - 2(x - §)f(£)d§]
. F(©)e,

which proves the following theorem.

Theorem 1. Potential (8) and the real part of the solution of the Cauchy problem for the equation
(4) are equal:

b

~ L+ (L) _ 1
Re (L) f =5 2( g gy 5 /sgn(x =€) - 2(x = ) f(€)dg.
Ezxample. If a; = ag = ... = a;, = 0 in (4), which we may assume, then we have the following
polyharmonic equation
d2m
Lu = A"u(z) = Wu(:v) = f(z), =z € (a,b) CR. (10)
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By using (6) and (8) the polyharmonic Newton potential is given by

b

ua) = 171 = 5 [ Gl — € (@)

a

We find the solution of the Cauchy problem for equation (10) as

xT

1
_r—=1g . 2m—1
ug(r) = Ly f = m/(fﬂ £ f(&)d¢,
a
and
b
-1 * mel

where (Ll}l)* is an adjoint operator to the operator L ! By direct c We obtain

L + (L)

Re (Ly') f =ff = K
A@

1f

b
\}» |
—2/( ) = L',
andi)‘{e( )f L~ f as claime dO
g\ar

2

x)M(€)dE | =

problem for Helmholtz potential

Let us consider a on@\al Helmholtz equation in (a,b) C R
— 2
@ Lu = ———u(r) — K*u(z) = f(z), = € (a,b). (11)

It is easy to check that a particular solution to the Helmholtz equation is defined as a one-dimensional
Helmholtz potential |9

b
1 [sin(klz —¢&
uw) = —3 [ =D e, (12)
2 k
here e1(z — §) := —%w is a fundamental solution of the Helmholtz equation, i.e.
d2

s i — ) — Ka(e — ) = 8z — €).

In [10] there are the considered boundary conditions of operator (12) with this fundamental solution
and with elkl | %w

. In this work, we will study the integral operator with e;(z —§) := —
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Lemma 2. Let f € Cla, b]. Then there is a unique solution to equation (11), defined by the Helmholtz
potential (12), and satisfies the following boundary conditions:

Nifu] = cos(bk) (b) + = cos(ak)e(a) + sin(bk)u(b) + sin(ak)u(a) = 0;

1 1
Nau) =z sin(bk)u'(b) + % sin(ak)u(a) — cos(bk)u(b) — cos(ak)u(a) = 0.

Proof. Replacing f(§) by —di;—u(f) — k2u(€) in (12) we can rewrite (12) as

b .
uw) = — 5 [ =D pgye -

a

b
1/s1n(k|w—£|) < 9 )
= _— -|- k“u d
2 Y
’ a ’ * ¢ &
hence using integration by parts, we have @

b
() = /sm(k|2€2— £l) <d§2 de + k2/sm (k|z — €|
_ sin(klz —¢]) d
- 2k dé

b

f (M) u(€)dé-+

u(§) de2 o

a

b
e /sin(ki—snu@d& A
xO

a

L () etz g
we obtain 0
sin(Ma e d o [" o cos(klz — &) "
u(e) = B L)+ u(@ (e )| + [ ol - u(epdc -
- 0]+ uo = e - )] +uto)

we see that the same terms in the equality cancel out, and it follows that

b

sin(k|lz —&|) d b cos(k|x — &]) .
TG )] +u(© D | =
_ sin(klz —b]) d sm(kz\x —al) d
=T ok d (0) — Td_gu(a)+
+u(b)w%n(a¢ —b) — u(a)w%n(aﬂ —a)=0.
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Since a < xz < b, we have

_sin(k(z —b)) d _ sin(k(z —a)) d cos(k(z — b)) cos(k(xz — a))

o% dfu(b> ok d—gu(a) - 5 u(b) — 5 u(a) =
1 . 1 , 1 , . .
=5 sin(kx) <_E cos(kb)u'(b) — Z cos(ka)u'(a) — sin(kb)u(b) — sm(k:a)u(a)) +

+5 cos(ka) (% sin(kb)u/ (6) + 1 sin(ka)u () — cos(b)u(b) - cos(k:a)u(a)) _o.

Since sin(kx) and cos(kz) are linearly independent, then we obtain the general conditions for the
one-dimensional Newton potential as follows:

Nifu] = %cos(kb)u’(b) + %cos(ka)u’(a) + sin(kb)u(b) + sin(ka)u(a) = 0;

Nofu] = %sin(kb)u’(b) + %Sin(ka)u’(a) — cos(kb)u(b) — cos(ka)ua) = 0.

L 2
On the other hand, the general solution to equation (11) is given by \\

u(x) = —/ s (’“(: —) f()de + reits &b (14)
a 2,
boundary conditions (13) determine ¢; and cs: A
b

Substituting (15) into (14) we can assert thaa

T b b
sin (k(z — & @ 1 [ eik@—) 1 [ e—ik(@—€) -
_/ﬂ +Z/ ik f(ﬁ)df—;l/Tf(f)dg—

a

z . b .
- [ ey +3 [T e -

The proof is completed.

Now, we will consider the spectral problem for potential (12) as Fredholm integral operator

1
1 [sin(klz —¢&]|) u(z)
o =Ame S dé = 2 1). 1
5 [ T ugae =1 e o) (16)
0

Applying lemma 2 we conclude that operator (11) with conditions (13) is inverse operator to

potential (12). Therefore, eigenvalue problem (16) and the following problem is equivalent
d2

- Tgula) — Ku(z) = Xu(x) (17)
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that satisfies the conditions [10]

Ni[u] = = cos(k)u'(1) + lu/(O) + sin(k)u(l) =0,
k k (18)

Nofu] = %sin(k)u'(l) — cos(k)u(1) — u(0) = 0.

Since operator (12) is a self-adjoint operator, then it always has real eigenvalues. It follows the
problem (17)-(18) also has the real eigenvalue.
A solution to equation (17) is

u(z) = Cleix\/)\+k2 + C2e—iz\/ A+k?
The conditions (18) implies that

Liv A+ k2 cos(k)etVA R 4 L \//\+k2+sm
iV + k2 sin(k)etv e — cos(k)etVFHA

A
Li/ AT R cos(k)e—iVAHR? _%Zmﬂm @
—% iV + k2 sin(k)e —iVA+R? — cos(k)eIVATE

\/7
To have non-trivial solutions of this system, the determina @t hand side matrix must be zero,

x| =

then

— 42_. /N + k2 — ()\ K2+ oVATRE _ e—i\/A-i-k?) _
k: k2
(19)
\/ A+ k2 cos(k (e“ Atk : +k2 =0,
equation (19) is a transcendental equatie &genvalues of problem (17)-(18).
1) If A+ k2 > 0, by Euler’s for aet
2v/\ & k2 s1n(k) sin (\/A n k2) +
(20)
+2 6 cos A+ k:2) + ksin(k) sin (\/ A+ k2> =0
From (20) let f%m + ap, here a,, — 0 as n — oo, then we obtain
1 k ™+ an ) 1+ (—1)"cosk cosay,
h —1)" L= —
2<7m+an+ k )( Jsina sin k ’
it follows that as n — oo . V" eosk
n - sin o, = —2k+(_—).COS,
(—1)"msink
thus we have «,, as
1+ (=1)"cosk 2k
" (=)rrsink  n’
Then we can obtain asymptotic behavior of the eigenvalue A as n — oo
4k (14 (—1)"cos(k) 1
An = )’ — k2 =ntn? — k% — — . 21
(mn + an) mrn (—=1)» sin(k) +0 n? (21)
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2) Now we turn to the case A + k2 < 0. Denote by p = iv/ A+ k2 = v/ =\ — k2, of course > 0. In
this case, we can rewrite (19) as

—4p + sin(k) <]1,u2 - k:) (e" — e ") —2ucos(k) (e + e ) =0. (22)

It is easily seen that equation (22) has only one root
A= —p? — k2.

However, this equation does not have a simple analytical solution, and graphical methods may be
needed to approximate the root.
Thus, we described the eigenvalues of the Helmholtz potential.

Theorem 2. The eigenvalues of problem (16) for A+ k2 > 0 are the roots of transcendental equation
(20) and asymptotic behavior as n — oo has the form (21), for A + k? < 0 has only one eigenvalue as

A= —p— k%
where p is a root of equation (22).
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Bipeamemai moreHnuaagapabll KeiibipaeueTTepi

T.II. Kanemenos, A. Koxipbek, O. KblubIPOATKHI3EI
Mamemamuxa stcone mamemamuraisry modeavoey uncmumnymet, Aavmamo, Kasaxcman

MaxkaJianbiH Herisri MakcaThl GipeJreM i moTeHmaIap/ sl KaerneTTepin 3eprrey. ABTopaap Gipesmemii
noreHnuaJigap MeH oipeamemMal Komm ecebinil, merdivi Qo1aThiH L;(l OIlepATOPBIHBIH, ©3iHe-031 TyiHIec
GeJIirinig, apachIHAAFbl OaiaHbICTEl 3epTTereH. COHBIMEH KaTap, *KaHa diC apKbLIBI [ €JIbMIOJIbIL IOTE€H-
IUAJIBIHBIH, CHEKTPAJIbJIbl MOCeJIeCl SKBUKAJIEHTT] €EEIIKe KeITipiiii.

Kiam cesdep: b6ipemmemai ['elbMrosibIt mOTEHRUABI, CIIEKTPAIBALI Mocesie, PperoabM OnepaTophl.

HexkoTopsble ¢BO¥iCTBa OHOMEPHBIX MOTEHITAAJIOB

T.IINKaupMenos, A. Kaaupoek, A. KbiabipbailKbi3nt
HHcmumym MEAMEMAMUKU U MATNEMATMUYECKO20 MOd@./lupOBdHuﬂ, A./T,J\/l(lm’bt, Kasaxcman

OCHOBHO HEIBIOYAHHO pabOThI ABJIAETCS U3yYeHUe CBONCTB OJIHOMEPHBIX IIOTEHIIUAJIOB. B cTaThe MbI UC-
CJIeJOBAJIA CBA3b OAHOMEPHBIX IIOTEHIINAJIOB C CAMOCOIPAXKEHHON YacThIO ollepaTopa LI_(I, KOTOPBIN SBJISI-
eTcsl pelneHneM oJHoMepHoit 3agaun Kormu. Bostee Toro, ncmnosb30BaH HOBBII METOJ, IIO3BOJISIONINAN CBECTH
CIIEKTPAJIBHYIO 33JIa9y JIJIs MOTEHIna a [ e TbMroibiia K 9KBUBAJIEHTHON 3a1ad9e.

Karouesvie caosa: O,ELHOMeprIfI IIOTeHIIraJI FeJIbMFOJ'IBLIa, CIIEKTpaJIbHAs HpO6JI€Ma7 ornepaTop CDpeLLI‘OJH)Ma,.
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