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Abstract. Earlier we studied the homogeneous boundary value problem for the héapequation in degenerating domains. For this
problem in the weight class of essentially bounded functions it was established the existehée of-afiontrivial solution up to a constant
multiplier. In this paper, on the basis of the above result, we study the issues of the existencelef nontrivial solutions of homogeneous
nonlinear heat equations, including the homogeneous Burgers equation in dégenerating domains. The nonhomogeneous boundary
value problems for the Burgers equation are studied separately.

INTRODUCTION

Earlier in several papers [1], [2], [3], [4], [5], [6] it wassshowmhthe existence of non-trivial solutions for the homo-
geneous boundary value problem for linear heat equation inidegenerating (in the power-law order) domains. In this
paper, based on our previous results established for a‘linear problem, we study the existence of nontrivial solutions
of homogeneous boundary value problems forftwoshonlinear heat equation, given in degenerate domains. Classes
of essentially bounded functions with weight in whichitherejexists or does not exist a nontrivial solution are found.
Nontrivial solutions of the nonlinear equdtionsUnder consideration are found in explicit form. We show in the de-
generating domain the existence of nofitrivial solutions for a nonlinear heat equation (1st part of the work) and for
Burgers equation (2nd part of the work).

We will note the paper [7]gwhetefor linear and semilinear equations of Tricomi type, existence, uniqueness
and qualitative properties of weak'selutions to the degenerate hyperbolic Goursat problem on characteristic triangles
were established. For the ligear problem, a robust L,-based theory was developed, including well-posedness, elements
of a spectral theory, partial regularity results and maximum and comparison principles. For the nonlinear problem,
existence of weak solfitionsywithsionlinearities of unlimited polynomial growth at infinity was proved by combining
standard topologicalimethods|of nonlinear analysis with the linear theory developed there.

In the work’[8] fomsemilinear partial differential equations of mixed elliptic-hyperbolic type with various bound-
ary condition$, the nonexistence of nontrivial solutions was showed for domains which are suitably star-shaped and
for nonlinearities, with Supercritical growth in a suitable sense.

NONLINEAR HEAT EQUATION

et G = {x,7110 < x < ¢, t > 0}. In the infinite corner domain G we study the existence of nontrivial solutions for the
following boundary value problem [9]:

{ wi(x, 1) = we(x, 1) + wi(x, N, {x,1eq, W

w(x, lx=0 = w(x, )lx= = 0.
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Using the transform
u(x, 1) = exp{w(x, N} — 1 (2)

the boundary value problem (1) is reduced to a linear homogeneous boundary value problem for the heat equation:

t ’t: XX ,t, ,t G,
{u(x) Uye(X, 1) {x,t} € 3)

u(x, =0 = u(x, )= = 0.

The reduction of the boundary value problem (3) to an integral equation

Search for a solution to the boundary value problem (3) as the sum of double-layer heat potentials [1], [2], [3], [4],
[5], (6], [10]:

t t
1 X X2 1 xX—T
u(x,t) = expq — v(t)dr + expy — 4
(0 4\/7?0[(;—7)3/2 p{ 4(t—T)} © 4%!(;—7)3/2 p{ )
It is known [10] that the function (4) satisfies the equation (3) for any v (¢) and ¢(¢). Usin dary conditions

from (3) and the properties of heat potentials, we obtain the following integral equation with
function ¢(?):

t

[ - Klg = o) - f K(t, D)p(r)d T = 0 5)
0
where | ( )2
r+T t+T
Ko =0 [(r —opz P {_ Ai-1)
1 t T
v(t) = Vi Of o (6)

We have shown earlier [3], [4], [5], [6] that the integs ation“(5) along with the trivial solution has a non-trivial

solution up to a constant multiplier.

Theorem 1. The general solution of equa e form

(1) WO (1), C = const, @)
oo 1/ &kp (—1/4) + /2|1 +erf (12/2)]. ®)
In the following paragraph we cl he class of solutions (8) of the integral equation (5), which we have set earlier

in works [3], [4], [5], [6].

Q ass of solutions of the integral equation (5)
First set the pro 0

egral operator K in equation (5). Let us introduce the weight class of essentially bounded

functions
LRy 5 01(1,T)) = {¢l 01 (2, T)p(t) € Loo(R4)}, ©
oute T)={ 2 if 0<t<T, 10)
’ T2, if T <it<+oo,

is an arbitrary positive finite number. Let us introduce the weight class of essentially bounded functions (unique-
ess class)

66,5, T) e if 0<r<T, 1)
ta > =
2he T127¢ if T <t< +co,
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and T is an arbitrary positive finite number, £ > 0.

Lemma 1. The integral operator K in the equation (5) is bounded in the space Lo(R.;0,(¢,T)) (9)—(10), i.e.

Ke L(Lo(Ry;60:(2,T))). 13)
Proof of Lemma 1

Estimate the integral operator K. We show the following inequality
IKIl < Loy + I7.inp)s 14)
where by I 1) and I7 1,5 are indicated the norms of restriction of the integral operator K acting respectively in'the

classes and for which the following estimates true
Ior < Iior) + Lo (15)
Irmp < Lyt + Dyr,ng)s (16)
where
t
/ 1 f 32 . { T }e 2T
=— | ——————exp{—jex
1,(0,T) \/E Tl/z(l — T)3/2 p f—1 p
0
’ 1/2 e
1 t t -7
I = [1 —ex {——} dr,
20D T 5k f T2 )12 P %;) 4
0

t
ham = [
1(T.Inf) \/EO (

1

s e

Now for the proof of Lemma 1 is sufficient'te,show the boundedness of integrals in the right-hand sides of inequalities
(15)—(16). Perform the change 7 = ¢ 2 in integrals 11 o,y and I o,y from (15), we have:

L7, mp) =

/2
2 2
Z e —«ﬁ-za}d Vi-tga) =1, 17
= [ ew{-(Vi-rz)’}a (- 150) a7
0
\/_ /2 orsi \/_
t tsina - cos @ it
I < dao = —. 18
S Zﬁftl/zsinmtl/zcosa @ 4 (%)
0

Maki 7 = tsin” @ in the integral Iy (r,1a) and estimating the integral /> 7 ;. s) from (16), we obtain:
/2
2 2
L rmp < — fexp {—(\/; . tga') }d(\/; . tga) =1, (19)
G 0
2 Vi
-7 t—7 1
by < —— | ex {——}d T :erf(—). 20
2,(T.Inf) NE Of p 3 3 N (20
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From (17)—(20) follows the inequality (14), i.e. the assertion (13) is valid. Lemma 1 is proved.
From the assertion of Lemma 1 follows the validity of the following Lemmas.
Lemma 2. The solution of the integral equation (5) belongs to the class Lo(R+;6,(¢,T)) (9)—(10), i.e.

011, T)po(t) € Loo(Ry4). (21)
Lemma 3 (uniqueness class). For the integral equation (5) the space Lo(R; 0:(t,&,T)) is a class of uniqueness,

i.e., in the class (11)—(12) the equation (5) has only a trivial solution.
The class of solutions of the boundary value problem for the heat equation (3)
For further we transform the representation (4) of the solution of the boundary value problem (3).4For this purpose,

substituting the representation of the function v(¢) (6) in (4), we get:

t
1
u(x,t) = —— f M(x,t,T)(T) dT, (22)
4 \r X
X+ (x + 7)? X—T

MOt = G o {_ 4 -1) } NCEEE =

"z if 0
0s(t,6,T) = T2 exp {_ (% n 8) (- w 24)

and T is an arbitrary positive finite number, & > 0.
Lemmad. Let Gor = {0 < x <t, 0 <t < T}. Then the sol of the boundary value problem (3) belongs
to the class
Leo(Go g6 ).

Since {x, t} € Gor, then by definition (24)dVe getifs(t4€, T) = t'/2. Estimate the solution (22)—(23) on the set Gy 7. Let
us show that
4
(X, DL (Goribsrery) S Z Ii(x, 1), (25)
=1
where
t
2 X+t X+t (x +1)?
- dr, 26
Y 4%6’“’{ 2 }fTI/Z(t—T)3/2eXp{ 4(:—7)} B (26)
0
t
12 x+t 1 (x+ 17
L(x,t) = — dr, 27
20 4\/7reXp{ 2 }fﬂﬂ(t—r)l/ze"p{ 4(l—T)} B @7)
0
1/2 ! ( )2
t r—x r—x t—x
Ix,0) = - dr, 28
S0 4v7rexP{ 2 }f‘rl/z(t—‘r)3/2 eXp{ 4(t—T)} i (28)
0
12 F (- 02
d r—x t—x
Li(x, 1) = — d 2
e 4\/56”’{ 2 }frlﬂ(t—r)lﬂ eXp{ 4(t—T)} T 29
0
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are valid. To obtain the expressions (26)—(29) in representation of the solution u(x, ) (22)—(23) the following transfor-
mations are applied
X+T=x+t—-(-7), x—T=x—-1t+({—-1).

It remains to show the boundedness of the integrals (26)—(29) on the set Gor. Making the change 7 = tsin® @ in the
integrals (26)—(29), we obtain:

1 2 —x? X+t . X+t 1 2 — x?
Ii(x, 1) = ﬁ exp{ 4 }bfexp {—(Z—tha/) }d(z—\/;tga) = Z CXp{4—t} . 30)
/2 x+) [ 1 _ \mi'? X+t
L(x, 1) < iV exp{ 2 }JTI/2(I— T)l/sz = exp{ > }, 1)
I;(x,1) ! exp{ £ox } Tcxp{ (z — xtga)z} d(t - xtga) ! exp{ ﬂ (32)
3(x, = — — 1 —| — _— = Z - .
2Vr t 2 2V D

t

12 r—x 1 v
I4(x’t)s4ﬁeXp{ 2 }frl/z(t—r)”sz:
0

From the boundedness on the set Gy r of the right-hand sides of the relations (

follows.
Lemma 5. Let Gr oy = {0 < x < t, T <t < oo}. Then the solu X, 1) of the boundary value problem (3)

belongs to the class
Loo(Gr,inf 9(1‘%
Proo % ald

Since {x,t} € Gr 1,7, then by definition (24) we

(33)

(33) the assertion of Lemma 4

Estimate the solution (22)—(23) he\setGr s Let us show that

4

1, LGy st < Y TH2I(x, ), (34)
k=1
where
t
1 2x+1¢ X+t (x +1)?
Jilx, 1) = 4\/7_Texp{ 1 gt}f(t—-r)m exp{ 4(t—‘r)}dT’ 35)
0
t
1 2x +t 1 (x +1)?
J(x, 1) = IV exp{ ) st} f T~ exp{ pTee T)}d‘r, (36)
0
1 2 ’ (x— 1
xX—1 r—x xX—1
J3(x, 1) = m exp {— e st} f o exp {_4(t — T)}d‘r, 37
0
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1 2x — t 1 —1)?
Ja(x, 1) = mexp{— x4 t—st}f(t_T)l/z exp{—i)(ct_t_)‘_)}dr (38)

0

are valid. To obtain the expressions (35)—(38) in representation of the solution u(x, f) (22)—(23) the following transfor-
mations are applied
X+T=x+t—-(-7), x—T=x—-1t+({—-1).

It remains to show the boundedness of the integrals (35)—(38) on the set Gr;,. Making the change T = tsin® @
in the integrals (35)—(38), we get:

/2

1 x2 }f (x+t )2 (x+t
Ji(x, 1) < expy—— — &t exps ———tea| 2 d
1(x, 1) 2 Vr P{ i J P{ 2\/;8 >
112 x2 9 X+t
Jr(x,t) < expy—— — &t exps—|——1¢
2(x, 1) N p{4t 8}Ofp (2\/;ga

/2 5
J3(x, 1) < ! ex {—xz—st}fex —(t_xta/) d(t al
3(A0) = \/7—1_ p 4¢ ) p 2\/; 8 3
/2
/2 x? t—x
Ja(x, 1) < e —-—— —&t e —|—t
4(x, 1) 2Vn XP{ i € }! XP{ (2\/2 8

From the boundedness on the set Grj,¢ of the right-hand sides of
follows. From the assertions of Lemmas 4 and 5 follows the validi

Theorem 2. Along with a trivial solution, the boundary va
{Cu(x, 1), C= + 0},

where

u(x,t) € (t.&, 1)),

defined by the relations (22)—(23).

Theorem 3 (uniqueness class). Thé boung
Loo(G; 04(2, €1, 82, T)), where

alue problem (3) has only a trivial solution in the class

1/2-61%82 if 0<t<T,
O4(t, 1,62, B) = 43
4t 81,82 —£1-62 exp{—(;l1 +82)(I—T)}, if T <t<+oo, 43)
and T is an arbitrary posit ber, g1 20, & > 0.
main result for the nonlinear heat equation
From the theo n as which were set above it follows

Theoremd. Along with a trivial solution, the boundary value problem (1) has a family of nontrivial solutions
{w(x,t) =In[1 + C - u(x,1)], C = const # 0},
texmined by transformation (2), where
u(x,t) € Lo(G; 03(t,,T)).
olve the nonlinear equation (1), we have:

exp{w(x, )} — 1 € Lo(G; 6s(t,&,T)).

040001-6



THE BURGERS EQUATION

We consider the following boundary value problem

wit+tww,—w, =0, O0<x<tt>0,
(44
W|x:0 =0, W|x:t =
Using the Hopf-Cole transformation
ux(x, t)
) =-2- , 45
w(x, 1) WD) (45)

the boundary value problem (44) reduces to the following auxiliary boundary value problem
Uy — Uy, =0, O<x<t,t>0,
(46)
ux|x=0 =0, uy _, =0

The literature on Burgers equations is quite numerous. We give only the following [11], ,

Reduction to the integral equatio

Search for a solution to the boundary value problem (46) as the sum of simp € potentials [1], [2], [3], [4],
[5], [6], [10]:

t
1 1 x?
= | ——— - + d 47
uxn = 5 | T exp{ = ) ") — X - }w(r) T @)
0

It is known [10] that the function (47) satisfies the equati any v () and ¢(#). Using the boundary conditions
from (46) and the properties of the heat potentials , ], [6], we obtain the following integral equation with
respect to the unknown function ¢(?):

[/ - K] o(t t,ne(mdT =0, t >0, (48)
0
where
r+7 (t + 1) 1 { t—T}
K(t - - ,
( Tt —1)? exp{ 4(t—7')}+ t—-7)7? P
1 1 2
T T
v(t) = expq — T)dT, 49
0 ”ﬁof”‘”m p{ 4(t—~r)} o) (49)
that this equation coincides with the integral equation (5) for the nonlinear boundary value
le which was considered above. And for it Theorem 1 and Lemma 1-3 are true.
ak to account the formulas (47), (49) for solving the boundary value problem for the heat equation (46) we
in the representation

R (x + 1) (x = 1)
u(x,t) = ﬁr ! m [exp {— 4(t g } + exp {— 4([ = }] (,O(T)dT (50)
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The class of solutions u(x, r) (50) for the equation (46)

Let us introduce the weight class of essentially bounded functions
Loo(G; 03(1,8, 1)) = {ul 63(1, & Thu(x, 1) € Leo(G)}, (619}
where weight function 6(¢, €, T) is defined in (24):

12 if 0<t<T,

05(t, e, T) =
3 ) { Tl/zexp{—(z+£)(t—T)}, if T <t<+oo,
and T is an arbitrary positive finite number, & > 0.
Lemma 6. Let Gor = {0 < x <1, 0 <t < T}. Then the solution u(x,t) (50) of the boundary vdlue proble 6)
belongs to the class

LOO(GO,T; 03(t’ &, T))

Proof of Lemma 6

Since {x, t} € Gy r, then by definition (24) we have
03(t,,T) = t'/2.
Estimate the solution (50) on the set Gy r. Let us show, that J
lee(x, Dl Go 765ty < L1 (xa)+ (52)

Indeed, the following relations

12 2

(x 7)° Vi
1 ,1) < dr < —— 54
Bz(x ) — T)1/2 p 4(t _ T) T 2 ( )
are true. This completes the proof, of Lemima 6.
Lemma 7. Let G 1,y < t, T <t < oo}. Then the solution u(x,t) (50) of the boundary value problem
(46) belongs to the class
Loo (GT,Il’lf ; 03 (t9 87 T))‘
Proof of Lemma 7
e € G717, then by definition (24) we have
172 1
O(t,e,T) =T '“expq— 1 +e|(t-T);.
Estimate the solution (50) on the set Gz z,s. Let us show, that
etC, DNl Lo Gy s 03087 < IB1(X, 1) + T2 (X, ). (55)
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Indeed, the following relations

t
1 1 Vi
Jpi(x, 1) £ —— =t} | ——Fdr = — —&t}, 56
(0 < 5oz e ‘”f(t_rwz r= Eel-e (56)
0
I ro Vi
t
Jpo(x, 1) £ —— exp{—e¢t ———dr = — exp{—¢&t 57
(0 % el }of“‘”m T el-en (57)
are true. This completes the proof of Lemma 7.
From the assertions of Lemmas 6 and 7 follows the validity of the following theorem.
Theorem 5. Along with a trivial solution, the boundary value problem (46) has a family o trivial solutions
(50)
{C - u(x,t), C = const # 0},
where

u(x,1) € Lo(G; 05(t,&,T)),
and 05(t, &, T) defined by the relations (24).

The main result for the Bu:jers equa
From the theorems and lemmas which were set above it follows

Theorem 6. Along with a trivial solution the boundary val, (44) has a unique nontrivial solution
w(x, 1) = =2u (D) fu(
which is determined by transformation (2), where

u ; O3(t,e,1)).

To solve the nonlinear Burgers equation (44) w
1
&5 w(é, t)d.f} € Lo(G; 05(t,e,T)).

0

CONCLUSION
From the assertions offTheorems 4 and 6 it follows that some functionals of non-trivial solutions of both the nonlinear

equati s equation allow growth both at the top of the corner and at infinity.
of growth are determined by one weight function 6s(¢, &, T') for each of the considered equations.
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